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A TREATISE 



ON 



THE RESISTANCE OE MATEEIALS. 



ES'TKODUCTION. 

1, IN PROPORTIONINO ANY MECHANICAIi STRUCTURE, 

there are at least two general problems to bo considered : — 

1st. The nature and magnitude of the forces which are to be 
applied to the structure, such as moving loads, dead weights, 
force of the wind, etc. ; and, 

2d. The proper distribution and magnitude of the parts 
which are to compose the structures, so as to successfully I'esist 
the applied forces. 

Tlie former of these problems may be solved without any 
reference to the latter, as the structure may be considered as 
composed of rigid right lines. The latter depends principally 
upon the mechanical pi-operties of the materials which compose 
the structure, such as their strength, stiffness, and elasticity, 
under various circumstances. 

The mechanical properties of the principal materials — wood, 
stone, and iron* — have been determined with great care and 
expense by different experhnentei*8, both in this and foreign 
countries, to which reference will hereafter be made. 

* The properties of mortars have been thoroughly discussed by Gen. Q. A. 

GUmore in his work on Idmes, Mortars^ and Cements. 1863. 
1 



2 THE EESISTANCE OF MATEEIAX8. 

S« BICFINITIONS OF TERMS. 

Stresses are the forces which are applied to bodies to bring 
into action their elastic and cohesive properties. These forces 
cause alterations of the forms of the bodies upon which they 
act. 

Strain is a name given to the kind of alterations produced 
by the stresses. The distinction between stress and strain is not 
always observed ; one being used for the other. One of the 
definitions given by lexicographers for stress^ is strain; and 
inasmuch as the kind of distortion at once calls to mind the 
manner in which the force acts, it is not essential for our pur- 
pose that the distinction should always be made. 

A Tensdle Stress, or Pull^ is a force which tends to elongate 
a piece, and produces a strain of extension, or tensile strain, 

A Compressive Stress, or Push^ tends to shorten the piece, 
and produces a compressive strain, 

Transvere Stress acts transversely to the piece, tending to 
bend it, and produces a iending strain. But as a compressive 
stress sometimes causes bending, we call the former a transverse 
strain^ for it thus indicates the character of the stress whicli 
produces it. Beams are generally subjected to transverse 
strains. 

Torsive Stress causes a twisting of the body by acting tan- 
gentially, and produces a torsive strain. 

Longitudinal Shearing Stress, sometimes called a detrvr 

sive strain^ acts longitudinally in a fibrous body, tending to 

draw one part of a solid substance over another part of it; as, 

(J- B^^x^ ^ ^^^ instrance, in attempting to draw the piece 

A B^ Fig. 1, which has a shoulder, through the 

mortise 6^, the part forming the shoulder will bo 

forced longitudinally off from the body of the 

*^^' ^' piece, so that the remaining part may be drawn 

through. (See also Fig. 31.) 

Transverse Shearing Stress is a force which acts trans- 
vei'sely, tending to force one part of a solid body over the adja- 
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sent part. It acts like a pair of shears. It is the stress which 
would break a tenon from the body of a beam, by acting per- 
pendicular to the side of the beam and close to the tenon. It 
is the stress which shears large bars of iron transversely, so 
often seen in machine-shops. The applied and resisting forces 
act in parallel planes, which are very near each other. 

Splitting Stress, as when the forces act normally like a 
wedge, tending to split the piece. 

3. THE EFFECT OF THESE STRESSES IS TH^OFOIiD : — ^^Ist. 

Within certain limits they only produce change of form ; and, 
2d, if they are sufficiently great they will produce rupture, or 
separation of the parts ; and these two conditions give rise to 
two general problems under the resistance of materials, the 
former of which we shall call the problem of Elastic Resist- 
ance ; the latter, Ultimate Resistance, or Resistance to Rup- 
ture. 

4. oeneraii principiies of elastic resistances. — 

To determine the laws of elasticity we must resort to experi- 
ment. Bars or rods of different materials have been subjected 
to different strains, and their effects carefully noted. 

From such experiments, made on a great variety of materials, 
and with apparatus which enabled the experimenter to observe 
very minute changes, it has been found that, whatever be the 
physical structure of the materials, whether fibrous or granular, 
they possess certain general properties, among which are the 
following :— 

1st. That all bodies are elastic, and within very small limits 
they may be considered perfectly elastic ; i, e., if the particles 
of a body be displaced any amount within these limits • they 
will, when the displacing force is removed, return to the same 
position in the mass that they occupied before the displace- 
ment. This limit is called the limit of perfect elasticity!^ 

* I I I I ■ - I ■■ - - - - -- I -- , ^PW^— <^^^ 

* Mr. Hodgkinson made some experiments to prove that all bodies are non- 
elastic. (See CvoU Eng. and Arch. Jour.^ vol. vi., p. 354.) He found that the 
limits of perfect elasticity wer€ exceedingly smaU, and inferred that if onr 
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2d. The amount of displacement within the elastic limit is 
directly proportional to the force which produces it. It follows 
from this, that in any prismatic bar the force which produces 
compression or extension, divided by the amount of extension 
or compression, will be a constant quantity. 

3d. If the displacement be carried a little beyond this limit 
the particles will not return to their former position when the 
displacing force is removed, but a part or all of the displace- 
ment will be permanent. This Mr. Hodgkinson called a sety a 
term which is now used by all writers upon this subject. 

4th. The amount of displacement is not exactly, but nearly, 
proportional to the applied force considerably beyond the elas- 
tic limit. 

5th. Great strains, producing great sets, impair the elasticity. 

S. COEFFICIENT (OR MODUIiUS*) OF EliASTICITlT. 

If a prismatic bar, whose section and length are 
unity, be compressed or elongated any amount 
within the elastic limit, the quotient obtained by 
dividing the force which produces the displacement 
by the amount of compression or extension is called 
the Coefficient of ELAsnciTY. This we call JS^. 
Let K = section of a prismatic bar (See Fig. 2), 
P ; = its length, 

Fig. 2. 

powers of observation were perfect in kind and infinite in degree, we should 
find that no body was perfectly elastic even for the smallest amount of dis- 
placement. And although more recent experiments have indicated the same 
result in cast-iron, yet the most delicate experiments have failed to thoroughly 
establish it. I have, therefore, accepted the principle of perfect elasticity, 
which, for the purposes of this work, is practically, if not theoretically, cor- 
rect. It does not appear from Mr. Hodgkinson's report how soon the effect 
was observed after the strain was removed. If he had allowed considerable 
time the set might have disappeared, as it is evident that it takes time for the 
displaced particles to return to their orig^al position. 

* The terms coefficient and modvlvAi are used indiscriminately for the con- 
stants which enter equations in the discussion of physical problems, and are 
sometimes called physical constants. The modulus of elasticity, as used by most 
writers on Analytical Mechanics, is the ratio of the force of restitution to 
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and A = the elongation or compression caused by a force, P^ 

which is applied longitudinally. Then 

P 

-= = force on a unit of section, and 

J = the elongation or compression for a unit of length. 
Hence, from the definition given above, we have 

^=f*?=E « 

From this equation JS may be easily found. It will here- 
after be shown that the coefficent is not exactly, but is nearly 
the same for compression as for tension. 

For values of £!, see Appendix III. 

6. PROOFS OF THX: IiAT¥S GIVEBI IN ARTICIiE FOUR. — 

Article 5 has preceded these proofs, so as to show how the re- 
sults of experiments may be reduced by equation (1). The Ist 
and 2d laws seem first to have been proved by S. Gravesend, 
since which they have been confirmed by numerous experiment- 
ers. One of the most extensive and reliable series of experi- 
ments upon various substances for engineering purposes is given 
in " The Keport of Her Majesty's Commissioners, made under 
the direction of Mr. Eaton Hodgkinson." The results of his 
experiments are published in the E-eports of the British Associ- 
ation, and in the 5th rolume of the Proceedings of the Manches- 
ter Literary and Philosophical Society, from which extracts 
have been made and to which we shall have occasion to refer. 
The experiments were made not only to prove these laws but 
several others, principally relating to transverse strength. 

Barlow made many experiments, the results of which are 
given in his valuable work on the " Strength of Materials.". 

that of compression. It relates to the impact of bodies, and, as thus defined, 
depends upon the set. But the coefficient of elasticity depends neither upon 
impact nor set. Another term should therefore be used, or else a distinction 
should be made between the terms coefficient and modulits, so that the former 
shall apply to smaU displacements, and the latter to the relative force of resti- 
tution. For this reason I have used the former in this work, and avoided the 
latter when appUed to elasticity. 
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The series of experiments on iron which had been commenced 
and so ably conducted by Mr. Hodgkiuson were continued by 
Mr. Fairbairn. The latter confined his experiments mostly to 
transverse strength, the results of which are given in his valu- 
able work on " Cast and Wrought Iron." A valuable set of 
experiments has been made in France at " le Conservatoire des 
Arts et Metiers." * 

In this country several very valuable sets of experiments have 
been made, among the most important of which are the experi- 
ments of the Sub-Committee of the Franklin Institute, the re- 
sults of which are published in the 19th and 20th volumes of 
the Journal 6i that Society, commencing on the 73d page of the 
former volume. The experiments were made upon boiler iron, 
but they developed many properties common to all wrought 
iron. They were conducted with great care and scientific skill. 
The report gives a description of the testing machine; tlie 
manner of determining its friction and elasticity ; the modifica- 
tions for use in high temperature ; the manner of determining 
the latent and specific heats of iron ; and the strength of dift'er- 
ent metals under a variety of circumstances. 

Another very valuable set of experiments was made by Cap- 
tain T. J. E-odman and Major W. Wade, upon " Metals for 
Cannon, under the direction of the United States Ordnance 
Department," and published by order of the Secretary of War. 

Numerous other experiments of a limited character have been 
made, too many of which have been lost to science because they 
were not reported to scientific journals, and many othere were 
of too rude a character to be very valuable 

The results of these experiments will form the basis of our 
theories and analysis. 

♦ See ^^MorirCs Bemtance des Materiaux^^^ p. 126. 



EXPERIMENTS ON WROUGHT IRON. 



CHAPTER I. 



TENSION. 



7, Eli A STIC RESISTANCE. — We will fii'st coRsider the elas- 
tic resistance due to tension, or, as it is sometimes called, a pull, 
or elongating force. 

EXPERIMENTS ON WROUGHT IRON. 

Experiments for deten^rrdning the total ebngaiion and permanent elongation pro 
duced by different weights acting by extension on a tie of wrought iron of 
the best quality^ by Baton Hodgkin^on, 





Elongation -per metre of length. 




WeiRht in 






Coefficient of 


kUogrammes per square 






elasticity 


centimetre. 






per square metre 


P. 


Total. A. 


Permanent. 


E. 


KU. 


M. 


Mill. 


Kil. 


187.429 


0.000082117 




22 824 500 000 


874.930 


0.000185261 
0.000283704 




20 216 200 000 


562.406 


0.00254 


19 824 100 000 


749.456 


0.000379467 


0.0033894 


19 704 000 000 


937.430 


0.000475113 


0.0042398 


19 729 909 000 


1124.813 


0.000570792 


0.00508 


19 706 000 000 


1312.283 


0.000665647 


9.0067705 


19 714 600 000 


1499.720 


0.000760311 


0.0100879 


19 320 300 000 


1687.219 


0.000873265 


0.0330283 


19 320 700 000 


1874.645 


0.001012911 


0.0829955 


18 398 100 000 


2063.580 


0.001283361 


0.2016950 


16 079 200 000 


2249.627 


0.002227205 
0.004287185 






2403.653 


3.0709900 


5 606 590 000 


2624.564 


0.009156490 


8.4690700 


2 866 380 000 




0.009950970 


8.5748700 




2812.033 


0.010492805 


9.1023600 


2 681 520 000 


Repeated after 1 hour. 


0.011750313 
0.011858889 
0.011933837 
0.011942168 
0.011958835 
0.011967149 
0.012027114 
0.012027014 






u u 2 '' 






u u 3 a 






u u 4 u 






»t a 5 u 




u u g u 






U 4< 7 it 






u u 8 « 
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EXPERIMENTS ON WROUGHT IR01^.^0(mttnued, 



Weight in 
kUogrammcs per square 


Elongation per metre of length. 


Coefficient of 
elasticity 


centimetre. 
P, 


Total. A. 


Permanent. 


per square metre. 
E. 


Kil. 

Repeated after 9 hours. 


• 0.012027114 
0.012027114 
0.017888263 
0.019478898 
0.01984831 
0.02022006 
0.02148590 
0.02169401 
0.02170242 
0.02170242 
0.02477441 
0.02514184 
0.02522512 
0.03493542 
0.03519357 
0.03520190 

• ••••••«•• 


Mill. 


Kil. 






2999.500 
2999.500 


16.5145 


1 676 820 000 


8i86.'973 


18.4212 
18.8886 
19.7954 


'1483 290 666 


33'74.446 


22.*6ll9 
22.7087 

• •• •••• -• 


'1362 620 666 


8561.900 


32.8201 


1 019 580 000 


3745.361 







This table is given in French units because it was more con- 
venient.* 

8. TWM RESuiiTS OF THESE EXPERIMENTS may bc re- 
presented graphically by taking, as in Fig. 3, the total elonga- 
tions or the permanent elongations for abscissas and the weights 
for ordinates. 



* To reduce the French measures to English we have the following rela 
tions: — 

LiNEAB Measure. 



3.2808992 feet 
0.328089 feet 
0.0032808 feet 
0.0393696 in. 



1 metre. 
1 centimetre. 
1 millimetre. 
1 millimetre. 



2.20462 lbs. avoird. 
1422.28 lbs. pr. sq. in. 
0.00142228 lbs. sq. in. 



Weight. 

= 1 kilogramme. 

= 1 kilog. to the sq. millimetre. 

= 1 kilog. pr. sq. metre. 



Hence to reduce the above quantities to English units, multiply the numbers 
in the first column by 142228 to reduce them to pounds avoirdupois per square 
inch; those in the second column by 3.28089+ to reduce them to feet; the 
third by 0.03936 + to reduce them to inches ; and the fourth by 0.00142228 to 
reduce them to pounds per square inch. 
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When the construction is made on a large scale it makes the 
lesiilts of the experiments very evident. 

An examina- «"* 
tion of Fig. 3 
shows : — 

1st. That to a 
load of 1499.72 
kil. pr. square 
centimeti'e, the 2000 
total elongations 
are practically 
proportional to itoo 
the loads ; 

2d. Tliatwith- "" 
in the same lim- ^gg 
its the perma- 
nent elongations 
are nearly pro- ^"^- ^• 

portional to the loads, and that they are exceedingly small ; 

Sd. That beyond the load of J 4.997 kil. to 22.00 kil per 
square millimetre, the total and permanent elongations increase 
very rapidly and more thau proportional to the loads ; 

4th, That near and beyond 22.49' kil, per square itiilltmetre, 
the total elongations become sensibly proixji-tioual to the loads, 
but in a muoli greater ratio than that which corresponds to small 
loads. For the loads near mptnre the elongations are a little 
inferior to that indicated by the new proportion, 

5th, Beyond 14.99 kil, per square millimetre, the pennanent 
elongations increase much moi-e rapidly than the total elonga- 
tions. We also observe that the permanent elongations increase 
with the duration of the load, although very slowly. The latter 
property will be more particularly noticed hereafter. 

6t!i, Finally, the values — of the loads per square metre to 

the elongation per metre, and which is called the coefficient of 

slaatieitij, is sensibly constant when the elongations are nearly 

proportional to the loads ; and that the mean value is 

E= 19,816,440,000 kil. per square metre ; 

= 28,283,000 lbs, per square inch. 

The first value of E, in the table, is much larger, and may 
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have resulted from an erroneous measurement of the exceed- 
iiiirlv small total elongation. From the experiments made on 
another bar, Ilodgkinson found 

E = 19,359,458,500 kil. per sq. metre ; 
= 27,700,000 pounds pr. square inch ; 
wbii-h is but little less than the preceding. 

Mr Ilodffkinson infers from these experiments that the small- 

pst strains cause a permanent elongation. But Morin for- 

•'blv remarks* that none of these experimenters appear to have 

'oriiied whether time, after the strains are removed, will not 

the permanent elongations to disappear. Also tliat the 

({ ^flections of tlie machine cannot be wholly eliminated, and 

hpnce ap]>ear to increase the true result. In practice such small 

permanent elongations may be omitted. 

The preceding example has, for a long time, been given to 
how the law of relation between the applied force and the 
.1 j^j^j permanent elongations ; but we should not expect to 
find exactly the same results for all kinds of iron. Even wrought 
. Y\2iB such a variety of qualities, depending npon the ore of 
which it is made, and the process of manufacture, that it cannot 
be expected that the above results will always be applicable to 
it Only a wide range of experiments will determine how far 
they may generally be relied upon. 

It is found, however, that the general besults of extension, 
of set of increased elongaticm with the duration of the stress 
within certain limits, and of the increase of set with the in- 
crease of load, are true of all kinds of iron. 

EXPERIMENTS UPON CAST IRON. 
9. THE FOIiliOHriNO EXPERIMENTS UPON CAST-IRON shoW 

that the numerical relation between the applied force and the 
extension is somewhat diflFerent from the preceding. The expe- 
riments were made under the supervision of Captain T. J. Rod- 
man' — t 

« The specimens had coUars left on them at a distance of thirty-five inchea 

* Morin^s Resistance des Materiatuc, p. 10. 

f Experimejits onMetcUsfor Cannon, by Capt. T. J. Rodman, p. 157. 

For a fuU description of the testing apparatus, with diagrams, see Major 
Wade's Report on the Strength of Materials for Cannon, pp. 305-315. The 
machine consists prinoIpaUy of a very substantial frame ind levers resting on 
Imif e edges. 
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apart, the space between the collars being accurately turned throughout to a 
uniform diameter. 

*' The space between the collars was surrounded by a cast-iron sheath, eight- 
tenths of an inch less in length than the distance between the collars ; it was 
put on in halves and held in position by bands, and was of sufficient interior 
diameter to move freely on the specimen. 

*' When in position, the lower end of the sheath rested on the lower collar 
of the specimen, the space between its upper end and the upper collar being 
supplied with and accurately measured by a graduated scale tapered 0.01 of an 
inch to one inch. 

" The upper end of the sheath was mounted with a vernier, and the scale 
was graduated to the tenth of an inch. 

" This afforded means of measuring the changes of distance between the 
collars to the ten-thousandth part of an inch, and these readings divided by the 
distance between the collars gave the extension per inch in length as recorded 
in the following table : — 

TABLE 
Bhowing the extension and 'permanent setter inch in length cavsed hy the under- 
mentioned weights, per square inch of section^ acting upon a solid cylinder 35 
inches long and 1.366 inches diameter. {Cast at the West Point Foundry in 
1857.) 



Weight per 

square inch of 

section. 


Exteufdon per inch of 
length. 


Permanent set per inch 
in length. 


Coefficient of 
elasticity. 


P. 


A. 




E. 


lbs. 


in. 


in. 




1,000 


0.0000611 


0. 


16,366,612 


2,000 


0.0000794 


0. 


25,189,168 


3,000 


0.0001089 


0. 


27,548,209 


4,000 


0.0001771 


0. 


22,586,674 


5,000 


0.0002129 


0. 


^3,489,901 


6,000 


0.0002700 


0.0000014 


.22,222,222 


7,000 


0.0003328 


0.0000029 


21.033,653 


8,0P0 


0.0003986 


0.0000043 


20.070,245 


9,000 


0.0004557 


0.0000071 


19,749,835 


10,000 


0.0005100 


0.0000109 


19.607,843 


11,000 


0.0005500 


0.0000157 


20,000,000 


12,000 


0.0006414 


0.0000257 


18,693,4S6 


13,000 


0.0007100 


0.0000300 


18,309,859 


14,000 


0.0007700 


0.0000357 


18,181,181 


15,000 


0.0008557 


0.0000477 


17,529,507 


16.000 


0.0009243 


0.0001)529 


17,310,397 


17,000 


0.0010014 


0.0000643 


16.977,231 


18,000 


0.0010900 


0.0001014 


'16,537,614 


19,000 


0.0012371 


0.0001471 


15,483,660 


20.000 


0.0013586 


0.0002014 


14,721,109 


21,000 


0.0015386 


0.0002900 


13,648,771 


22,000 


0.0017043 


0.0003986 


12,908,523 


23,000 


0.0019529 


0.0005529 


11,265,246 


24,000 


0.0022786 


0.0007529 


10,532,344 


25,000 


0.0026037 


0.0010843 


9,601,720 


26,000 


0.0032186 




8,078,046 
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10. FIGURE 4 IS A URAPKICAI. KEPBE5EKTATION OF 

THE ABOVE TABLE, coiistructed ill tlie same way as Figure 3. 
Experiments were made upon manj- other pieces, from which 
I have selected four, and called tliem A, B, C, and B, a gra- 
phical repreaentatiou of which is showu in Figure 3. The i-ight 
hand lines represent extensions, the left hand seta. 
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A was from an inner specimen of a Fort Pitt gun, Ko. 335, 
and the othere from different cylinders which were cast for the 
purpose of testing the iron. 

From these we observe : — 

Ist. That for small elongations the ratio of the stresses to the 
elongations is nearly constant. 

2d. There does not appear to be a sudden change of the rate 
of increase, as in Mr. Ilodgkinson's example, but the ratio gra- 
dually increases as the strains increase. 

Jid. The sets at first are invisible, but they increase rapidly 
as the strains approach the bi-eaking limit. 

It appears J>aro!*A73!^'ea^ that the first and second experiments 
in the preceding table should give a loss coefficient than the 
third, but the same result was observed in several cases. 

11, THE FOLLOWING TABLES ARE THE RESULTS OF 
SOME EXPERIMENTS lOADE BX HB. HODGKINSON X- 
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Dlreetlor^tudinaiextenmimofroundrodaofeatt iron, fifty feet long. 
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NAME OF mON. 


if 
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WeJ^hu,. 


^T™' 


awi 


1* 








Iba. 


in. 


m. 


lbs. 


In. 


Low Moor, No. S 


2 


1.058 


2.117 
6,853 
10.58a 
14,831 


0.0950 
0.3115 
0,S(HO 
0-D147 


0.00345 

o.oa,)0 

0,4435 
0.12775 


10,40M 


1.0S5 


Bkneavon Iron, No. 2.. 


a 


l.(HiS5 


6]m 

10.483 
13,(!37 


0.0043 
0.301(5 
0.5770 
0.8:170 


O.O0S(i8 
0,01Q75 
0-0575 
0. 11*75 


14,075 


0.9325 


GartBlienie Iron, No. 2. 


a 


1.003 


3,109 
6,338 
I0,M7 

14,7(16 


0.0033 
0.8117 
0.58n3 
0.3453 


0,001 + 
0.01450 
0.0475 
0,11353 


10,931 


1.167 



In these experiments the ratio of the exteneioiiB is somewhat 
greater thaii that of the weiglita. The i-alue of £^, as computed 
for the firet weights which are given, and the corresponding 
extensions, ie a little more than 13,000,000 pounds per square 
inch. 
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1053 77 


0090 


00023 


117086 


— ■h 


1580.65 


0137 


000545 






3167.54 


0186 


00107 






3161.31 


0387 


00175 


110160 


+ 5 5 


, 4315.08 


0391 


00365 


107803 




6362.85 


0500 


00373 


105377 




6333,03 


0613 


00517 


103143 




r*t76.39 


0734 


00664 


100496 






0859 


00844 








0095 


01063 


95318 




10537.71 


1186 


01306 


S3763 




11591.48 




01609 


90347 




12843.35 


1448 


02097 


87329 


+ lll 


13699.83 


1668 




83133 


147B3.10 




03410 


79576 
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Let P = the elongating force and 

\ = the total elongation in inches due to P. 

Then Hodgkinson found, from an examination of the table, 
that the empirical formula 

r = 116117Ae - 201905aS 

represented the resnlts more nearly than equation (1). This for- 
mula reduced to an equivalent one for I in inches (observing 
that the bar was 10 feet long), becomes 

P = 13,934,000 J - 2,907,432,000^ 

Although this equation gives the elongations for a greater range 
of strains than equation (1) for this particular case, yet the 
law represented by it is more complicated, and hence would 
make the discussions under it more diflScult, without yielding 
any corresponding advantage. It is the equation of a parabola 
in which jP is the abscissa and Xe the ordinate. 

We also see that when the elongations are very small, the 






quantity ~ will be very small, and the second term may be 

omitted in comparison with the first, in which case it will be re- 
duced to equation (1). The coefficient in the first term is the 
coefficient of elasticity, hence it is nearly 14,000,000 lbs. for 
extension. 

MALLEABLE IRON. 

1S« ACCORDING TO BARiiOiir9s EXPERIMENTS malleable 
iron may be elongated -nnnr ^^ ^^® length without endangering 
its elasticity.* To ascertain this, the strains were removed 
from time to time, and it was found that the index returned to 
zero for all strains less than 9 or 10 tons. The mean exteiisiou 
per ton (of 2,240 lbs.) per square inch, for four experiments, was 
0.00009565 of its original length. Hence the mean value of 
the coefficient of elasticity is 

^ P 2240 

^ = T = 0.00009565 = 23'*^^'^^^ l^«- 



♦ Journal Frank Inst, vol xvi., 2d Series, p. 126. 
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ELASTICITY OF WOOD. 
1 3. EXPERIMENTS B¥ MESSRS. CHEVANDIER AND UTER- 

THEiM. — The following are some of the results of the recent 
experiments of Messrs. Chevandier and Wertheim on the resist- 
ance of wood. These experimenters have drawn the following 
principal conclusions: — 

1. The density of wood appears to vary very little with age. 

2. The coefficient of elasticity diminishes, on the contrary, be- 

yond a certain age ; it depends, likewise, upon the dry- 
ness and the exposure of the soil to the sun in which the 
trees have grown ; thus the trees grown in the northern 
exposures, north- eastern, north-western, and in dry soils, 
have always so much the higher coefficient as these two 
conditions are united, whereas the trees grown in muddy 
soils present lower coefficients. 

3. Age and exposure influence cdiesion. 

4. The coefficient of elasticity is affected by the soil in which 

the tree grows. 
6. Trees cut in full sap, and those cut before the sap, have not 
presented any sensible differences in relation to elasticity. 

6. The thickness of the woody layers of the wood appeared to 

have some influence on the value of the coefficient of 
elasticity only for fir, which was greater as the layers were 
thinner. 

7. In wood there is not, properly speaking, any limit of elas- 

ticity, as every elongation produces a set. 
It follows from this circumstance that there is no limit of 
elasticitv for the woods experimented upon by Messrs. Chevan- 
dier and Wertheim ; but, in order to make the results of their 
experiments agree with those of their predecessors, the authors 
have given for the value of the limit of elasticity the load under 
which it produces only a very small permanent elongation ; the 
limit which they indicate in the following table for loads, under 
which the elasticity of wood commences to change, con-esponds 
to a permanent elongation of 0.00005 of its original length. 
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l//^^iM^ .,, ' 0.717 

Fir 0.4(13 

VokiT Wrn 0.750 

Hin.h 0.812- 

iJMWjh ! 0.82:5 

Ottk froiri iHuUuumltiUi tit!4fni. 0.808 

♦• »» w^Mij)#wi/;oni 0.872 

WhH^I'lii« 0.550 

Kim 0.72;} 

Hymmtm 0.rt02 

Axil 0.007 

AM«r 0.001 

ANpmi 0.002 

Miipl" 0.074 

ropltt.i' 0.477 









Kilfigr. 
1201.9 
1113.2 
1085.3 
007.2 



.4 

.8 
.8 
.1 
3 



980. 

977. 

921 

504 
1105 
UViS.S 
1121.4 
1108.1 
1075.9 
1021.4 

517.2 
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3.188 
2.153 
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2.317 
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842 
139 
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121 
1.035 
1.068 
1.007 
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57 



« . 

4. 

2 

4 

3. 

6.49 
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2.48 
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6.16 

6.78 

4.54 

7.20 

3.58 

1.97 
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I'l, ICLANTK'ITY OF WOOD, TANGENTIAIiIi¥ AND RADI- 

Ai<i<v. Tlii^ Hiinu^ olmorverrt have also determined the coefficient 
of claKt icily and the cohewion of wood in the direction of the 
radiuH and in the dirrcttion of the tangent to the woody layers. 
An oxantination of the following Table shows that the resist- 
intro in tho direction of the radins is always greater than the 
h^KJKtanco in tho direction of the tangent to the woody layei-s; 
tho inflation between the coefficients of elasticity in the two 
o»u*o8 varying nearly from 8 to 1.16. 
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Mean Kesults of the Experiments of Messrs. Chevandier 

AND Wertheem. 





In the Direction of Radius. 


In the Dibbction of the Tan- 
gent TO THE LATEBS. 


SPECIES. 


CJoefficient of 
Elasticity, -E, per 
8<iuare miHimc- 
tre. 


Cohesion, or 
load, per square 
millimetre, capa- 
ble of producing 
rupture. 


Cohesion, or 

Coelilcienfc of load, per square 

E'asticity, E, per I millimetre, capa- 

square millimo- ble of producuig 

tre. rupture. 


Yoke Elm 


Kilogr. 
208.4 

134.9 

157.1 

188.3 

81.1 

269.7 

111.3 

121.6 

94.5 

97.7 

170.3 


Kilogr. 

1.007 

0.522 

0.716 

0.582 

0.823 

0.885 

0.218 

0.345 

0.220 

0.256 


Kilogr. 
103.4 

80.5 

72.7 

129.8 

155.2 

159.3 

102.0 

63.4 

34.1 

28.6 

152.2 


Kilogr. 
0.608 


Sycamore 

Maple 


0.610 
0.371 


Oak 


0.406 


Birch 


1.063 


Beech 

Ash 


0.752 
0.408 


Elm 


0.3()6 


Fir 


0.297 


Pine 


0.196 


Locust 


1.231 



The highest coefficient of elasticity in this table is for beech, and this is less 
than 400,000 pounds per square inch. 



15. REiuABK. — The value of E^ which is used in practice, is 
not the coefficient (A perfect elasticity, but it is that vahie which 
is nearly constant for small strains. In determining it, no ac- 
count is made of the set. If the total elongations were propor- 
tional to the stresses whicli produce them, we would use the 
value of i? found by them, even if the permanent equalled the 
total elongations. But in practice the permanent elongations 
will be small compared with the total for small stresses. 

APPLICATIONS. 

16. TO FIND THG GXiONGATION OF A PRlSITIATir BAH 
SUBJECTED TO A liONGlTUBlNAIi STRAIN WHICH IS WITH- 
IN THE EliASTIO lilMITS. 



From (1) we have 



A = 



PI 

EK 



(2) 



which is the required formula. 

2 
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Also from (1) we have 



(3) 




J 

Fia. 6. 



Equations (1), (2), and (3) are equally applicable 
to compressive strains, as will hereafter be shown. 
If in (3) we make IC = 1 and a = Z we shall have 
P =i 1C\ hence, the coefficient of elasticity may be 
defined to be a force which will elongate a bar whose 
section is unity ^ to double its original lengthy pro- 
vided the elasticity of the material does not change. 
But there is no material, not even a perfectly elastic 
body — as air and other gases — whose coefficient of 
elasticity will not change for a perceptible change of volume. 
The material may not lose its elasticity, but equation (1) only 
measures it for small displacements. To illustrate further, let 
it be observed that, according to Mariotte's law, the volumes of 
a gas are inversely proportional to the compressive (or exten- 
sive) forces ; double the force producing a compression to half 
the volume ; four times the force, to one-fourth the volume, and 
so on, the compressions being 2i fractional part of the original 
volume ; but in equation (2), a is a linear quantity, so that if 
one pound produces an extension (or compression) of one inch, 
two pounds would produce an extension of two inches, and 
so on. 

Examples. — 1. If the coefficient of elasticity of iron be 25,000,000 lbs., what 
must be the section of an iron bar 00 feet long, so that a weight of 5,000 lbs. 
shall elongate it ^ an inch. 

PI 
From (1) we obtain jfiC = ^- which by substitution becomes 

_ 5,000. 12x60 _ 

'^= alTooo.oooTi - ^-^^ '1°"" '"'=''"*• 

2. What weight will a brass wire sustain, whose diameter is 1 inch, coeffi« 
dent of elasticity is 14,000,000 lbs., so as to elongate it -^j^ of its length? 

Ans. 18,744.5 lbs. 
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17, — REdUIBED THE ELONGATIOIV (On ComPRESSEON) OF 
A PBISmtATIC BAB WUBN IVS WEIGHT IS CONSIDEBBD. 

Let I = the whole length of the bar before elon- MmmmM 
gation or compression, ^ {\~]a/ 

X = variable distance = Ab, ^ — I I-' 

dx ■= be = Stn element of length, 

w = weight of a unit of length of the bar, 

W = weight of the bar, and 

/*, = the weight auBtained by the bar. 
Then (I — x)w + I-', = jP = the strain on any ^. 

seetion, as be. £3t Pi 

Hence, from equation (2), we have 



/ 



P, + (l- x)w J _ Pf + jwH 



.". the total length will hecome, 

i±X=[l±^^']i (5) 

If P, = 0, A = a ' ti^ ' iy- — oTrW' °^ '^'^ *°*^^ elongation is one- 
half of what it would be if a weight equal to the whole weight 
of the bar were concentrated at the lower end. 

Required toe Elongation {or Cosipkkssion) of a Cose m 
A Vektical Position, caused by its own "Weight when it is 

SrSPENDED AT ITS BaSE {oK BESTS ON ITS B \ f1 

Take the origin at the apex before ^ ^ 

extension, Fig. 8, and 
let K = any section, 

K^ = the upper section, 

I = the length or altitude of 

the cone, 
X = the length or altitude of 
. any portion of the cone, ji„ g 

' and 

8 = the weight of a unit of volume. 
Then, because the bases of similar cones are as the squares 

af their altitudes, iT = -^„-=- 




20 THE RESISTANCE OF MATERIALS. 

The volume of the cone whose altitude is x 
and the weight of the same part 



= i8^. 



3 -ff' 
A (from equation (2)) X = / i — ir'os* ^ gw 




£:£:. 



I' 



from which it appears that the total elongation is independent 
of the transverse section, and varies as the square of the 
length. 

18. THE uroBK OF EiiONGATioN. — If jP bc the force 
which does the work, and x the space over which it works, then 
the general expression for the work is 

U =f^ Pdx (6) 



To apply this to the elongation of a prism, substitute P from 
Eq. (3) in (6), and make dx = 'd\ and we have 

^^ f EKx^d^ ^ E^ ^ :^p^ (7) 




which is the same result that we would have found by suppos- 
ing that P was put on by increments, increasing the load gradu- 
ally from zero to P. 

Example. — If the coeflScient of elasticity of wrought iron be 28,000,000 lbs., 
and is expanded 0.00000698 of its length for one degree F., how much work is 
done upon a prismatic bar whose section is one inch, and length 30 feet, by a 
change of 20 degrees of temperature ? 

Walls of buildings which were sprung outward have been drawn into an erect 
position by heating and cooling bars of iron. Several rods were passed through 
the building, and extending from wall to wall, were drawn tight by means of 
the nuts. Then a part of them were heated, thus elongating them, and the 
nuts tightened ; after which they were allowed to cool, and the contraction 
which resulted drew the walls together. Then the other rods were treated in 
a similar manner, and so on alternately. 
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19, VEBTICAIi OSCIIiliATIONS.— If a bar Aa, Fig. 9, 
with a weight, P, suspended from its lower end, be pressed down 
by the hand, or by an additional weight from a to &, and the addi- 
tional force be suddenly removed, the end of the bar on returning 
will not stop at «, but will move to some point above, as c, a dis- 
tance dc = ah. From a principle in Mechanics, viz. , that the living 
force equals twice the work, we are enabled to determine all the 
circumstances of the oscillation when the weight of the bar is 
neglected. The weight P elongates the bar so that its lower ex- 
tremity is at a, at which point we will take the origin of co-or- 
dinates. 

Fig. 9. 
Let \ = aJ = the elongation caused by the additional force, 
aj = flcf = any variable distance from the origin, 
'0 = the velocity at any point, as cf, and 
M = the mass of the weight P. 
If the weight of the rod be very small compared with P, the vis viva is 




Mv^ = — v^ very nearly. 
The work for an elongation equal to A, is by Eq. (7), 
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The work for an elongation equal to a?, is by Eq. (7), -jr-=- a? 

a 6 

^ P , EK ^^^ ,^ dz' EK 



PI 



(A* --Q?)=V'' 




dx 



>/- 



X' 



\ gEK AJO 2V , 



PI 
gEK 



for half an oscillation ; and the time for a whole oscillation is 



T = 



PI 



v ^^^ 



V 



9 



(8) 



hence the oscillations will be isochronous. 

It is evident that by applyrfig and removing the force at regular intervals, the 
amplitude of the oscillations may be increased and possibly produce rupture. 
In this way the Broughton suspension bridge was broken.* 

As a second example, take the case in which P is applied suddenly to the end 
of the rod. It is evident that the total elongation will be greater than A, — the 
permanent elongation. For the fundamental equation we may use another 

* Mr. E. Hodgkinson, in the 4th volume of the Manchester PhUosophical 
Transactians, gives the circumstances of the failure, from this cause, of the 
suspension bridge at Broughton, near Manchester, England. And M. Navier, ir 
his theory of suspension bridges {Ponts SitspendtLS, Paris, 1823), states that 
the duration of the oscillation of chain bridges may be nearly six seconds. 
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principle in Mechanics, which might have been used in the preceding problem, 

viz. , that the mass multiplied by the acceleration equals the resultant moving 

EKx 
force. The resisting force for an elongation x is — - (See Eq. (3) ), and the 

P 

moving force is P, whose mass = —; hence 

dx 




'^'-. 



2Px-~ V 1 BK"''"^ -pi 



If a; = il, « = V gX, 
X = 2;., 2? = 0, 
a; = 0, v=0. 
Hence, the amplitude is twice the permanent elongation, lix = 2X we have 

t =. 7t . I ~y,T7^ ~ ^ \ / ~~ ' Investigations of this kind give rise to a divi- 
sion of the subject called Bemliance of Prisuna. 

The investigations are interesting, but the results are of little use beyond 
those which have already been indicated. From the last problem we see that a 
weight suddenly applied produces twice the strain that it would if applied 
gradually. 

As additional exercises for the student, I suggest the following : Suppose the 
weight be applied with an initial velocity. Suppose a weight P is attached to 
one end, and the weight P' is placed suddenly upon it ; or it falls upon it. 
To find the velocity at any point in terms of t^ — also / in terms of t. 

If a weight Wv& suspended at the end, and another weight Wi falls from a 
height A, giving rise to a velocity tJ, we have for the common velocity of the 

bodies after impact, if both are non-elastic, V= -^t?- — vfr» ond the vis viva of 

both will be 

W^v^ EK 
MV^ = —TTTT— --RKt which equals — , )}, or twice the work. 
giWi-hWy ^ I 

_ TTi _ /¥m 

•■• ^ - i/{Wi'^ W)\/ EK' 

This is only an approximate value, for the inertia of the wire is neglected. 



jJO. VISCOSITY OFSOiiiDS. — ^Experiments show tliat the prin- 
ciple of equal amplitudes, referred to in the preceding article, is 
not realized in practice. This is more easily observed in trans- 
verse vibrations. The amplitudes grov7 rapidly less from the 
first vibration, and the diminution cannot be fully accounted for 
by the external resistance of air. Professor Thompson of Eng- 
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J- 

land has shown that there is an internal resistance which opposes 
motion among the particles of a body, and is similar to that 
resistance in fluids which opposes the movement of particles 
among themselves. He therefore called it viscosity.^ He 
proved : — 

1st. That there was a certain internal resistance which he 
called Viscosity, and which is independent of the elastic pro- 
perties of metals ; 

2d. That this force does not affect the co-efficient of elasti- 
city. 

The law between molecular friction and viscosity was not 
discovered. 

The viscosity was always much increased at first by the in- 
crease of weight, but it gradually decreased, and after a few 
days became as small as if a lighter weight had been applied. 
Only one experiment was made to determine the effect of con- 
tinual vibration ; and in that the viscosity was very much in- 
creased by daily vibrations for a month. 

This latter fact, if firmly established, will prove to be highly 
important ; for it shows that materials which are subjected to 
constant vibrations, such as the materials of suspension bridges, 
have within themselves the property of resisting more and more 
strongly the tendency to elongate from vibration. Experiments 
will be given hereafter which tend to confirm this fact, when 
the vibrations are not too frequent or too severe. 

But the true viscosity of solids has been fully proved by M. 
Tresca, a French physicist, who showed that when solids are 
subjected to a very great force, the amount of the force depend- 
ing upon the nature of the material, that the particles in the 
immediate vicinity of pressure vfiW flow over each other, so as to 
resemble the flowing of molasses, or tar, or other viscous fluids. 
By applying sufficient pressure solid bodies may be made to 
flow through holes in other bodies. Thus, true viscosity 
differs entirely in its character from the property recognized by 
Frofessor Thompson. 

* Civ, Bag, J<mr,, vol. 28, p. 322. 
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EESISTANCE TO EUPTUKE BY TENSION. 



jBl. MODUiiUS OF STBBNGTH. — Many more experiments 
have been made to determine the ultimate resistance to rupture 
by tension than there have to determine the elastic resistance. 
In the earlier experiments the former was chiefly sought, and 
more recently all who experimented upon the latter also deter- 
mined the former. 

The force which is necessary to pull asunder a prismatic bar 
whose section is one square inch, when acting in the direction 
of the axis of the bar, is called the modulus of strength. This 
we call T, It expresses the tenacity of the material, and is 
sometimes called the absolute strength and sometimes modulus 
of tenacity, 

S3. FORMUIiA FOR THF MODUIiUS OF STRENGTH; OT the 

force necessary to hreak a prismatic har^ when acted upon lyy 
a tensile strain. 

Let K = tlie section of the bar in inches ; 
T = the modulus of tenacity ; and 
P = the required force. 

It is proved by experiment that the resistance is proportional 
*to the section ; hence 

P= TK. (9) 

'''^=^ (1^) 

From (10) T may be found. In (10) if P is not the ultimate 
resistance of the bar, then will T be the strain on a unit of sec- 
tion. 

From (9) we have 

^=^ (11) 

which will give the section. 
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The following are some of the values of T which have been 
found from experiment by the aid of Equation (10). 

Cohesive force or Tenacity 
in lbs. per square inch. 

Ash {English) 17,000 

Oak {English) 9,000 to 15,000 

Pine {pitch) 10,500 

Cast Iron^ 14,800 to 16,900 

Cast Iron ( Weishach c& Overman) 20,000 

Wrought Iron 50,000 to 65,000 

Steel Wire 100,000 to 120,000 

Bessemer Steel f 120,000 to 129,000 

Bessemer Steel :]: 72,000 to 101,000 

Bars of Crucible Steel § 70,000 to 134,000 

Chrome Steel || 115,780 to 190,680 

The most remarkable specimen of cast steel for tenacity 
which is on record was manufactured in Pittsburgh, Pa. It 
was tested at the Navy Yard at Washington, D. C, and was 
found to sustain 242,000 lbs. to the square inch ! ^[ 

For other values see the Appendix. 

S3. A vertical prismatic bar is fixed at its upper end^ and 
a weight P^ is suspeiided at the other / what must he the upper 
section at A, Fig, 7, so as to resist n-times all the weight helow 
it, the weight of the har heing considered ? 

Let i = the weight of a unit of volume of the bar, and the 
other notation as before. 

Then KT = nP, + n^El 

'■' ^=rar (1^) 

p 

If 7i = 1, ir= tttt?) ^^^ ^^ ^^ ~ T, K = 00, or no section 

2—00 

T . 

is possible, and Z = -j- is the corresponding length of the bar. 

* JFIodgkinsoriy Bridges. Weale, sup. , p. 25. 
t Jour. Frank. Inst. Vol. 84, p. 366. 

X Also Experiments by Wm. Fairbaim, VanNostrandi's Ec. En. Mag.^ Vo' 
1, p. 273. § Do. p. 1009. 

II Report, Cat., J. B. Eads, O.E. 
T Am. B. B. Times (Boston), Vol. 30, p. 206. 
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34. BAR OF UNIFORm STRBNGTH. SxippOBC a ho/l* is 

fixed at its upper extremity^ Fig. lO, and a weight P^ is svs- 

pended at its lower extremity ; it is required to find the form 

of the har so that the horizontal sections sliall he proportional 

to the strains to which they are subjected — the weight of the 

har heing considered. 

Let ^ = weight of an unit of volume, 
TF = weight of the whole bar, 

^ P 

^0 = W = the section at B (Eq. (11) ), 

K^ = the upper section, 
K = variable section, and 
X = variable distance fi'om B upwards. 
Also let the sections be similar: 

Then P := P^ + i i X dx = strain on any 

Fig. 10. section, bj& JD C. But TK is the ability to resist 
this strain : 

.'. Pj + i r Kdx = TK. DifPerentiate this, and we have 

SKdx= TdK 

$ dK 

or ■= e& = -pr- which by integrating gives 




x = N^ap. log K '\- C, 



{12a) 



But for 35 = 0, we have K^ K^r. C = — Nap. log Kq= — 

P i K 

Nap. log -^. Hence Eq. (12a) becomes — aj = Nap. log -j^ 



^x 



K 



or, passing to exponentials, gives e^ -=. __ 



X 






(13) 

2 



P ^ 

For the upper section K =■ K^ and a? = Z .•. iTj = -yp^ (1^:) 



We also have 



F = 



= i I Kdx = if ^i^ dx = P,(/t -1) (15) 
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Example. What mnst be the upper section of a wrought-iron shaft of uni- 
form resistance 1,000 ft. long, so that it will safely sustain its own weight and 
75,000 lbs.? 

Let T = 10,000 lbs., and 
<5 = 0.27 lbs. per cubic inch. 
Then Eq. (11) gives -ffo = 7.5 sq. inches, and 
equation (14) gives Ki = 10.37. 

In these formulas the form of section does not appear. For 
tensile strains, the strength is practically independent of the 
form, but not so for compression. When it yields by crushing, 
the influence of form is quite perceptible, but not so much so 
as when it yields by bending under a compressive strain. The 
latter case will be considered under the head of flexure. 

S5. STRAINS IN A CIiOS£1> ClTIilNDEa. 

If a closed cylinder is subjected to 
an internal pressure^ it will tend to 
burst it by tearing it open along a 
rectilinear element, or by forcing the 
head off from the cylinder, by rup- 
turing it around the cylinder. First, 
consider the latter case. The force 
which tends to force the head off is 
the total pressure upon the head, and 
the resisting section is the cylindrical 
annulus. 

Let D = the external diameter, 
d = the internal diameter, 
J) = the pressure per. square inch, and 
t = the thickness of the cylinder. 
Then i^ d^p = the pressure upon the head, 

i^r (J)^ — d^) = the area of the cylindrical annulus, 
i?r T{D* — d^) ~ the resistance of the annulus, and 
^t = D - d 
Hence, for equilibrium, 

or, d?:p = 2Tt {I) + d) ==: ^Tif + dt) (16) 

which solved gives 25=(-l+W^l + ^^^ ^"^"^ 

Equation (16) may be written as follows : — 

d^p^^Ttifi + d\ 




Fig. 11. 
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and as t is generally small compared with d^ we have dp = 
4:Tt nearly. 

Next consider the resistance to longitudinal rupturing. As 
it is equally liable to rupture along any rectilinear element, 
suppose that the cylinder is divided by any plane which passes 
through the axis. The normal pressure upon this plane is the 
force which tends to rupture it, and for a unit of length is 

J>d 
and the resisting force is 

hence, for equilibrium, 

jpd = 2Tt (18) 

The value of t from (18) divided by that of t fi-om (16) gives 
the ratio — -^ — , and since D always exceeds d^ this ratio is. 

greater than 2 ; hence there is more than twice the danger of 
bursting a boiler longitudinally than there is of bursting it 
around an annulus when the material is equally strong in both 
directions. 

The last equation was established by supposing that all the 
cylindrical elements resisted equally, but in practice they do 
not ; for, on account of the elasticity of the material, they will 
be compressed in the direction of the radius, thus enlarging the 
internal diameter more than the external, and causing a corre- 
sponding increase of the tangential stress on the inner over the 
outer elements. In a thick cylindrical annulus it is necessary 
to consider this modification. 

To find the varying law of tangential strains, let D and d 
be the external and internal diameters before pressure, and 
D+z and d-\-y the corresponding diameters after pressure. 
Then, as a first approximation — which is near enough for prac- 
tice — suppose that the volume of the annulus is not changed, 
and we have 

i^ (i>^-"tf) = i^ {D+zf -l^{d-\- yf 
or, Dz — dy nearly (19) 

But the strain upon a cylindrical filament varies as its elon- 
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gation divided by its length ; see Eq. (3). Hence the strain on 
the external anniilus, compared with the internal, is as 

-^ pr to -^ ~ or as -^ to V 

^D fed D d 

which combined with (19) gives 

-jy to -7- or as ^ to Z>', or as r^ to IP 

where t and R are radii of the annulus. 

Hence, the strain varies inversely as the square of the dis- 
tance from the axis of the cylinder. 

To FIND THE TOTAL RESISTANCE, let 

X = the variable distance from the axis of the cylinder, 
T = the modulus of rupture, or of strain, and 
t = the thickness of the annulus. 
Then Tdx is the strain on an element at a distance r from 
the axis of the cylinder, or otherwise upon the inner surface of 
the cylinder ; and according to the principle above stated, 

r^ 

T-h dx is the strain on any element, and the total strain on both 

X 

sides is 

2r/ / ^^^27-4- (20) 

If ^ = r, this becomes 

Tt 

which compared with Eq. (18) shows that when the thickness 
equals the radius, the resistance is only half what it would 
be if the material were non-elastic. In (20) if t is small com- 
pared with 7*, it becomes 2 Tt nearly, which is the same as 
equation (18). 

If the ends of the cylinder are capped with hemispheres, the 
stress upon an elementary annulus at the inner surface is 
27r Trdx,^ Proceeding as before, and we find that the total 

* T. J. Rodman says the resistanee on any elementary annulus is Tn2xdx (" Exp. 
on Metal for Cannon," p. 44) ; but it appears to me that, to make his expression 
correct, T must be the modulus at any element considered, and hence variable, 
whereas it should be constant. The strain on any elementry annulus whose 
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stress necessary to force the hemispherical heads off is 



SttT- 



r+t 



(21) 



which is also the stress necessary to force asunder a sphere by 
internal pressure, when the elasticity is considered. 

If cylinders are formed by riveting together plates of iron, 
their strength will be much impaired along the riveted section. 
The condition of the riveted joint will doubtless have much 
more to do with the strength than the compressibility of the 
material, and will hereafter be considered. 

The preceding principles are especially applicable to homo- 
geneous metals, where the thickness is considerable, such as can- 
nons and spherical shells. 



96. RESISTANCE OF GI«ASS GI«OBES TO INTERNAIi 

StTRE. 



EXPERIMENTS OF WILLIAM FAIRBAIRN. 



Description of the gloss. 


Diameter in 
inches. 


Thickness in 
inches. 


Bursting pres- 
sure in lbs.i)er 
square inch. 


Bursting pres- 
sure in lbs. per 
square inch of 
section. 


Flint-glass 


4.0x3.98 
4.0x3.98 

4 
4.6x4.56 

6 


0.024 
0.025 
0.038 
0.056 
0.059 


84 

93 

160 

280 

152 


3504 
3720 




3947 
5625 
3864 



Mean 4132 




Green-glass. 



4.95x5.0 
4.95x5.0 
4.0 x4.05 
4.0 x4.03 



0.022 
0.020 
0.018 
0.016 



5113 
5312 
4666 
5126 



Mean. 5054 



distanoe is x from the centre of the sphere, is T2irrdas, -j = 2rrr^T — ^; and the 

fl/ SB 

total resistance is the integral of this expression between the limits of r and 
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Crown-glass 



4.2 x4.35 
4.05x4.2 
5.9 x5.8 
6.0 x6.3 



0.025 
0.021 
0.016 
0.020 




5040 
6000 
6350 
6450 



-1 



Mean 5960 

The following table exhibits the tensile strength of cylindrical 
glass bars according to the experiments of Mr. Fairbairn : — 



Description of the glass. 


Area of specimen in 
inches. 


Breaking weight in 
• lbs. 


Tenacity per pquare 
inch. 


Annealed flint-glass. . . 
Green-fiflass 


(0.255 

10.196 

0.220 

0.229 


583 
254 
639 
583 


2286 
2540 

2896 


Crown-glass 


2546 



As might have been anticipated, the tenacity of bars is much 
less than globes ; for it is difficult to make a longitudinal strain 
without causing a transverse strain, and the latter would have a 
very serious effect : it is also probable that the outer portion of 
the annealed glass is stronger than the inner, and there is a 
larger amount of surface compared with the section, in globes 
than in cylinders. 



RIVETED PLATES. 

27. RiVETEB PiiATES are used in the construction of boil- 
ers, roofs, bridges, ships, and other frames. It is desirable to 
know the best conditions for riveting, and the strength of riveted 
plates compared with the solid section of the same plates. The 
common way of riveting is to puiioh holes through both plates, 
into which red-hot bolts or rivets are placed, and headed down 
while hot. The process of punching strains, and hence weakens, 
the material. A better way is to bore the holes in the plates, 
and then rivet as before. The holes in the separate plates 
should be exactly opposite each other, so that there will be no 
side strain on the plates caused by driving the rivets home, and 
to secure the best effects of the rivets themselves. Thev arc 
sometimes placed in single and sometimes in double rows, 
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effectually, and as something will be gained by the friction 
between the plates, it seems evident that we insij use more than 
60 per cent, of the strength of riveted plates as indicated abovt-. 
Fairbairn says we may use the following proportions : — 

Strength of plates 100 

Strength of double-riveted plates 70 

Strength of single-riveted plates 56 

38. STRENGTH OF BRIIiliED AND PUNCBED BOIIiEH 

piiATES. — A committee of the Railway Master Mechanics' 
Association for 1872 reported the following results of some ex- 
periments: — 

Three pieces of ^^5- inch boiler ;^late, If inch wide, were torn 
in two by hydraulic pressure. 

No. 1 broke under a strain of 32,228 lbs. 

No. 2 broke under a strain of 32,228 lbs. 

No. 3 broke under a strain of 33,600 lbs. 

The averao^e breakino* strain bein^. . . . 32,685 lbs. 

Three pieces of -^j^ x If inch plate \^ere mmched^ with a single 
f inch hole in each piece. They were then subjected to a ten- 
sile strain, with the following i*esult : — 

No. 1 broke under a pressure of 13,371 lbs. 

No. 2 broke under a pressure of 13,371 lbs. 

No. 3 broke under a pressure of 13,314 lbs. 

The average being .* 13,352 lbs. 

Three pieces of -^jr x If inch plate were drilled^ with a single 
I inch hole in each piece. 

No. 1 broke under a pressure of 17,828 lbs. 

No. 2 broke under a pressure of 17,485 Ib-^. 

No. 3 broke under a pressure of 17,622 lbs. 

The average being 17,645 lbs. 

The average strength of the drilled plate being 4,163 lbs. 
greater than that of the punched plate. 

Great care was taken to dress the pieces to the sizes given 
after they were punched or drilled. 

The following comparative tests were then made with 
punched and drilled plates riveted. 

^ix pieces If inch wide, and cut from the same sheet as the 
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foregoing, were punched and riveted together in pairs with the 
best I inch rivets, one rivet to each pair^ and were subjected to 
a tensile strain, with the foHowino: result : — 

No. 1 broke in centre line of hole under . ..17,828 lbs. 

No. 2 broke in centre line of hole under. . . 17,828 lbs. 

No. 3 broke in centre line of hole under. . . 17,143 lbs. 
The average breaking strain being. . . . 17,599 lbs. 
Six pieces, duplicates of those last mentioned, were drilled 
and riveted together in pairs, one | inch rivet to each pair. 

No. 1 sheared the rivet under pressure of. . 17,143 lbs. 

No. 2 sheared the rivet under pressure of. .16,457 lbs. 

No. 3 sheared the rivet under pressure of. .15,428 lbs. 

The average shearing strain being 10,342 lbs. 

In the last set of experiments the strength of the plates was 
not determined, since tlie rivets broke by shearing before the 
plates broke. It is to be regretted that the size of the rivets 
was not increased sufficiently to cause the plates to break and 
thus secure a good comparative test. It is evident, however, 
that drilled holes cause the rivets to be sheared more easily than 
punched ones. 

S9. FAIRBAIRN'S RVIiE FOR THE SIZE AND BISTRIB17- 

TiON OF RIVETS. — The bcst size of the rivets, the distance be- 
tween them, and tlie proper amount of lap of the plates, can be 
determined only by long experience, aided by experiments. 
Fairbairn gives the following table as the results of his infor- 
mation upon this important subject, to make the joint steam or 
water tight : — 

Ttthle shmring the Htronqent Forms and best Proportions of Riceted Joints^ as 
deduced from Experiments and actual Practice. {'^Cseful Informatu/n for 
Engineers^'''' 1st Series, p. 285.) 



Tlnol<noRs of 

p!atts, in 

inches. 

t. 


Diameter of 

the Hi vet p. in 

inches. 

d. 


TiOncrth (»f 

rivets from the 

head, in inches. 

1. 


Distance of 
rivets from cen- 
tre to centre, in 
inches, 
a. 


Qnnntity of 

lip in sinple- 

joints, in inches. 

b. 


Quantity of 
lap in doable- 
riveted jointa, 
in inches. 
c. 


A to A 


2t 


4Vt 


6t 

5t 

4t 


6t 

5| t 
41, t 


iOt 

8it 
Git 
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30. — STRENGTH OF IRON IN DIFFERENT DIRECTIONS 

OF THE ROIiliED SBEET.* 

In obtaining specimens for these experiments, care was gene- 
rally taken to have them cut in different directions of the roll- 
ing, longitudinally and trans vei-sely, and in some cases diag- 
oiially^ to that direction. The table will be found to indicate 
the direction of slitting in each case, and the comparison 
contained in the table is given to show what information the 
inquiry has elicited. 

The comparison is made principally on the ininiifmim strength 
of each bar, being tliat which can alone be relied on in practice; 
for if the strength of the weakest point in a boiler be overcome, 
it is obviously unimportant to know that other parts had greater 
strength. In one case, however, two bars, one cut across the 
direction of rolling, and the other longitudinally, were, after 
being reduced to uniform size, broken up cold, with a view to 
this question. The result showed that the length-strip was 7y^^ 
per cent, stronger than the one cut crosswise, considering the 
tenacity of the latter equal to 100. Of the other sets, embra- 
cing about 40 strips cut in each direction, it a])pears that some 
kinds of boiler iron manifest much greater inequality in the 
two directions than others. It is in certain cases not much over 
one per cent., and in others exceeds twenty, and as a mean of 
the whole series it may be stated to amount to six per cent, of 
the strength of the cross-cut bars. The number of trials on 
those cut diagonally is not perhaps sufficiently great to warrant 
a general deduction ; but, so far as they go, they certainly indi- 
cate that the strength in this direction is less than either of the 
others. 

Had we compared the mean instead of the least strength of 
bars as given in the table, the result would not have differed 
materially in regard to the relative strength in the respective 
directions. 

The boiler-iron manufactured by Messrs. E. H. & P. Ellicott, 
which was tried in all these modes of preparation of specimens, 
gave the following results : — 

1. When tried at original sections^ seven experiments on 
length-sheet specimens gave a mean strength of 55285 lbs. per 

*Jov/r. of the Frank, I7i8t, Vol. 20, 2d series, p. 94. 1837. 
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square inch, the lowest being 44399 lbs., and the highest 59307 
lbs. Fourteen experiments on cross-sheet specimens gave a 
mean of 53896 lbs., the lowest result being 50212 lbs., the high- 
est 58839 lbs. ; and six experiments on strips cut diagonally 
from the sheet exhibited a strength of 53850 lbs., of which the 
lowest was 51134 lbs., and the highest 58773 lbs. 

2. When tried by filing notches on the edges of the strips, to 
remove the weakening effect of the sheare, the length-sheet bars 
gave, at fourteen fractures, a mean strength of 63946 lbs., vary- 
ing between 56346 lbs. and 78000 lbs. per square inch. The 
cross-sheet specimens tried after this mode of preparation ex- 
hibited, at three trials, a mean strength of 60236 lbs., varying 
from 55222 lbs. to 65143 lbs. ; and the diagonal strips, at four 
trials, gave a mean result of 53925 lbs., the greatest difference 
being between 51428 lbs. and 56632 lbs. per square inch. 

3. Of strips reduced to uniform size by filing, four compar- 
able experiments on those cut lengthwise of the sheet gave a 
mean strength of 63947 lbs., of which the highest was 67378 
lbs., and the lowest 60594 lbs. 

From the foregoing statements it appears that by filing in 
notches and filing to uniformity, we obtain results 63946 lbs. 
and 63947 lbs. for the strength of strips cut lengthwise, differing 
from each other by only a single lb. to the square inch, and 
that by these two modes of preparation the cross-sheet speci- 
mens gave respectively 60236 lbs. and 60176 lbs., differing by 
only 60 lbs. to the square inch. This seems to prove that by 
both methods of preparing the specimens the accidental weak- 
ening effect of slitting had been removed by separating all that 
portion of the metal on which it had been exerted. Hence we 
may infer that the differences between length-sheet and cross- 
sheet specimens are really and truly ascribable to a difference of 
texture in the two directions, which will be seen to amount, in 
the case of filing in notches, to 6.15 per cent., and in that of 
filing to uniformity, to 6.26 per cent, of strength of cross -sheet 
specimens. 
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lUble of the eomparative viea of the Strength of Specimene of ten different sortt of 
Staler andaiie of Bar Iron, in Ihehngituiinal, (ritnjmwBC, and diagonal direc- 
tion of the ToUing, a» deduced from the least ttreiigOi of each specimen, and the 
average minimum of «aeA sort of Iron, in, each direction in tehieh it teas ti-ied. 
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1 1 



The specimens from 42 to 74 were partly puddled iron, and 
partly Juniata blooms, L^mmered and rolled into plate. The 

* Hammered and rolled into plateB. 
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length and cross-sheet specimens of these two kinds must be 
compared separately. 

All the experiments on No. 228 (cross) and 230 (length) were 
made at ordinary temperatures with a view to this comparison. 

31. — TENSIIiE STRENGTH OF AlflERICAN BOIIjER IRON, 

as determined by Mr. F. B. Stevens at the Camden and Amboy 
K. R. repair shops, Xew Jersey, by sixteen experiments upon 
high grade American boiler plate, gave the following results: — 

Average breaking weight, lbs, per square inch 54,123 

Highest breaking weight, lbs. per square inch 57,012 

Lowest breaking weight, lbs. per square inch 51,813 

Variation hij)er centum of highest 9.1 

33. — TENSIIiE STRENGTH OF l¥ROlTGIIT IRON AT VARI- 
OUS TE3IPERATURKS. 

Mr. Fairbaim has made experiments upon rolled plates of 
iron, and rods of rivet iron, at various temperatures. The for- 
mer were broken in the direction of the iibre and across it. 
The specimen when subjected to experiment was surrounded 
with a vessel into which freezing mixtures were placed to pro- 
duce the lower tempei*atures, and oil heated by a fire under- 
neath to produce the high temperatures. The experiments 
were made upon Staffordshire plates, which are inferior to 
several other kinds in common use. The following table (A), 
gives a summary of these results. 

The mean values given in the sixth column of this Table 
exhibit a remarkable degree of uniformity in strength for all 
temperatures, from GO degrees to 305 degrees. The single ex- 
ample at degrees gives a higher value than the mean of the 
others, but not higher than for some of the specimens at higher 
temperatures. At red heat the iron is very much weakened. 
This fact should be noticed in determining the strength of 
boiler-flues, as they are often subjected to intense heat when not 
covered with water. 

The experiments upon rivet iron w^ere made with the same 
machine, and in the same manner, the results of which are 
shown in the following table (B). 
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ToMe A — Shewing Hie Remtance of Staffordshire Plates at different Tempera* 

tures. 
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0.6800 


28,620 
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14 


395 


0.6666 


30,720 


46,086 


46,086 


With. 


15 


Scarcely red 


0.6200 


23.520 


38,032 


[34,373 
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16 


Dull red 


0.6076 


18,540 


30,512 


Across.}: 



Table B—Sfbowing tJie Besults of Experiments on Rivet Iron at diff^ererJ, 

Temperatures. 
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Red heat. 




8,965 


36,076 


35,000 


Too high. 



* Too high ; fracture very uneven. 

f Too low ; tore through the eye. 

t Too high ; the specimen broke with the first strain. 
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From this Table we see that there is a grradual increase of 
Strength from 60 degrees to 325, where it appears to attain its 
maximum. The increase is a very impoitant amount, being 
about 30 per cent. 

It appeal's remarkable that the specimen at —30 degrees 
is stronger than the mean of the two at 60 degrees ; but nume- 
rous experiments which have been made by different persons 
confirm this result, when the pieces are broken by a steady 
strain. 

Experiments made by M. Baudrimont gave the following 
results : — * 




in which we observe the same general results as in the preced- 
ing Tables. 

But iron and steel will not resist shocks as effectually at very 
low temperatures as at moderate tempei-atures ; as we shall 
have occasion to notice more particularly hereafter. 

Mr. Johnson, when in the employ of the Xavy Department, 
in 1844, made some experiments to determine the effects of 
thenno-tension upon different kinds of iron.f He took two 
bars of the same kind of iron, and of the same size, and broke 
one while cold. He then subjected the other to the same 
tension when lieated 400 degrees, after ^vhich the strain was 
relieved, and the bar was allowed to cfK)l, and the permanent 
elongation noted, after which it was broken by an additional 
load. It will thus be seen that the experiments were not con- 
ducted in the same way as those by Fairbairn. Table A, page 
41, gives the results of his experiments. 

Remarks, — From the two former sets of experiments, p. 
39, it appears that the strength of the iron was increased 
by an increase of temperature at the time the bar was 
broken, and by the latter that it was not only increased, but, 
by being subjected to severe tension while at a high temper- 
ature, the increased strength was not lost by cooling. It hardly 

seems probable that this increased strength would be retained 

' ■ 

* Jour. Frank Inst, Vol. 20, 8cl series, p. 344. 

t Senate Doc.^ No. 1, 28th Cong., 2d Sess., 1844^, p. 639. 



indefinitely, and lience it would be important to know how long 

it was after the piece was cooled before it was broken. 

Table A — Bemlts of EispmimenU on, Thermo-T&i»ion, at 400° Temperature. 
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5.75 
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22.40 



TLese results are confirmed by tlie experiments of the com- 
mittee of the Franklin Institute, as shown by the following 
Table.— See Journal of the FmnJcUn Institute, Vol. 20, 3d 
Series, p. 22. 

ABSTRACT OP TASLB 

Of ths compiTatKe tieto of the Influence of High Temperatures en Oie strength of 
Iron, as exhibited by 73 etpcrimenls on 47 different specimens of Oiiit metal at 
40 different temperaturts, from 313' (0 1317° Fahr., amptired witJi the 
strength of each bar tehen tried at ordinary temperatures, the number of 
ajjHtnmenti at the latter being 103. 



No. ot the expeci- 


Te,np<mtnKoh»orve>i 


Slrci^h at ordiiiHy 


StrongtH ut til* t."ni- 


meat. 


Bl moment of fnictnrc 
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l«rat«ro ob«c,e,l._ 


1 


212° 


50730 


07030 
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314 
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08350 


71800 
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49783 
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54934 


58451 
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76763 
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54441 
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fi8993 


377B4 
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54758 


30703 


69 


1317 


64758 


1S913 
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Jlvinavh, — According to tliese experiments, as shown in the 
fourth cohmni, the strength increases with the temperature to 
^D-i degrees, when it attains its maximum ; although in some 
cases the strength was increased by increasing tlie tempei'ature 
to 50.S degrees. By comparing tlie third and fourth columns 
we see tliat the strength is greater for all degrees from 212^ to 
574*^ than it is at ordinary temperatures, but above 574^ it 
is weaker. The experiments on Salisbury iron showed that the 
nuiximum tenacity was 15.17 per cent, greater than their mean 
strengtli wlien tried cold. The committee above referred to 
determined the nuiximum strength of about half the specimens 
used in the preceding Table by actual experiment, and calculated 
it for the others ; and from the results derived the following 
em])irical formula for the diminution in strength below the 
maximum for high degrees of heat : — 

ly ^ c(d - S0)'» 

in which 1) is the diminution after it has passed the maximum, 

Q the temperature Fahrenheit, and 
c a constant. 

The value of the constant in empirical formulas is not strictly a 
Ct^H^titnfy but is the mean of several values which are considered 
as constant. The value of the constant is found bv substitut- 
ing known values for all the other quantities in the equation. 

This formula appeal's to be sutKciently exact for all tempera- 
tures between 52i^^' and 1317 \ 

321. — VKNS11.K STRKNGTH OF OTHER 3IETAI.S AT ]>IF« 

FKUKNT TKUPKRATVRKS.— KxiHTiments made by M. Bau- 
driuii^nt* showeil that for all the followinij named metals the 
stivugih diminished as the temiHMature was increased; the 
ivsulis of which aiv given in Table A, p:\ge 43. 

3,|. KVVKt^ OF SBVKRK STRAINS FPON THE ITI^TOEATB 

TENACITY OF IRON RODS* —Thomas I.^\vd, lilsq., of England, 
tiH^k lH> pioivs of 1 1 8.0, fj^ bar iivn, each 10 feet long, which 
woi\^ cut fivm the middle of as numy nxls, E;K*h piece was cut 
into two j^^ris of 5 ftvt oaolu and markeil with the same letter. 
Thv>!k^ markinl A, l>, 0* Are., were lirst bn^ken, so as to sret the 
Hven^iTO br\^akit\ir stn\in. T1k>so markoii A:?, B2, «S:e., were 



* Jiw. i ni/a\ 7/wf., Vca. 20, 3d Seness p. 344, 185a 
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subjected to the constant action of three-fonrths the breaking 
weight, previously found, for five minutes. The load was then 
removed, and the rods afterwards broken. The results are 
given in Table (B). 

Table (A) — Of the MeanValues of the Tenacity of the jmncvpal Malleable Metals 
at the temperature ^/32'^, 212' and 392° Fahrenheit. 



Name of the Metal. 


Tenacity per square 
Hillini. per cross section. 




" / 


212^ 


392^ 


Gold 


18.400 
22.625 
25.100 
28.324 
36.481 




15.224 
19.284 
21.873 
23.206 
32.484 


12.878 


Platina 


17 277 


Copoer 


18 215 


Silver 


18 577 


Palladium 


27 077 







Table B. — Results of the Experiments. 



FIRST. 


SECOND. 


Mark on the bars. 


Breaking weight in 
tons (gross). 


Mark. 


Breaking weight in 
tons. 


A 
B 

C 
D 
E 
P 

Gr 

H 
I 
J 
K 
L 
M 
N 

P 

Q 
R 

S 

T 


33 75 

30.00 

33 . 25 

32.75 

32.50 

33 . 25 

32.75 

33.25 

33.50 

33 . 50 

32 25 

32.25 

30.25 

34.25 

31 . 75 »' 

29.75 

33.50 ' 

33.75 

33.00 

32.25 


A 2 
B 2 
C 2 
D 2 
E 2 
F 2 
G 2 
. H 2 
I 2 
J 2 
K 2 
L 2 
M 2 
N 2 
2 
P 2 

Q3 

R 2 

S 2 
T'2 


33.75 
33.00 
33 . 25 
32.25 
32.50 
33.00 
33.00 
33.50 
32.75 
33.25 
32.50 
31.50 
32.75 
34.00 
32.50 
31.00 
33.75 
33 . 75 
33 . 25 
31.00 


Mean 


32.57 




32.81 







Fairbaim, Useful Information for MigineerSy First Series, p. 313. 
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We here see that a strain of 25 tons, or three-fourths the 
breaking weight, did not weaken the bar. 

These experiments indicate that a frame may be subjected to 
a severe strain of three-fourths of its strength for a very short 
time without endangering its ultimate strength, 

35. EFFECT OF REPEATED RUPTURE. — The following 

experiments were made at Woolwich Dockyard, England. The 
same bar was subjected to three or four successive ruptures by 
tensile strains. They show the remarkable fact that while great 
strains impair the elasticity, as shown by Ilodgkinson, yet they 
do not appear to diminish the ultimate tenacity. 



Table allowing the effect of rqieated Fracture on Iron Bars, 
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1.25 
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34.75 


0.125 
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33.25 
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85.50 


0.112 


37.25 


0.62 


40.40 




1.18 


G 


32.75 
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0.125 


37.50 




40.41 
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0.62 


36.50 


1.50 








J 


3:^.50 
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41.75 
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SO. 50 


0.15U 


37.75 




41.00 


0.31 


1.25 
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30.25 


Defect'e 


36.50 


.62 


37.75 


0.60 


38.50 


0.06 


1.25 


2Iean 


32.95 




35.57 




37.21 




40.16 




1 24 






Biean per si- iu. 


24.04 




25.93 




27.06 




29.20 




0.90 



We thus see that while the section is reduced 10 per cent.^ ths 
strength is ajpjparently increased over 20 per cent. It is not, 
how^ever, safe to infer that the strength is actually increased, 
for it is probable that it broke the first time at the weakest 
point, and the next time at the next weakest point, and so on. 

We also observe that the total elongations are not propor- 
tional to the tensile strains, which is in accordance with the 
results of other experiments. 
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ANNEAXED METAL — STRENGTH OF. 

36* ANNEAiiiNG is a process of treating metals so as to make 
them more ductile. To secure this, the metals are subjected to 
a high heat and then allowed to cool slowly. Steel is softened 
in this way, so that it inay be more easily worked. Campin'^ 
says that steel should not be overheated for this purpose. Some 
bury the heated steel in lime; some in cast-iron borings; and 
some in saw-dust. He (Campin) says the best plan is to put 
the steel into an iron box made for the purpose, and fill it with 
dust-charcoal, and plug the ends up to keep the air from the 
steel; then put the box and its contents into afire until it is 
heated thoroughly through, and the steel to a low red heat. It 
is then removed from the fire, and the steel left in the box until 
it is cold. Tools made of annealed steel will, in some cases, 
last much longer than those made of unannealed steel. 

But it appeai-s from the following Table that it weakens iron 
to anneal it. 



Table of the Strength of Wrought Iron Annealed at Different Temperatures.^ 





strength at or- 




strength at 


strength after 


Ratio of di- 


No. of com- 


dinary temper- 


Temperature at which 


the annealing 


annealing and 


minution of 


parisons. 


ature before an- 
nealing. 


anneahng tool^ place. 


temperature. 


cooling. 


strength. 


1 


57,133 


1037^^ 


37,764 


55,078 


0.025 


5 


53,774 


1155 


21,967 


45,597 


0.153 


10 


52,040 


1245 


20,703 


38,843 


.253 


15 


48,407 


Bright welding heat. 




38,676 


.201 


17 


73,880 


Low welding heat. 




54,578 


.275 


18 


76,986 


Bright welding heat. 




50,074 


.349 


19 


89,162 


Low welding heat. 




48,144 


.460 



37. TSB STRBNGTH OF IRON AND STEKIi AliSO BEPENDS 

largely upon the process of their manufacture and their treat- 
ment afterwards. The strength of wrought iron depends upon 
the ore of which it is made; the manner in which it is smelted 
and puddled ; the temperature at which it is hammered, and the 
amount of hammering which it receives in bringing it into 



* Campings Mechanical Engineering. 

t Jour. Frank. Inst.^ Vol. 20, 2d Series, p. 109, 1837. 
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Bliape. The same remark applies to cast-steel. If the former 
is hammered when it is comparatively cold, it will weaken it, 
especially if the blows are heavy ; but the latter, steel, may be 
greatly damaged, or even rendered worthless by excessive heat, 
and it is greatly improved by hammering when comparatively 
cold. For the effect of tempering on the crushing strength, see 
Article 59. 

Different ores with essentially the same treatment produce 
essentially different iron. Thus, the Lake Superior ores, near 
Marquette, make a soft but very tough iron. Some of the 
strongest specimens of iron which have been made in this 
country were made from these ores, but it is found that the 
elastic limit is passed with a much less strain compared with its 
ultimate strength than many other irons. Manufacturers, 
therefore, mix it with other ores so as to raise the elastic limit. 
They often mix it with cheaper ores so as to cheapen the pro- 
duct. They also mix it with cheaper ores so as to improve the 
quality of the iron which would result if cheap ores only were 
used. The mixing of ores from various mines is constantly 
going on among manufacturers for various reasons. In this 
way is secured irons of various grades of hardness, of elasticity, 
of xoeldihilit]!^ and of tenacity. 

There is even a greater difference in the quality of steel than 
of wrought-iron. We have the well-known classes of blister 
steel, crucible steel, Bessemer steel, and more recently of 
chrome steel. Uniformity of product is more earnestly sought 
in the manufacture of the several grades of steel than of iron, 
but when the same iron is used by the same pei-son, under the 
same conditions, so far as he is able to control them, the expert 
finds that there is a perceptible difference in the products. 
Some steel takes a higher temper than others ; some is softer ; 
some more brittle ; some more tenacious ; some is better to resist 
crushing ; some better for sharp tools ; some better to work into 
masses than others; and it is often necessary for those who use 
steel to become acquainted with the grade which will best suit 
their purpose. 

Although experts may detect differences in steels of the same 
general grades yet manufacturers are able to produce steel 
having given general characteristics so uniform that the com- 
mon workman will not detect any difference in them. 
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38. CHROME STEEii. This 18 a peculiar product, which, 
according to the older definitions of steel (depending upon a 
certain per cent, of carbon), is not steel, but which possesses 
many of the characteristics of steel. The manufacturers of it 
claim that they can produce a steel of more uniform quality 
of any particular grade, especially in large masses, than can be 
produced by carbon steel. 

The tensile strength exceeds considerably that of the best 
crucible steel (excepting the remarkable specimen noted on p. 
25). The experiments which were made upon twelve speci- 
mens of tool steel, which were cut from three bars, at the West 
Point Foundry, gave the following results : — 

Highest strength 198,910 lbs. per square inch. 

Lowest strength 163,760 lbs. per square inch. 

Average of all 179,980 lbs. per square inch. 

The limit of elastic resistance is also high, being more than 
half of its ultimate strength.^ 

39. PROiiONGEO FUSION OF CAST IRON. — Cast irou is 
also subjected to great modifications of strength on account of 
the manipulations to which it is or may be subjected in its 
manufacture and preparations for use. The strength in some 
cases is greatly increased by keeping the metal in a fused state 
some time before it is cast. Major Wade made experiments 
upon several kinds of iron, all of which were increased in 
strength with prolonged fusion (see Rej),^ p. 44), one example 
of which is given in the following 

Tiible showing the Effects of ProHjonged Fusion. 



Iron in fusion 4" hour 

Iron in fusion 1 hour 

Iron in fusion 1^ hour 

Iron in fusion 2 hours 



Tensile Strength in 
lbs. per sq. in. 

17,843 
20,127 
24,387 
34,496 



40. EFFECT OF REMEiiTiNG CAST IRON. — But the great- 
est effect was produced by remelting. The density, tenacity, 

*^ Mil . — — I ■■. »■■■ — - . I I ■ .. I ■ II -II Ml I. ■ — I ■ M ■■■■■■ I 

* Report of Capt. J. B. Eads, C. E. This steel is used in the construction of 
the noted St. Louis bridge. 
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and transverse strength were all increased by it, within certain 
limits. For instance, a specimen of Xo. 1 Greenwood pig iron 
gave the following results. {liejp.y p. 270.) 

TaUe showing tfie Effects of Remelting. 



No. 1 Greenwood Iron. jmivitv Tensile Strength 




Crude pig-iron 7,032 14,000 

Crude remelted once 7,086 22,900 

Crude remelted twice 7,198 30,229 

Crude remelted three times 7,301 35,786 



But tliere is a point beyond which remeltings will weaken 
the iron. Mr. Fairbairn made an experiment in which the 
strength of the iron was increased for twelve remeltings, and 
then the strength decreased to the eighteenth, where the experi- 
ment terminated. In some cases no improvement is made by 
remelting, but the iron is really weakened by the process ; so 
that it becomes necessarv to determine the character of each 
iron under the various conditions by actual experiment. 

The laws wliicli govern Greenwood iron were so thoroughly 
determined that the results which will follow from any given 
course of treatment may be predicted with much certainty 
{Eej>., p. 245). 

By mixing grades Xos. 1, 2, and 3, and subjecting them to a 
tliird fusion, one specimen was obtained whose density was 
7,304, and whose tenacity was 45,070 lbs., which is the strong- 
est specimen of cast iron ever tested. (^<???., p. 279.) 

As a general result of these experiments. Major Wade re- 
marks (p. 243), "that the softest kinds of iron will endure a 
greater number of meltings with advantage than the higher 
grades. It appears that when iron is in its best condition for 
casting into proof bars (that is, small bars for testing the metal) 
of small bulk, it is then in a state which requires an additional 
fusion to bring it up to its best condition for casting into the 
massive bulk of cannon." 

41. THE MANNER OF COOLING also afifccts the strcn firth. 
It was found tliat the tensile strength of large masses was 
increased by slow cooling; while that of small pieces was 
increased by rapid cooling. {Rejp.^ p. 45.) 
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43. THE MOBUI.1JS OF STRENGTH IS MOBIFIEB, we tllUS 

Bee, by a great variety of circumstanees ; and hence it is im- 
possible to assign any arbitrary value to it for any material 
that will be both safe and economical ; but its value must be 
determined, in any particular case, by direct experiment, or 
something in regard to the quality of the material must be 
known before its approximate value can be assumed. 

43. SAFE I.IMIT OF I.OABING. — Structurcs should not be 
strained so severely as to damage their elasticity. According 
to Article 9, it appears that a weight suddenly applied will 
produce twice the elongation that it will if applied gradually 
or by increments. Hence, structures which are subjected to 
shocks by sudden applications of the load, should be so propor- 
tioned as to resist more than double the load as a constant 
dead-weight without straining it beyond the elastic limit. 

This method of indicating the limits is perfectly rational ; 
but, unfortunately, the elastic limits have not been as closely 
observed and as thoroughly determined by experimenters as 
the limit of rupture. The latter was formerly considered 
more important, and hence furnished the basis for determining 
the safe limit of the load. Observations on good constructions 
have led engineers to adopt the following values as mean 1x3- 
sults for permanent strains in bars : — 

For wood, 1 , ^ ) of the load which would 

For wrouo^ht iron, 1 to 4- V , . 

-17 ,P 1 i. 1 ( produce rupture. 

For cast iron, i to ^ ) ^ ^ 

Further observations will be made upon this subject in the 
latter part of the volume. 

4 
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CHAPTER 11. 

COMPEESSIOK 

ELASTIC RESISTANCE. 

44 . — coMPKESsiON OF CAST IRON. — Captain T. J. Rodman, 
in his Report upon metals for cannon, page 163, has given the 
results of experiments upon a piece of cast iron, which was 
taken from the body of the same gun as was tlie specimen re- 
ferred to on page 11 of this work, the results of which are given 
in the following T^ble. 

TABLE 

Sh/ywing the Compression^ permanent Set, and coefficient of Elasticity * of a 
solid Cylinder 10 iiich^ long and 1.382 inch diameter. 



Weight per 


Compression per 


Permanent set per 


Coefficient of 


section in lbs. 


incli of length. 


inch of length. 


elasticity. 


1,000 


0.000090 


0. 


11,111,000 


2,000 


0.000170 


0. 


11,824,000 


3,000 


0.000255 


0.000005 


11,843,100 


4,000 


0.000820 


0.000015 


12,500,000 


5,000 


0.000;385 


0. 000025 


12,987,000 


6,000 


0.000455 


0.000030 


13,189,000 


7,000 


0.000505 


0.000035 


13,861,800 


8,000 


0.000575 


0.000045 


13,813,000 


9,000 


0.0(KM)-t5 


0.000055 


13.952,000 


10,000 


0.000705 


0.000070 


14,196,000 


15,000 


0.001035 


0.000170 


14,492,000 


30,000 


0.001395 


0.000300 


14,337,000 


25,000 


0.001825 


0.000495 


13,687,900 


80,000 


0.002380 


0.000820 


12,602,300 



We observe that the coefficient of elasticity is much less for 
the first strains than for those that follow. It thus appears that 
this metal resists more strenuously after it has been somewhat 
(Compressed than at first. The coefficient of elasticity is con- 



* The author computed the coefllcients of elasticity from the other data of 
the table. 
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eiderably less than for the corresponding piece, as given on page 
11. The difference is Tcry nmcli greater than that fonnd by 
Mr. Hodgkinson in the specimens which he used in his experi- 
ments, lie took bars 10 feet long, and about an inch square, 
and fitted them nicely in a groove so tliat they conld not bend, 
and occasionally, during the experiment, they were slightly 
tapped to avoid adlierence. The metal was the same kind iw 
that used in the experiment recorded on page 13. 



Qiving the RetvlU of MBperimenU by Mr, Hodgkins 
feet long. 



m bars of Cast Iron, (en 



STErt 




l.ich of length. 


Coefflcient at 


Error io pnrtB of 


"* Mction. 


*. 


•"— ■ 


elartlcity per 


-S6.3i'm: 












2084.74 . 


0.0001561 


0. 00000891 


1.1.33 i, 300 




412a. 49 


0.0003340 


0.00001882 


13.7(i4,!(10 




61(14.24 


0, 0004(181 


0. 00003331 


13.443,:100 


+ iV 




0.000(i5&> 


0.00O0r.371 


]a,.-,R-.,U]o 


+ raW 


10323 >3 


0.00083886 


00007ft^ 


l3,4li7,llW 


+ 3 




13388.48 


0.00100250 


0.000090^%1 


13,3r,T.3(10 






14453.23 


0.0012802.^ 


0.0OOU7O0 


! 3, 353.700 


+ T 




ieol7.97 


0.0013GMO 


0,00014258 


13.141.300 


+ T 




18.^83.71 


0.00154218 


0.00017085 


13,0.W,l()fl 


+ 1 




20B47.48 


0,00171800 


0.00020685 


12,031,800 


+ H 




24770. B5 


00308016 


0.00030810 


11,920,000 






28900.43 


0.00247491 


0.00045815 


11.087.400 






83030.80 


0.00394r.O 


0.00050708 


11.322,750 


+ -h 


S7159.ttg 


0.003429 









In this ease the highest coefficient of elasticity resnltB from 
the smallest strain which is recorded. The difference in this 
resjiect between this example and the preceding one results 
doubtless finm tlie internal structure of the iron. The coeffi- 
cient in both these cases is much less than that fonnd for other 
kinds of cast iron, as is shown in the Table of Resistances in the 
Appendix. 

Mr. Hodgkinson proposed the empirical .formnla, P = 
170,763X0 ~ 36,318\,|, to represent the results of the experi- 
ments ; and although it may represent more nearly the results 
for a greater range of strains than equation (3), yet there is no 
advantage in its use in practice. 
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45. COIOPBESSION OF WBOVOnT IBON. 

Mr. Hodgkinaon also made experimentB upou Lara of wrought 
iron ill precisely the same manner aa upon those of cast iron, 
Uie i-eBultB of which are given in the following 



TABLE, 

QivingtheBuriiUof Ej^eriTaenUbyMr. E. HodgHn* 
each ofahieA utu ten feet lon^ 



m lart ofWrougkt Iron, 





Iffi 


Bar 


UBv. 


WriBhl prodpcing 


Bena™ = i.oa 


.1.086.4. In. 


Bccdon = 1. 


ie-i.Qs«,.ta. 








Amnunlof 








Tslnc of E. 


Comprenilan. 


T.lueo(B. 


11 It. 


Inch 


llw. 


inch 


HUL 


5098 


0.038 


20.79fi.500 


0,027 


31.804,000 


9578 


0.052 


21.049.000 


0.047 


23.595.000 


14058 


0.073 


31,979,000 


0.067 


24,273,000 


ieS98 


0.085 


21,a4:J,000 






18538 


0.0B8 


2a,15(!,000 


0.089 


24,108.000 


20778 


0.107 


32, 1 «0. 000 


0.100 


24,038,000 


23018 


0.119 


23,587.000 


0.113 


23,587.000 


26358 


0.130 


39,095,000 


0.123 


93.(i70,OOO 


27498 


0.143 


33.111,000 


0.143 


32.359,000 


29738 


0.153 


21,038,000 


0.1 fi3 


31,139.000 


31978 


0.174 


30,979,000 


0.190 


19,478,000 


Inihcnr. 






0.261 




Apda after J 










hour. 






0.3G9 




Then repeated 






0.328 





46. OBAPHXCAL REPRESEKTAiTON. — These two cases are 

graphically represented in Fig. 13. It is seen from the tables 
that the compressions are quite uniform for a lai^e range of 
strains, and hence equation (2), page 17, is applicable to com- 
pressive attains when within the elastic limits. In the case of 
the wronght-iron bars, the first one attains its maximum coeffi- 
cient of elasticity for a strain somewhat less than one-half its 
ultimate resistance to crushing, and the second bar at about one- 
third its ultimate resistance. 

47, COnPARATITE RBfllBTANCE OV OAST AND irBOCGHT 

IBON. — Tlie coefficient of elasticity is a measure of the com- 
pressibility of metals. Houce, an examination of the two pre- 
ceding Tables shows that of the specimens used in these 

* The coefficients of elasticity were computed bf tbe anthoc. 
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experimentB, the cast iron was compressed nearly twice as much 
as the wrought iron for the same strains. An examination of 
the Table of Resistances, in the Appendix, shows that for a mean 
value wrought iron is compressed about two-thirds as much aa 
cast iron for the same strain. Tlie same ratio evidently holds 
for tension. This is contrary to the popular notion that cast 
iron is atiffer than wrought ii-on ; for it follows from the above 
that a cast-iron bar may be stretched more, compressed more, 
and bent more, than an equal wi'ought iron one with the same 
force under the same circumstance, and in some cases tlie 
changes will be twice as great. One reason wliy cast is con- 
eidered etiffer than wrought iron probably is, that wrought iron 
does not fail suddenly as a general thing, but it can be seen to 
bend for a long time after it begins to breali ; while cast iron, 
on account of its granular structure, fails suddenly after it be- 
gins, and the bending which has previously taken place is not 
noticed. It is not safe to trust to such general observations for 
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45. — COMPRESSION OF WROUGHT IRON. 

Mr. Hodgkinson also made experiments upou bars of wrought 
iron in precisely the same manner as upon those of cast iron, 
the results of which are given in the following 

TABLE, 

Giving the Besidts of Experiments by Mr, E, Hodgkinson on bars of Wrought Iron^ 

each of which was ten feet long. ♦ 





let Bar. 


2d Bar. 


Weight prodndng 


Section = 1.025 x 1.026 aq. in. 


Section = 1.016x1.02 sq. in. 


the compression. 












Amount of 




Amount of 






Compression. 


Valne of E. 


Compression. 


Value of B. 


IhR. 


inch. 


lbs. 


inch. 


Ihe. 


5098 


0.028 


20,796,500 


0.037 


31.864,000 


9578 


0.053 


21,049,000 


0.047 


33,595,000 


14058 


0.073 


21.979,000 


0.067 


34,373,000 


16298 


0.085 


21,34;3,000 






18538 


0.096 


23,156,000 


0.089 


34,108,000 


20778 


0.107 


23,160.000 


0.100 


34,038,000 


23018 


0.119 


33,587,000 


0.113 


33,587,000 


25258 


0.130 


33,095,000 


0.138 


33,679,000 


27498 


0.143 


33,111,000 


0.143 


33,359,000 


29738 


0.153 


31,938,000 


0.163 


31,189,000 


31978 


0.174 


30,979,000 


0.190 


19,478,000 


In i hour. 






0.361 




Again after ^ 










hour. 






0.369 




Then repeated. 






0.338 





46. GRAPHicAi. REPRESENTATION. — Thcse two cases are 
graphically represented in Fig. 13. It is seen from the tables 
that the compressions are quite uniform for a large range of 
strains, and hence equation (2), page 17, is applicable to com- 
pressive strains when within the elastic limits. In the case of 
the wrought-iron bars, the first one attains its maximum coeflS- 
cient of elasticity for a strain somewhat less than one-half its 
ultimate resistance to crushing, and the second bar at about one- 
third its ultimate resistance. 

47. COIdPARATIVE RESISTANCE OP CAST AND \¥BOI76HT 

IRON. — The coefficient of elasticity is a measure of the com- 
pressibility of metals. Hence, an examination of the two pre- 
ceding Tables shows that of the specimens used in these 

* The coefficients of elasticity were computed by the author. 



TENSION. 38 

effectually, and as something will be gained by the friction 
between the jilates, it seems evident that we ma}'' use more than 
60 per cent, of the strength of riveted plates as indicated above. 
Fairbairn says we may use the following proportions : — 

Strength of plates 100 

Strength of double-riveted plates 70 

Strength of single-riveted plates 56 

38. STRENGTH OF BRIIiliED AND PUNCHED DOIIiEIt 

piiATES. — A committee of the Kail way Master Mechanics' 
Association for 1872 reported the following results of some ex- 
periments : — 

Three pieces of -j^^ inch boiler ^-^/late, If incli wide, were torn 
in two bv hydraulic pressure. 

ISTo. 1 l)roke under a strain of 32,228 lbs. 

Xo. 2 broke under a strain of 32,228 lbs. 

No. 3 broke under a strain of 33,600 lbs. 

The average breaking strahi being. . . . 32,685 lbs. 

Three pieces of -^^ x If inch plate were pii?iched, with a single 
f inch hole in each piece. They were then subjected to a ten- 
sile strain, with the followino^ result : — 

No. 1 broke under a pressure of 13,371 lbs. 

No. 2 broke under a pressure of 13,371 lbs. 

No. 3 broke under a pressure of 13,314 lis. 

The average being .* 13,352 lbs. 

Three pieces of f\r x If inch plate were dnlled^ with a single 
•| inch hole in each piece. 

No. 1 broke under a pressure of 17,828 lbs. 

No. 2 broke under a pressure of 17,485 lbs. 

No. 3 broke nnder a pressure of 17,622 ll)s. 

The average being 17,645 lbs. 

The average strength of the drilled plate being 4,lf).3 lbs. 
greater than that of the punched plate. 

Great care was taken to dress the pieces to the sizes given 
after they were punched or drilled. 

The following comparative tests were then made with 
punched and drilled plates riveted, 

*^ix pieces If inch wide, and cut from the same sheet as the 
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scientific or even practical purposes, but careful observations 
must be made, so that all the circumstances of the case may be 
definitely known. It will hereafter be shown that the ultimate 
resistance to crushing of cast iron is double that of wrought 
iron, and yet Fairbairn and other English engineers have justly 
insisted upon the use of wrought iron for tubular and other 
bridges. For, without considering the comparatively treacherous 
character of cast iron when heavily loaded, it appears that 
within the elastic limits (and the structure should not be loaded 
to exceed that), a wrought iron structure is staffer than a cast 
iron one of the same dimensions, and will sustain more within 
the elastic limits for a given compression, extension, or deflec- 
tion. 

48. coOTCPBEssioN OF STEEii. — Good cast stccl has a higher 
coefticient of elasticity than any other metal upon which experi- 
ments have been made for the purpose of determining it ; and 
yet it exceeds by only a small amount the coefticient for the best 
iron. But the liviit of elasticity of steel greatly exceeds that 
of iron, as has already been observed in article 38. In the noted 
St. Louis Bridge the coefticient of elasticity of the steel was not 
to be less than 26,000,000 lbs., nor exceed 30,000,000 lbs. 

49. COMPRESSION OF OTHER MATERiAi^s. — ^All materials 
are compressible as well as extensible, and it is generally as- 
sumed that their resistance to compression, within the elastic 
limits, is the same as for extension ; but, as has been seen in 
the previous articles, this is not rigorously correct. The mean 
value, however, of the coefticient of elasticity is suflBciently 
exact for practical cases. 

50. — Example. — 1 . Required the compression of a sphere which rests up- 
on a plane ; the weight of the sphere being the only load. 
This may be readily solved by supposing that aU horizon- 
tal sections before compression remain plane and horizon- 
tal during compression. 

Take <?, the highest point of the sphere, as the origin of 
Fig. 14. co-ordinates ; x vertical and y horizontaL 

J =r the weight of a unit of volume ; and 
r = the radius of the sphere. 
Then y'' = 2 r a?— ar* ; 
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Jr=»y' = jr(2raj — OJ*) = the area of any horizontal section ; and 



='/ 




K dip = Sir I (2raj — aj')d:2J = a»rraj" — i^7riB8 = 



the weight of all the segment above the section. 

X 





JT (2 r a? — ar*) 



dx = 



xdx i 



r — x " E 




2 r — « 
2r 



*"¥ ( «' - 2 r a; + 4 r» Nap, log. ^ ^ \ 
For a hemisphere this becomes, by making x = r; 

X = -4-L (4 JSTap. log. 2 ~ 1) = 0.29543 ^ ^ 



For the sphere a; = 2 r and the Equation gives 

'X = 00 

as it should, since theoreticaUy there is only a point where it touches the piano 
to sustain the whole sphere, and Eq. (2) gives A = oo when A; = 0, and the other 
quantities are finite. But praetieaUy we know that this is not true, and it is 
easily accounted for by supposing that the sphere as well as the body upon 
which it rests is flattened in the vicinity of a; so as to present a surface of finite 
magnitude for supporting the weight above it. 

51. Required the compression of any portion of a cylindrical annulus when 
it lies upon a horizontal plane, its axis being parallel to the plane, and the 
weight of the annulus being the only load. 

The true distortion in this case, as well as in the preceding one, is peculiar. 
There will be a bulging outward, as well as depression vertically, and there 
will also be a moment of stress. But it may be solved by assuming that the 
only strains are vertical compressions, and that horizontal sections remain 
horizontal during compression. 

If the annulus is very thin compared with the diameter of the circle we 
have, the origin being at the highest point, x vertical and y horizontal; 

t = the thickness ; 

— *aj 
P=zti vers sin — / 

r 

I = dx = the height of an infinitely short prism ; and 

T 

K = t = the horizontal section at any point for a unit of 

length. 
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. ..^ r 

r E I y/ 2 rx — Q? 



.^1 



— *" ten tin fLd» 



The approximate value of which maj be found bj developing it into a series 
and integrating several terms. If the origin of co-ordinates be taken at the 
centre of the cylinder we have 



/x 
-/ r» - a^ <w ~dz 



From this example we see that if a large cylinder (as for instance a steam 
cylinder, or a boiler) be made exactly cylindrical when it stands upon one end, 
it will be oval when it is placed on its side. 

52. THE PARAIiliEIiISM OF SECTIONS, which was assumed in the 
two preceding problems, would not be realized in any actual case. The solution 
properly belongs to the Mathematical Theory of Elasticity ,, and involves the 
most refined analysis. An exa>ct solution may not be possible. 

53. A GENERAIi STATEIflfiNT OF TME PROBIiEM of the math- 
ematical theory of the equilibrium of a solid body is : 

A solid of any aJiape^ wTien undisturbed^ is acted on in its substance by a force 
distributed through it in any manne7\ and displacements are arbitrarily pro- 
duced. It is required to find the displacenient of every point of its surfoM. 

54. ANAliYTlCAli EXPRESSION. If X, F, and Z be. the resolved 
components of the applied force, and the remaining notation be as given on 
page 217, then for any point (a;, ^, z) within the solid we have 

^« + ^^^1 ^ ^' + X = 
dx dy dz 

dpy:, dPyy dp y^ , ^r _ ft 

^ + ^ + ^ + z^ 

dx dy dz 

55. PARTICUIiAR VAIiUES. In the preceding problems X = 0, 
F = 0, and Z = — g. It will be shown in Chapter IX that when a pris- 
matic bar is compressed by a longitudinal stress that it will expand laterally, 
and in a perfectly homogeneous body the expansion per unit will be approxi- 
mately i of the contraction per unit. 
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ULTIMATE STEENGTH. 

56. MODUiifJs FOR CRUSHING. — The modulus of resistance 
to crushing is the pressure which is necessary to crush a piece 
of any material whose section is unity, and wliose length does 
not exceed from one to five times its diameter. 

The law of resistance to crushing is not simple. Granular 
blocks, like some kinds of stoiie and cast iron, often separate in 
planes (or surfaces approximating to planes) which are inclined 
to the base. 

Glass in some cases separates in thread-like filaments when it 
is crushed. Wrought iron does not fail suddenly, like the 
bodies just mentioned, but considerable tenacity remains be- 
tween the fibres after it begins to fail. Then, too, in all cases 
the resistance to crushing depends upon the length of the piece. 
If the blocks are very short (from one to five times the diameter 
as mentioned above) we get simply crushing ; but if they are 
long compared with their diameter, the phenomena are very 
complex, there being a combination of bending and crushing, 
and the law which governs it is determined only approximately 
by direct e^^periment, as indicated in article 62. 

It is found by experiment that the resistance of short pieces 
(blocks) to crushing varies nearly as the transverse section of 
the piece, no matter what the form of the fracture may be. 

Hence, if 

P =s: the crushing force, and 

£^= the section under pressure, we have 

F = CK (22) 

MODiJiifJS OF STRAIN. — If the forcc 'P is not suflicient to 
crush the piece, we have for the strain on a unit of section 

0. = ^ (23) 
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57. — RSS18TANCB TO CRUSHING OF OAST-IROII. 

TABLE 

Of the results of Experiments on the Tensile and Crushing Resistances of Ca$^ 
Iron oftarious kinds, made hy Eaton Uodgkinson* 



Description of the Iron. 



Low Moor Iron, No. 1 . 
" ** No. 2. 



Clyde Lx)n, No. 1 . 
" «* No. 2. 



u 



" No. 3, 



Blaenavon Iron, No. 1 . 
" No. 2. 



<< 



(( 



" No. 3. 



Galder Iron, No. 1 

Goltness Iron, No. 3.. . 
Brymbo Iron, No. 1 . . . 
" No. 3... 



u 



Bowling", No. 2 



Ystalyfea, No. 2. 
(Anthracite) 



Yniscedwyn, No. 1. 
(Anthracite) 



t( 



No. 2. 



Stirling-, 2d quality. 
** 8d quality. 



Mean 



Tensile 

Strength per 

square inch. 

T. 



Lbs. 

12,694 
15,458 
16,125 
17,807 
23,468 
13,938 
16,724 
14,291 
13,735 
15,278 
14,426 
15,508 
13,511 
14,511 

13,952 

13,348 
25,764 
23,461 



16,303 



Height of 
Specimen, 



inch. 



I 



* 




! 



Crushing 

strength per 

square inch. 

C. 



Lbs. 

64,534 

56.445 

99,525 

92,332 

92,869 

88,741 

109.992 

102,030 

107,197 

104,881 

90,860 

80,561 

117,605 

102,408 

68,559 

68,532 

72,193 

75,983 

100,180 

101,831 

74,815 

75,678 

76,133 

76,958 

76,132 

73,984 

99,926 

95,559 

83,509 
78,659 

77,124 
75,369 
125,333 
119,457 
158,653 
129,876 



88,800 
94,730 



Ratio of Tenacity 
to crushing. 
C-rT. 



Mean. 



5.084 



4.446[^ 
6.438 ) - 
5.973 P 
5.759) - 
5.503 P 
6.177). 
5.729 P 
4.568) - 
4.469 p 

6.519 K 
5.780 P 
7.032)- 
6.123 f^ 
4.7971 . 
4.795 p 
5.256) . 
5.532 P 
6.557). 
6.605 p 
5.186^ . 
5.264 f^ 
4.909/ . 
4.963 f ^ 
5.635) . 
5.476 p 
6.886) - 
6.585 J ^ 



5.778). 
5.646 p 
4.865). 
4.637 J ^ 
6.762) - 
5.536 P 



4.765 
6.205 
5.631 
5.953 
4.518 
6.149 
6.577 
4.796 
5.394 
6.611 
5.216 
4.936 
5.555 
6.735 



: 5.985) . . K Q^- 
: 5.638 p-^-Q^l 



5.713 
4.751 
6.149 



Mean ratio 1 : 5.64 



♦ Supplement to Bridges^ by Greo. 
V^eale, London. 



B. Brunell, and Wm. T. Clark. John 
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In this table the ratio of resistances range from about 4^ 
(Clyde, No. 3) to more than 7 (Blaenavon, No. 2). The same 
experimenter once obtained the ratio of 8.493 from a specimen 
of Carron iron, No. 2, hot blast ; ^ and tiie mean of several ex- 
periments, made at the same time, gave 6.594. Hence we have, 
as the mean result of a large number of experiments, that the 
crushing resistance of cast iron is about 6 times as great as its 
tenacity ; but the extremes are from 4^ to 8^ times its tenacity. 

58. RESISTANCE OF ITROUGHT IRON TO CRUSHING. — 

Comparatively few experhiients have been made to determine 
how much wrought iron will sustain at the point of crushing, 
and those that have been made give as great a range of results 
as those for cast iron. 



Hodgkinson gives C 
Kondulet " 
Weisbach " C 
Kankine " C 



65000 t 
70800 X 
72000 § 
30000 to 40000 



It is generally assumed that wrought iron will resist about 
two-thirds as much to crushing as to tension, but the experi- 
ments fail to give a very definite ratio. 

59, RESISTANCE OF STEEL TO CRUSHING. — ^Major "VVado 
found the following results from experiments upon the several 
samples of cast steel, all of which were cut from the same bar 
and treated as indicated in the table.^ 



Specimen. 


Length. 


Diameter. 


Crushing in 
lbs. per sq. inch. 


Not Hardened 

Hardened, low temper 

'* mean '' 


1.021 
0.095 
1.016 

1.005 


0.400 
0.402 
0.403 

0.4a5 


198,944 
354,544 
391,985 


'* high ** for tools for 
taming hard steel. . 


372,598 



* Bemtance des Materiaux^ Morin, p. 95. 

f Voie^ Handbook of Railroad Construction^ p. 127. 



(Old Edition.) 



X MaliarCs GivU Engineering^ p. 97. 

§ Weishojch^ Meeh. and Eng.^ voL i., p. 815. 

I Mankind 8 Applied Meoh. , p. 633. 

if Beport on Metals for Gannon^ p. 258. 
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and transverse strength were all increased by it, within certain 
liinits. For instance, a specimen of Xo. 1 Greenwood pig iron 
gave the following results. {liep-^ p. 279.) 

Table showing tlie Effects of Remelting, 



No. J Cfrconwood Iron. (rravitv Tensile Strength. 




Crude pig-iron 7,032 14,000 

Crude reinelted once 7,086 22,900 

Cruieremelted twice 7,198 30,229 

Crude remelted three times 7,301 35,786 



But tliere is a point beyond which remeltings will weaken 
the iron. Mr. Fairbairn made an experiment in which the 
strength of the iron was increased for twelve remeltings, and 
then the strength decreased to the eighteenth, where the experi- 
ment terminated. In some cases no improvement is made by 
remelting, but the iron is really weakened by the process ; so 
that it becomes necessarv to determine the cliaracter of each 
iron under the various conditions by actual experiment. 

The laws which govern Greenwood iron were so thoroughly 
determined that tlie results which will follow from any given 
course of treatment may be predicted with much certainty 
{Rep,, p. 245). 

By mixing grades Xos. 1, 2, and 3, and subjecting them to a 
third fusion, one specimen was obtained whose density was 
7,304, and whose tenacity was 45,070 lbs., which is the strong- 
est specimen of cast iron ever tested. (^^^., p. 279.) 

As a general result of these experiments, Major Wade re- 
marks (p. 243), " that the softest kinds of iron will endure a 
greater number of meltings with advantage than the higher 
grades. It appears that when iron is in its best condition for 
casting into proof bars (tliat is, small bars for testing the metal) 
of small bulk, it is then in a state which requires an additional 
fusion to bring it up to its best condition for casting into the 
massive bulk of cannon." 

41. THE MANNER OF cooMNG also affccts the Strength. 
It was found tliat the tensile strength of large masses was 
increased by slow cooling; while that of small pieces was 
increased by rapid cooling. {Rej>,, p. 45.) 
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43. THE MOBfJIilJS OF STRBNGTH IS MODIFIED, we thuS 

Bee, by a great variety of circumstances ; and hence it is im- 
possible to assign any arbitrary value to it for any material 
that will be both safe and economical; but its value must be 
determined, in any particular case, by direct experiment, or 
something in regard to the quality of the material must be 
known before its approximate value can be assumed. 

43. SAFE I.IMIT OF I.OADING. — Structurcs should not be 
strained so severely as to damage their elasticity. According 
to Article 9, it appears that a weight suddenly applied will 
produce twice the elongation that it will if applied gradually 
or by increments. Hence, structures which are subjected to 
shocks by sudden applications of the load, should be so propor- 
tioned as to resist more than double the load as a constant 
dead-weight without straining it beyond the elastic limit. 

This method of indicating the limits is perfectly rational ; 
but, unfortunately, the elastic limits have not been as closely 
observed and as thoroughly determined by experimenters as 
the limit of rupture. The latter was formerly considered 
more important, and hence furnished the basis for determining 
the safe limit of the load. Observations on good constructions 
have led engineers to adopt the following values as mean rc- 
sults for permanent strains in bars : — 

For ™ght iron, \ itl \ «* *^^« ^^^^ ^^[^^ ^«"^^ 
For cast iron, | to | f 1'™^"''^ ""P*'''^' 

Further observations will be made upon this subject in the 
latter part of the volume. 

4 
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CHAPTER II. 

COMPEESSION. 

ELASTIC RESISTANCE. 

44. — COMPRESSION OF CAST IRON. — Captain T. J. Rodm an, 
in his Keport upon metals for cannon, page 163, has given the 
results of experiments upon a piece of cast iron, which waa 
taken from the body of the same gun as was tlie specimen re- 
ferred to on page 11 of this work, the results of which are given 
in the following T^ble. 

TABLE 

Showing the Compression^ permanent Set^ and coefficient of EJlasticity * of a 
solid Cylindei" 10 inches long and 1.382 inch diameter. 



Weight per 
square inch of 
section ia lbs. 


Compression per 


Permanent set per 


Coefficient of 


inch of length. 


inch of length. 


elasticity. 


1,000 


0.000090 


0. 


11,111,000 


2,000 


0.000170 


0. 


11,824,000 


3,000 


0.000255 


0.000005 


11,843,100 


4,000 


0.000820 


0.000015 


12,500,000 


6,000 


0.000885 


0.000025 


12,987,000 


6,000 


0.000455 


0.000030 


13,189,000 


7,000 


0.000505 


0.000035 


13,861,300 


8,000 


0.000575 


0.000045 


13,813,000 


9.000 


0.000().t5 


0.000055 


13.952,000 


10,000 


0.000705 


0.000070 


14,19(5,000 


15,000 


0.001035 


0.000170 


14,492,000 


20,000 


0.001395 


0.000300 


14,337,000 


25,000 


0.001825 


0.000495 


13,687.900 


30,000 


0.002380 


0.000820 


12,602,300 



"VVe observe that the coefficient of elasticity is much less for 
the first strains than for those that follow. It thus appears that 
this metal resists more strenuously after it has been somewhat 
(Compressed than at first. The coefficient of elasticity is con- 

* The author computed the coeflicients of elasticity from the other data of 
the table. 
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siderably less than for the corresponding piece, as given on page 
11. The difference is very much greater than that found by 
Mr. Ilodgkinson in the specimens which he used in his experi- 
ments. He took bars 10 feet long, and about an inch square, 
and fitted them nicely in a groove so that they could not bend, 
and occasionally, during the experiment, they were slightly 
t9,pped to avoid adherence. The metal was the same kind as 
that used in the experiment recorded on page 13. 

TABLE 

Giving the BesuUs of Experiments by Mr. Hodgkinaon on bars of Cast Iron ten 

feet long. 



Pressure per 
sqnare inch of 


Compression iier inch of length. 


Coefficient of 
elasticity per 
square inch. 


Error in parts of 
P of the formula 


section. 
P. 


Total. 

Ac 


Permanent. 


P=170,76oX.c 
-86,318^2 


lbs. 

2064.74 . 

4129.49 

6194.24 

8258.98 

10323.73 

12388.48 

14453.22 

16517.97 

18582.71 

20647.46 

24776.95 

28906.45 

33030.80 

37159.65 


in. 
0.0001561 

0.0003240 

0.0004981 

0.0006565 

0.00082866 

0.00100250 

0.00128025 

0.00136150 

0.00154218 

0.00171866 

0.00208016 

0.00247491 

0.0029450 

0.003429 


in. 

0.00000391 
0.00001882 
0.00003331 
0.00005371 
0.00007053 
0.00009053 
0.00011700 
0.00014258 
0.00017085 
0.00020685 
0.00036810 
0.00045815 
0.00050768 


lbs. 

13,231,300 
12,764,910 
12,442,300 
12,585,100 
12,467,100 
12,357,200 
12,253,700 
12,141,200 
12,058,100 
12,021,800 
11,920,000 
11,687.400 
11,222,750 


+ tW 
J i_ 

T^ b-2 9 
— 7T3- 



In this case the highest coefficient of elasticity results from 
the smallest strain which is recorded. The difference in this 
respect between this example and the preceding one results 
doubtless from the internal structure of the iron. The coeffi- 
cient in both these cases is much less than that found for other 
kinds of cast iron, as is shown in the Table of Kesistances in the 
Appendix. 

Mr. Hodgkinson proposed the empirical ^formula, P = 
170,763\o — 36,318\^, to represent the results of the experi- 
ments ; and although it may represent more nearly the results 
for a greater range of strains than equation (3), yet there is no 
advantage in its use in practice. 
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45. — COMPRESSION OF HrROfJGHT IRON. 

Mr. Hodgkinson also made experiments upou bars of wrought 
iron in precisely the same manner as upon those of cast iron, 
the results of which are given in the following 

TABLE, 

Oiving the Beaftdts of Experiments by Mr. E, Hodgkinsan on bars of Wrought Iron^ 

each of which was ten feet long.* 





let Bar. 


2d Bar. 


Weight i>rodacing 


Section = 1.026 x 1.026 aq. in. 


Section = 1.016x1.02 aq.in. 


the compression. 












Amount of 




Amount of 






Compression. 


Yalne of E. 


Compression. 


Value of B. 


IllR. 


inch. 


lbs. 


inch. 


lbs. 


5098 


0.028 


20,796,500 


0.027 


21.864,000 


9578 


0.052 


21,049,000 


0.047 


23,595,000 


14058 


0.073 


21,979,000 


0.067 


24,273,000 


16298 


0.085 


21,348,000 






18538 


0.096 


22,156,000 


0.089 


24,108,000 


20778 


0.107 


22,160.000 


0.100 


24,038,000 


23018 


0.119 


23,587,000 


0.113 


28,587.000 


25258 


0.130 


22,095,000 


0.128 


23,679,000 


27498 


0.142 


22,111,000 


0.143 


22,259,000 


29738 


0.152 


21,938,000 


0.163 


21,139,000 


31978 


0.174 


20,979,000 


0.190 


19,478,000 


In i hour. 






0.261 




Agatn after ^ 










honr. 






0.269 




Then repeated. 






0.328 





46. GRAPHicAii REPRESENTATION. — Thcsc two cascs are 
graphically represented in Fig. 13. It is seen from the tables 
that the compressions are quite uniform for a large range of 
strains, and hence equation (2), page 17, is applicable to com- 
pressive strains when within the elastic limits. In the case of 
the wrought-iron bars, the first one attains its maximum coeffi- 
cient of elasticity for a strain somewhat less than one-half its 
ultimate resistance to crushing, and the second bar at about one- 
third its ultimate resistance. 



47. COMPARATIVE RESISTANCE OF CAST AND UTROUGHT 

IRON. — The coefficient of elasticity is a measure of the com- 
pressibility of metals. Hence, an examination of the two pre- 
ceding Tables shows that of the specimens used in these 

* The coefficients of elasticity were computed by the author. 
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experimente, the cast iron was compreaaed nearly twice as much 

as the wrought iron for the same strains. An examination of 
the Table of Kesistances, in the Appendix, shows that for a mean 
value wi-onght iron is compressed about two-thirds as much as 
cast iron for the same strain. The same ratio evidently holds 
for tension. This is contrary to the popular notion that east 
iron is stifer than wrought iron ; for it follows from the above 
that a cast-iron bar may be stretehed more, compressed more, 
and bent more, than an equal wi-onght iron one with the sajne 
force under the same circumstance, and in some cases the 
changes will be twice as great. One reason why cast is con- 
sidered stiffer than wrought iron probably is, that wrought iron 
does notrfail suddenly as a general tiling, but it can be seen to 
bend for a long time after it begins to break ; while cast iron, 
on account of its granular structure, fails suddenly after it be- 
gins, and the bending which has previously taken place is not 
noticed. It is not safe to trust to such general observations for 
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scientific or even practical purposes, but careful observations 
must be uaade, so that all the circumstances of the case may be 
definitely known. It will hereafter be shown that the ultimate 
resistance to crushing of cast iron is double that of wrought 
iron, and yet Fairbairn and other English engineers have justly 
insisted upon the use of wrought iron for tubular and other 
bridges. For, without considering the comparatively treacherous 
character of cast iron when heavily loaded, it appears that 
within the elastic limits (and the structure should not be loaded 
to exceed that), a wrought iron structure is stiffer than a cast 
iron one of the same dimensions, and will sustain more within 
the elastic limits for a given compression, extension, or deflec- 
tion. 

48. COMPRESSION OF sTEEii. — Good cast stccl has a higher 
coeflicient of elasticity than any other metal upon which experi- 
ments have been made for the purpose of determining it ; and 
yet it exceeds by only a small amount the coefficient for the best 
iron. But the liviit of elasticity of steel greatly exceeds that 
of iron, as has already been observed in article 38. In the noted 
St. Louis Bridge the coeflicient of elasticity of the steel was not 
to be less than 26,000,000 lbs., nor exceed 30,000,000 lbs. 

49. COMPRESSION OF OTHER MATERIALS. — ^All materials 
are compressible as well as extensible, and it is generally as- 
sumed that their resistance to compression, within the elastic 
limits, is the same as for extension ; but, as has been seen in 
the previous articles, this is not rigorously correct. The mean 
value, hc>wever, of the coeflicient of elasticity is suflSciently 
exact for practical cases. 

50« — Example. — 1 . Required the compression of a sphere which rests nj)- 
__ on a plane ; the weight of the sphere being the only load. 
This may be readily solved by supposing that aU horizon- 
tal sections before compression remain plane and horizon- 
tal during compression. 
^M/M/Mi^y^M/Mr Take o, the highest point of the sphere, as the origin of 
Fig. 14. co-ordinates ; x vertical and y horizontal. 

J = the weight of a unit of volume ; and 
T = the radius of the sphere. 
Then y'' = 2 r a?— ar* ; 
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K=xf/^ = ir{2rx — aP) = the axea of any horizontal section ; and 



= sj Kda; = iv I {2rx 

the weight of all the segment above the section* 



— siP)dx = 6irra? — i^7r«* = 




57- dx=z 



^~B (a;' - 2 r » + 4 r' JSTap. log. ^ ^^ \ 
For a hemisphere this becomes, by making x = r; 

X = -^ (4 JSTap. log. 2 - 1) = 0.29543 ^ ^ 



For the sphere x = 2 r and the Equation gives 

■X = 00 

as it should, since Vi^oretically there is only a point where it touches the plane 
to sustain the whole sphere, and Eq. (2) gives X = 00 when A; = 0, and the other 
quantities are finite. But practicaUy we know that this ia not true, and it is 
easily accounted for by supposing that the sphere as well as the body upon 
which it rests is flattened in the vicinity of a; so as to present a surface of finite 
magnitude for supporting the weight above it. 

51. Required the compression of any portion of a cyb'ndrical annulus when 
it lies upon a horizontal plane, its axis being parallel to the plane, and the 
weight of the annulus being the only load. 

The true distortion in this case, as well as in the preceding one, is peculiar. 
There will be a bulging outward, as well as depression vertically, and there 
will also be a momerit of stress. But it may be solved by assuming that the 
only strains are vertical compressions, and that horizontal sections remain 
horizontal during compression. 

If the annulus is very thin compared with the diameter of the circle we 
have, the origin being at the highest point, x vertical and y horizontal; 

t = the thickness ; 

__ i^ 
P=.t6 vers sin — .* 

r 

I = dx = the height of an infinitely short prism ; and 

T 

K = t = the horizontal section at any point fox a unit of 

length. 
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. ..^ f 



.^1 

ten tin fLd» 



The approximate value of whioh maj be found bj developing it into a seriei 
and integrating several terms. If the origin of oo-ordinates be taken at the 
centre of the cylinder we have 






-dx 



From this example we see that if a large cylinder (as for instance a steam 
cylinder, or a boiler) be made exactly cylindrical when it standn upon cme end, 
it will be oval when it is placed on its side. 

52. TME PARAIjIiEIiISM OF SECTIONS, which was assumed in the 
two preceding problems, would not be realized in any actual case^ The solution 
properly belongs to the Matfiematical Theory of EUuticUy, and involves the 
most refined analysis. An exact solution may not be possiUe. 

53. A GENERAIi STATEMENT OF TME PROBI^EM of the math- 
ematical theory of the equilibrium of a solid body is : 

A soUd of any shape, uh^n undisturbed, is acted on in its substance by aforee 
distributed through it in any manner, and displacements are arbitrarily pro- 
duced. It is required to find the displacement of every point of its surface, 

54. ANAliYTlCAli EXPRESSION. If X, F, and Z be. the resolved 
components of the applied force, and the remaining notation be as given on 
page 217, then for auy point (a;, y, i) within the solid we have 

^« + ^^ ^ ^ + X = 
dx dy dz 

dpyj, dPyj dp^ . XT __ A 

"^"■*" "^+ & + ^-<> 

dp-^ ^ dp^ ^ dpa _^ ^ __ Q 
dx dy dz 

55. PARTICUIiAR VAIiUES. In the preceding problems X=0, 
F = 0, and Z = — g. It will be shown in Chapter IX. that when a pris- 
matic bar is compressed by a longitudinal stress that it will expand laterally, 
and in a perfectly homogeneous body the expansion per unit will be approxi- 
mately i of the contraction per unit. 
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ULTIMATE STEENGTH. 

56. MODUiiUS FOR CRUSHING. — The modulus of resistance 
to crushing is the pressure which is necessary to crush a piece 
of any material whose section is unity, and wliose length does 
not exceed from one to five times its diameter. 

The law of resistance to crushing is not simple. Granular 
blocks, like some kinds of stone and cast iron, often separate in 
planes (or surfaces approximating to planes) which are inclined 
to the base. 

Glass in some cases separates in thread-like filaments when it 
is crushed. Wrought iron does not fail suddenly, like the 
bodies just mentioned, but considerable tenacity remains be- 
tween the fibres after it begins to fail. Then, too, in all cases 
the resistance to crushing depends upon the length of the piece. 
If the blocks are very short (from one to five times the diameter 
as mentioned above) we get simply crushing ; but if they are 
long compared with their diameter, the phenomena are very 
complex, there being a combination of bending and crushing, 
and the law which governs it is determined only approximately 
by direct experiment, as indicated in article 62. 

It is found by experiment that the resistance of short pieces 
(blocks) to crushing varies nearly as the transverse section of 
the piece, no matter what the form of the fracture may be. 

Hence, if 

P — the crushing force, and 

K = the section under pressure, we have 

P = OK (22) 

MODUI.1JS OF STRAIN. — If the forcc P is not sufficient to 
crush the piece, we have for the strain on a unit of section 

^. = ^ (23) 
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S7. — RSSISTANCB TO CRUSHING OF OAST-IROII. 

TABLE 

Of the results of Experiments on the Tensile and Crushing Resistances of Ctu^ 
Iron of various kinds, made hy Eaton Uodgkinson* 



Description of the Iron. 



liOw Moor Iron, No. 1 . 



(( 



** No. 2. 



Clyde Iron, No. 1 . 
" ** No. 2. 



(( 



" No. 3. 



Blaenavon Iron, No. 1 . 
" No. 2. 



<< 



(I 



" No. 3. 



Galder Iron, No. 1.. . . . 
Coltness Iron, No. 3.. . 
Biymbo Iron, No. 1 . . . 
" No. 3... 



(( 



Bowling", No. 2 



Ystalyfea, No. 2. 
(Anthracite) 



Ynisoedwyn, No. 1 . . 
(Anthracite) 



t( 



No. 2. 



Stirling, 2d quality. 
»< 8d quality. 



Mean 



Teiudle 

Strength per 

square inch. 

T. 



Lbs. 
12,694 

15,458 
16,125 
17,807 
23,468 
13,938 
16,724 
14,291 
13,735 
15,278 
14,426 
15,508 
13,511 
14,511 

13,952 

13,348 
25,764 
23,461 



16,303 



Height of 
Specimen. 



! 



I 



J 



inch, 
f 

f 

f 

f 

U 

f 

f 

H 

f 

f 

li 

f 

f 

H 

f 

f 

f 
U 

f 
li 

f 




! 



Crushing 

strength per 

square inch. 

C. 



Lbs. 

64,534 

56.445 

99,525 

92,332 

92,869 

88,741 

109.992 

102,030 

107,197 

104,881 

90,860 

80,561 

117,605 

102,408 

68,559 

68,532 

72,193 

75,983 

100,180 

101,831 

74,815 

75,678 

76,133 

76,958 

76,132 

73,984 

99,926 

95,559 

83,509 
78,659 

77,124 
75,369 
125,333 
119,457 
158,653 
129,876 



88,800 
94,730 



Batio of Tenacity 
to cnvliing. 



Mean. 



5.084) 
4.446 f 
6.438/ 
5.973 J 
5.759) 
5.503 f 
6.177) 
5.729 f 
4.568 f 
4.469 C 
6.519 1 
5.780 y 
7.032 ) 
6.123 f 
4.797 [ 
4.705 J 
5.256) 
5.532 f 
6.557) 
6.605 f 
5.186) 
5.264 j: 
4.909/ 
4.963 f 
5.635) 
5.476 f 
6.886) 
6.585 f 



: 5.985) 
-.5.638 J 

5.778) 
5.646 J 
4.865 ) 
4.637 f 
6.762 f 
5.536 J 



4.765 
6.205 
5.631 
5.958 
4.518 
6.149 
6.577 
4.796 
5.394 
6.611 
5.216 
4.936 
5.555 
6.735 

: 5.811 

5.713 
4.751 
6.149 



Mean ratio 1 : 5.64 



♦ Supplement to Bridges, by Greo. 
V^eale, London. 



B. Brunell, and Wm. T. Clark. John 
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In this table the ratio of resistances range from about 44- 
(Clyde, No. 3) to more than 7 (Blaenavon, No. 2). The same 
experimenter once obtained the ratio of 8.493 from a specimen 
of Carron iron, No. 2, hot blast ; * and the mean of several ex- 
periments, made at the same time, gave 6.594. Hence we have, 
as the mean result of a large number of experiments, that the 
crushing resistance of cast iron is about 6 times as great as its 
tenacity ; but the extremes are from 4^ to 8^ times its tenacity. 



S8« RESISTANCE OF UTROUGHT IRON TO CR I] SUING. — 

Comparatively few experiments have been made to determine 
how much wrought iron will sustain at the point of crushing, 
and those that have been made give as great a range of results 
as those for cast iron. 

Ilodgkinson gives C = 65000 f 
Eondulet " C =^ 70800 X 
Weisbach " C= 72000 § 
Kankine " C= 30000 to 40000 || 

It is generally assumed that wrought iron will resist about 
two-thirds as much to crushing as to tension, but the experi- 
ments fail to give a very definite ratio. 

59. RESISTANCE OF STEEL TO CRUSHING. — Major Wade 
found the following results from experiments upon the several 
samples of cast steel, all of which were cut from the same bar 
and treated as indicated in the table.^ 



Specimen. 


Length. 


Diameter. 


Crushing in 
lbs. per sq. inch. 


Not Hardened 


1.021 
0.995 
1.016 

1.005 


0.400 
0.402 
0.403 

0.405 


198,944 
354,544 
391 985 


Hardened, low temper 

'* mean '' 


** high ** for tools for 
turning hard steel. . 


372,598 



* Bemtance des Materiaxvx^ Morin, p. 95. 

f Vo»e^ Handbook of Railroad Construction^ p. 127. (Old Edition.) 



X Mahan^s GivU Engineering^ p. 97. 

§ TFmiflKJ^, Mech. and Eng,^ vol. i., p. 215. 

I Hankinis Applied Mech. , p. 633. 

if Report on Metakfor Cannon^ p. 258. 
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CKROMB 8TBBI. rcsists from 160,000 to 195,000 pounds per 
square inch. Indeed Captain Eads says in his report that the 
crushing resistance of chrome steel may be increased to any de- 
sirable amount by the simple addition of chromium. 

60. RESISTANCE OF UTOOD TO CRUSHING. — The resistance 
of wood to cnishing depends as much upon its state of dryness, 
and conditions of growth and seasoning, as its tenacity does. 
The following are a few examples : — 



Kiud of Wood. 

Ash 

Ook (English) 

TineiPitch) , 




Very Dry. 



9,360 

10,058 

6,790 



These results, compared with tlie corresponding numbers in 
article 22, show that these kinds of wood will resist from 1^ to 
nearly 2 times as much to tension as to compression. For other 
examples see the Table in the appendix. 

61. RESISTANCE OF GI<ASS TO CRUSHING. ^We OWC mOSt 

of our knowledge of the strength of glass to Wm. Fairbaim and 
T. Tate, Esq. According to their experiments we have the 
following results for the crushing resistance of specimens of 
glass whose heights varied from one to three times their 
diameter. 



MEAN CRUSHING KESISTANCE OF CUT-GLASS CUBES ASTD ANNEALED 

GLASS CYLINDERS. 



Descnption of the Glass. 


Weight per Sqnare Inch. 




Cnbes. 


Cylinders. 


Flint Glass 


IbP. 
13,130 
20,206 
21,867 


lbs. 

27,583 


Green Glass . . . ... • 


31 876 


Crown Glass 


81,003 






Mean 


18,401 


80,153 
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The ratio of the mean of the resistances is as 1 to 1.6 nearly. 

The cylinders were cut from round rods of glass, and hence 
retained the outer skin, which is harder than the interior, while 
the cubes were cut from the interior of large specimens. This 
may partially account for the great difference in the two sets of 
experiments. The cubes gave way more gradually than the 
cylinder, but both fractured some time before they entirely 
failed. The cylinders failed very suddenly at last, and were 
divided into very small fragments. The specimens had rubber 
bearings at their ends, so as to produce an uniform pressure 
over the whole section. 

63. STRENGTH OF PiLiiARs. — The Strength of pillars for 
ind^jent flexure has been made the subject of analysis by Euler 
and others, but practical men do not like to rely upon their 
results. Mr. Ilodgkinson deduced empirical formulas from ex- 
periments which were made upon pillars of wood, wrought iron, 
and cast iron. The experiments were made at the expense of 
Wm. Fairbairn, and the first report of them was made to the 
Koyal Society, by Mr. Ilodgkinson, in 1840. The following 
are some of his conclusions : — 

1st. In all long pillars of the same dimensions, when the 
force is applied in the direction of the axis, the strength of one 
which has flat ends is about three times as great as one with 
rounded ends. 

2d. The strength of a pillar with one end rounded and the 
other flat, is an arithmetical mean between the two given in the 
preceding case of the same dimensions. 

3d. The strength of a pillar having both ends firmly fixed, is 
the same as one of half the length with both ends rounded. 

4th. The strength of a pillar is not increased more than ^th 
by enlarging it at the middle. 

To determine general formulas, bars of the same length and 
different sections were first used ; then others, having constant 
sections and different lengths ; and formulas were deduced 
from the results. The formulas thus made were compared with 
the results of experiments on bars whose dimensions differed 
from the preceding. The following are the results of some of 
his 
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EXPERIMENTS ON SQUARE PILLARS. 



I<eng;th of 
the ban. 


Bide of the square. 


Crashing weight. 


Exponent of the 
side. 


Feet 
10 

10 

5 
24 


Inches. 

0.766 

1.51 

1.00 

1.50 

1.02 

1.53 

0.50 

1.00 

0.50 

1.00 

0.502 

1.00 

0.502 

0.76 


Lbs. 

1.948) 
23,025 f 

4,225 ) 

23,025 f 

10,236 i 

45,873 C 

583 [ 

9,873 f 

1,411 ) 
18,038 f 

4,216 ) 
27,212 ] 

4,216 5 
15,946 J" 


8.57 
4.17 
8.69 
, 4.08 
8.67 
2.69 
8.28 






Mean 


3.59 



The fourth cohimn is computed as follows : — 
Suppose that the strengths are as the x power of the diame- 
ters, then for the first bar we have 

1.51 Y ^ 23025 
^a766/ "" 1948 



a 



or 1.97P = 11.30 



X 



_ log. 11.30 _ o KY 
~ %. 1.971 '"^' 
The others are computed in the same way. 
An examination of the table shows that when the square 
section is the same, the strength varies inversely as some func- 
tion of the length. Thus, of two bars whose cross section is one 
square inch, the one five feet long is nearly four times as strong 
as the one ten feet long. 

Let I = length of one, 
I' = " of other, 
d = diameter of first one, 
d^ = " of the second one, and 
y =. the power of the length. 



Then the strength of the first one is, P = constant x 

second is, P' = constant x 



d 



8w89 



(1 



a 



cc 



I'v 



CX>MrBESSION. 



63 






in which substitute the vahies from any two experiments. Thus 
if we take from the table 

r = 10 feet, d' = 1 inch, P' = 4225 lbs., and 
1=6 feet, d = 1 inch, and P = 18038 lbs., we have 

18038 

4225 ~ 

^ %. 2 

Proceed in a similar way with each of the others and take 
the mean of the results for the power to be used. In this way 
was formed the following 



in which P 
d 
dy 
I 



TABLE 

For the absolute strength of columns. 

crushing weights in gross tons, 

the external diameter, or side of the column in inches, 
the internal diameter of the hollow in inches, and 
the length in feet. 



Kind of Colamn. 



Solid Cylindrical Columns of ) 
cast iron f 

Hollow Cylindrical Columns ) 
of cast iron ) 

Solid Cylindrical Columns of } 
wrought iron f 

Solid Square Pillar of Dant- } 
zic oak f 

Solid Square PiUar of red dry ) 
deal J" 



Both ends ronnded, the 
length of the cohimn ex 
ceeding fifteen times its 
diameter. 



P = 

P = 
P = 



TONS. 

3.76 

14.9 ^^^ 



8.7fl 



13 
42 



P 



3 .7(1 



Both ends flat, the length of 
the column exceeding thirty 
times its diameter. 



P = 44.16 



TONa 



I 



1.7 



8« 5S 8* SS 

P = 44.34 ^^L_ 

P = 133.75 ~ 
P = 10.95 ^ 

P = 7.81 J 



The above formulas apply only in cases where the length is 
so great tiiat the column breaks by bending and not by simple 
crusliiiig. If the column be shorter than that given in the 
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taWe, and more than four or five times its diameter, the strength 
18 found by the following formula : 

"'=F|^flr (^> 

in which P = the value given in the preceding table, 

K = the transverse section of the column in square 

inches, 
C = the modulus for crushing in tons (gross) per 

square inch, and 
IT = the strength of the column in tons (gross).* * 
Ex|H*riments have lM?en made upon steel pillars which gave 
gixxJ rosults^t 

6S. ITKIGHT OF FILI.AKS. — From the first formula of the 
pnxHHling table wo find 

ii = i ' 

Tlio aroa of the on>5ss?ection is \^ d*^ and the volume in 
Oa^ir in>n woighs 4o0 pounds to the cubic foot, hence the 

\voJ5:rht = - ,.. ; V 3 X ir^/* X ' = ;5;^ x 3.U16 x 

If P is ^iwn in jvunds, this i\x>tfioient must be divided by 

.% wx-usbt in ^vMUKis = i\Ol:*lTi>^ »7^*^ ^''»^^. . . -^25) 

If tW pilW is hv^llow iho $<vrion of the inxi is J «■ ^tf — d^ 
*nd if w is iho nwio of rho diameUM^ so that J^ == m d this be- 

<\M\H>S 

J « .)* vl ~ '**^ ^ **^^^ '*^ w^lxinK' in inches = -- w <r \1 — «•) I; 
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If the value oid from the second equation of the first column 
in the preceding table, be substituted in the preceding equa- 
tion, we find the 

weight in pounds = 
25 5r 1 — n* / \ 1 

32 (2240 X 13 )t.W(i - n^'-yh^ ^ {P.^'JT-^ (26) 

To find the weight for a five-fold security these results must 

be multiplied by Syrig. 

Proceeding in this way with each of the cases given above 
and we form the following : 

TABLE 

Of the weights in pounds of pillars in terms of their lengths {I) in feet^ when 
loaded to one fifth their crushing strength (P) in pounds. 



Kind of Pillar. 



Solid Cylindrical Col- 
imm. of cast iron. 

Hollow Cylindrical Col- 
unms of cast iron, 
di^^nd. 



if n=0.98 
if n =0.95 
if w=0.925 
if 71=0.90 
if 71=0.875 
if w=0.85 
if 71=0.80 
71=0.75 

SoUd Cylindrical Col- 
umns of Wrought 
Iron, 



Square Column of Dant- 
zic Oak. 



0.028648953 {P.l 
0.024392078 



Weight in pounds. 



Both ends rounded. 
/ > 15 d. 



:< .3 8\ I ig¥ 



(l_7l3.76^ K8» 



iP 73*'^)' '8^ 

0.003881655 (P.^*-««) ^^« 
0.006001775 (P.r-''«) ~-*^ 

:».5 8\ TT«« 



0.0072G5678(Pr*-*») 



_.i_ 



0.008396144 (P.^»-'^») "•«« 
0.009373430 (?.?'•"•»)"«« 
O.C10261387(P.r» ••''») ^« 
0.011862713 (P.r*-«») ^«» 
0.013297905 (P.^^-««) ^« 



0.014115831 (P.r*-«^) 



rrii 



(Cubic foot weighs 47.24 
pounds. ) 



Both ends flat. 
/> 30/. 



0.009321706 (P.^-*") ^^ 
0.009300164 ~^ 



/J 72,3*^^) ' '/^y 



(PJ3.475) 



I .7 "7 o 



_i. 



0.001658133 (P.^-*":^ ~'^ 
0.002489827 (P.r-^- 
0.002987882 (P.P-'" 
0.003406063 (P.r**" 
0.003773531 {P.V-*''\ 
0.004106903 (P.«^-*" 
0.004702651 (P. ?••*'' 
0.005233352 (Pf-*** 



77 Ts 

TrVT3" 



-^TS 



J.7T5 



0.00499S604 (P.?'-'-') ~^'^^ 



0.001223770 (P*0 
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If the tliickness of the metal (i) and the external diameter 
arc given, n may be foniid as follows : d— 2t = internal diame- 
ter, hence n = ^~ = 1 — ^ . For instance, if the external 
diameter is 6 inches, and the thickness | of an inch, the inter- 
nal diameter is oj inches and » = -^ — 0.875. 

The iron used in the preceding experiments was Low Moor 
No. 2, whose strength in columns is about the mean of a gieat 
variety of English cast iron, the range being about 15 per cent, 
above and below the values given above. 

64. — CONDITION OF THE CASTING. — Slight inequalities in 

the thickness of the castings for pillars does not materially af- 
fect the strength, for, as was found by Mr. Hodgkinson, thin 
castings are mucli harder than thicker ones, and resiet a greater 
crushing force. In one expcriineiit the sliell of a hollow column 
resisted about 60 pet- cent, more per square inch than a solid 
one.* But the excess or deficiency of thickness should not in 
any case exceed 25 per cent, of the average thickness.t Thus, 
if the average thickness is one inch, the thickest part should not 
exceed IJ inch, and the thinnest i.>art should not be less tlian £ 
of an inch. 

It is also found that in large castings the crushing strength 
of the part near the surface does not mncb exceed that of the 
intei'nal parts. 

eS, COmPKKSSION OF TITBES.— BUCK- 

LING.— Wrought irtHi tubes when sub- 
jected to lougitncliiial compressive stresses 
may yield hy crnshiug like a block, or by 
bending like a beam, or by buckling. 
The fii-fit fakes place when the tube is 
very short ; the second, when it is long 
compared with the diameter of the tnbe ; 
and the last, for some length which it is 
difticnlt to assign, intermediate between 
the othei-s. 

Tlie appearance of a tube after it has 
yielded to buckling is rfiown in Figs. 15 
and 16. 




• Phil. Tram., J857, p 



f Slimeif on Straiaa, vol. i 
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The experiments heretofore made do not indicate a specific 
law of resistance to biiekling ; but the following general facts 
appear to be established :* — 

1. The resistance to buckling is always less than that to 
crushing ; and is nearly independent of the length. 

2. Cylindrical tubes are strongest ; and next in order are 
square tubes, and then rectangular ones. 

3. Rectangular tnbes, | | , are not as strong as tubes of this 
form Q3 '^''^ tubes in bridges and ships are generally rec- 
tangular or square. 



COLLAPSE OF TUBES 

6ftt THE RTJPTI7BE OF TUBES 

which are subjected to great external 
normal pressure is called " a coIla|.se ' 
The flues of a steam-boiler are sub- 
jected to such an external piessure, 
and in view of the extensive use of 
steam power, the subject is very im 
portant. The true laws of resistance 
to (collapsing were unknown until the 
snbjectwas investigated by Wm Fan 
bairn. Experiments were carefulh 
made, and the results discussed bj hun 
with that scientific ability for which 
he is so noted. They were published 
in the Transactions of the Eoyal 
Society, 1858, and republished in his 
** Useful Information for Engineei's," 
second series, page 1. 

The tubes were closed at each end 
and placed in a strong cylindrical ves- 
sel made for the purpose, into which 
water was forced by a hydraulic press, 
thus enabling him to cause any desir- 
able pressure upon the outside of the 
tube. In order to place the tube as 
nearly as possible in the condition of 

" Ck. Eng. and Arch. Jmir., toI. xiyiu., p. 3i 
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a flue in a steam-boiler, a pipe which communicated with the 
external air was inserted into one end of the tube. This pipe 
permitted the air to escape from the tube during collapse. 

The vessel, pipe, tube, and their connections were made 
practically water-tight, and the pressure indicated by gauges. 

Fig. 17 shows the appearance and cross-section at the middle 
of the short tubes after the collapse ; and Fig. 18 of a long 
one. Although no two tubes appeared exactly alike after the 
collapse, yet the examples which I have selected are good types 
of the appearances of thirty tubes used in the experiments. 

The tubes in all cases collapsed suddenly, causing a loud 
report. In the first and second tubes the ends were supported 
by a rigid rod, so as to prevent their approaching each other 
when the sides were compressed. 

The following tables give the results of the experiments : — 
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TABLE I. 



l£ark. 


No. 


Thickness 

of Plate, 

inches. 


Diameter 

in inches. 

d. 


Length in 

inches. 

X. 


Pressure of 

Collapse, lbs. 

pr. sq. in. of 

Surface. 

P. 


Product of 

Pressure 

and Length. 

P. L. 


Product of 

the Pressure, 

Length, and 

Dituneter. 

P. L. d. = p. 


A 
B 
C 
D 
E 
F 


1 
2 
3 
4 
5 
6 


0.043 

(( 
(( 

(( 


4 

(( 
(( 
<( 


19 
19 
40 
38 
60 
60 


170 

137 

65 

65 

43 

140* 


3230 
2003 
2600 
2470 
2580 
2800 


10412 

10400 

9880 

10320 




Mean 


2714 


10253 


G 

H 

J 

K 

L 

M 


7 

8 

9 

10 

11 

12 


u 
(( 


6 

u 
u 


30 
29 
59 
30 
30 
30 


48t 

47t 

32 

62 

65 

85t 


1440 
1203 
1888 
1560 
1950 
? 


11328 

9360 

11700 




Mean 


1620 


10796 


N 

P 


13 
14 
15 




8 

u 


30 
89 
40 


39 
32 
31 


1170 
1248 
1240 


9360 
9984 
9920 




Mean 


1219 


9754 


Q 
B 


16 
17 




10 


50 
30 


19 
33 


950 
990 


9500 
9900 




Mean 


970 


9700 


S 
T 
V 


18 
19 
20 




12.2 
12 


58i 

60 

30 


11.0 
12.5 
22 


643.7 

750 

662 


7850 
9000 
7920 




Mean 


685.2 


8256 



* This tube had two solid rings soldered to it, 20 inches apart, thus practically reducing it to 
three tubes, as shown in Fig. 19. 




Fia. 19. 

t The ends of both were fractured, causing collapse, perhaps befwe the outer shell had ab> 
tained its maximum. 
^ A tin ring had been left in by mistake, thus causing increased resistanoe to collapsing. 
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67. DISCUSSION OF RiJisuiiTs. — By comparing the tubes of 
the same diameter and thickness, but of different lengths, we 
see that the long tubes resist less than the short ones ; hence, 
the strength is an inverse function of the length, and an ex- 
amination of the seventh column shows that it is nearly a sim- 
ple inverse function of the length. Tlie first of the 4 inch 
tubes is so much stronger than the others, it may be neglected 
in determining the laio of resistance^ although it differs from a 
mean of all the othei-s by less than \ of the mean. An exami- 
nation of the several cases indicates that we may safely assume 
that the resistance to collapsing varies inversely as the lengtliS 
of the tvhes!'' 

The mean of the results for the several diameters in the 
last column shows that the resistance diminishes somewhat 
more rapidly than the diameter increases ; but this includes the 
error, if any, of the preceding hypothesis. As the power of 
the diameter is but little more than unity, it seems safer to con- 
clude, for all tubes less than 12 inches in diameter, as Fair- 
bairn does, that the resistance of tubes to collapsing varies hir 
versely as their diameters. 

68, i-Aur OF THICKNESS. — ^Experiments were also made 
to determine the law of resistance in respect to the thickness. 
Comparatively few experiments were made of this character, 
but these few gave remarkably uniform results. One of the 

* A more exact law may be found as follows : — Let P = the compressing 
force per square inch; (7 = a constant for any particular diameter and 
thickness, I =■ the length, and n the unknown power. Then 

P = -5 — for one case. 

ft 
Px — yv" ^^^ another. 



. •. n = 



hg, p- 



h. 

^og. I 

By means of this equation, and any two experiments in which the thickness 
and diameter are the same, n may be found, and by using several experiments 
a series of values may be found from which the most probable result can be 
obtained. But in this case the tnean result is so near unity, there is no prao- 
tical advantage secured by finding it. 
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tubes (No. 24), was made with a butt joint, as shown in Fig. 
20, and the others with lap joints, as in Fig. 21. 





Fig. 20. 



Fig. 21. 



The following are the results of the experiments: — 



TABLE II. 







Thickness. 


Diameter. 


Length in 


Pressure per 




1 

Product. 


Mark. 


No. 


t. 


d. 


inches. 


square inch. 


r L. 


L. P. d. 






0.25 




L. 


P. 




= P. 


w 


21 


9 


37 


<450) 


Uncollapsed. 


X 


22 


0.25 


181 


61 


420 


25620 


480375 


Y 


23 


0.14 


9 


37 


262 


9694 


89046 


Z 


24 


0.14 


9 


37 


378 


139811 


125874 


JJ 


33 


0.125 


14i 


60 


125 


7500 


108750 



Tubes Nos. 23 and 24 were exactly alike in every respect 
except their joints ; and it appears that the butt joint, No. 24, 
is 1.41 times as strong as the lap joint, a gain of 41 per cent. 
But this is a larger gain than is indicated in other cases ; for 
instance, No. 33, which is also a lap joint, offers a greater re- 
sistance as indicated in the last column, than No. 23, although 
the former is not as thick as the latter. Still it seems evident 
that butt joints are stronger than lap joints, for with the 
former the tubes can be made circular, and there is no cross 
strain on the rivets, conditions which are not realized in the 
latter. 

The resistance of the 23d is so small compared with others, 
it is rejected in the analysis. 

We observe that the resistance varies as some power of the 
thickness ; if then C and n be two constants to be determined 
by experiment, and we use the notation given above, we shall 
have for the pressure of collapse of one tube, 
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P = ^ .'.dPL=:p = C^ (27) 

aiid for another tube 

p, = ^.-.d.p^L,^p, = ar (28) 

Hence we have 

OT,n = ^^-P-^Jt.Pi (29) 

log. t — ^^. t^ ^ 

a^<i<7=| = g (30) 

TO FIND THE CONSTANTS U AND C, 

The mean of the mean of the values of j> from Table I. is 
jp = -J- [10253 + 10796 + 9754 + 9700 + 8256] = 9752 and 
t = 0.043. 

Using these values and others taken from the preceding 
tables, and the following Values may be found for n : — 

In equation (29) make^ = 480375, t = 0.25,^, = 9752, t^ 

= 0.043 ; and we get 

loq. 480375 - log. 9752 „ „^,^ 

n = — = 2.200. 

log. 0.25 - log. 0.043 

Similarly, taking p = 480375, t = 0.25, j>, = 10253, t, = 
0.043 ; and we get 

__ log. 480375 - log. 10253 __ ^ - 
^"^ log. 0.25 - log. 0.043 "" ' ' 
The mean value of jp for all but the 12-inch tubes in Table 
I. is 

j} = i (10253 + 10796 + 9754 + 9700) = 10125 ; 
hence, using p = 125874, t = 0.14,^, = 10125, t, = 0.043 ; 
and we get 

__ log. 125874 ~ log. 10125 ^ o .04 . 
"" log. 0.14 - log. 0.043 * ' 

and taking^ = 108750, t = 0.125,^, = 10125 and t, = 0.043; 
we get 

_ log. 108 750 - log. 10125 __ 
^ "■ ■7^;^."i25 -r- log. 0.043 ~ ' * 
and the mean of these results is, n = 2.18. 
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Fairbaim made it 2.19 by including some data which I have 
rejected as paradoxical ; I have also given more weight to those 
cases which gave nearly uniform results. The difference, how- 
ever, of 0.01 is too small to seriously affect practical results. 

To determine the constant, C^ substitute the proper values 
taken from the preceding tables in equation (30), and we have 
for four cases the following : — 

975 2 
0.043^ 

480375 
025^ 



C^= 77^^=9,298,900. 
C = SS = 9.864,300. 



125874 
0.14^ 



C = ^^^ = 9,144,000. 



The mean of which is C' = 9,604,150. Calling C = 
9,600,000 and equation (27) becomes : 

P = 9,600,000 — (31) 

CtmJLi 

If L be given in feet, so that X = 12 Zy, we have 
P = 800,000 -^ (32) 

The coeiScient, 9,600,000, applies only to the kind of iron 
used ; but the exponent, 2.18, is supposed to be constant for all 
kinds of iron. 

69, FORinUIiA FOR THICKNESS TO RESIST COIiliAPSING. 

— Equation (31) readily gives the following expression /(^r^/i^- 
ing the thickness m inches of a tube to resist collapsing : — 

log. 100 t = ^^g- ^ + ;^g- (^- ^ - 1.203 (33) 

2.18 

TO. EiiiiiPTicAii TURES. — Experiments made upon ellipti- 
cal tubes showed that the preceding formula would give the 
strength, if the diameter of the circle of curvature at the ex- 
tremity of the minor axis is substituted for d. The diameter 
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of curvature is -^, in which a is the major and 8 the mincMr 

axis. 

Experiments made upon tubes in which the ends were not 
connected by internal rods, showed that the resistance was in- 
versely as their length. 

71, TKRT I.ON6 TiTHKS. — Somc experiments were made 
upon a tube 35 feet long and one 25 feet long. SuflBcient pres- 
sure was applied to distort them, but not to collapse them, and 
it was found that Equation (31) erred by at least 20 per cent., 
giving too small an amount. It was, however, very evident 
that the length was still a very important element in the 
strength. 

79. COXPAMISON OF STRKNCTB FKOX KXTKB?f Ali AN9 

i^iXEKNAii PHKSsiTHK. — Let p bc the internal pressure per 
square inch at which the tube is ruptured, then for tubes of the 
same thickness and diameter we have from Equations (18) and 
(32), by calling T = 30,000 lbs., 

£_^ _1 L 

F 13.33 ^^ 

n^= P, then L = 13.33 /* »». 

If ^ = 0.25, then we find L = 2.59 feet, that is, a tube whose 
thickness is i of an inch, and whose length is 2.59 feet, is 
equally strong whether subjected to internal or external pres- 
sure. 

If the tube is so thick that the unequal stretching of the 
fibres must l^ considered, then Equation i20) must be compared 
with Equation ^32 >, in which case we have : — 

T ~ SW^OOO ^ (r -r t) f-^ 

lfj> = P, r = 40,000 lbs., and 2r = rf = 4 inches; 
then 2/^^^ + f^« = I Z^ 

If / = i meh, Z = 5.5W feet. 
If # = 1 - Z = 15.000 feet. 

7S. MESISTANCS OF «I^SS «I«OSSS TO COIAAVSOI«. 

FairbttirQ also determined that glass globes and eylindeis fol- 
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lowed tlie same general law of resistance. For globes of flint 
glass he found : 

p. =28,300,000 ^; (34) 

and for cylinders of flint glass : 

P, = 740,000 -^ \ (35) 

providing that their length is not less tlian twice, nor more than 
six times their diameter. Dividing Equation (35) by (31) gives 
P, _ 0.0770 

P 

If ^=0.043 in., -~ = 0.896 ; or the glass cylinder is nearly -^ 

as strong as the iron one. If they are equally strong, P =: P^ 
.-. t = 0.0373 of an inch. 
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CHAPTER HI. 

THEORIES OP FLEXURE AND RUPTURE FROM TRANSVERSE 

STRESS. 

74, — MKMAMK. — The ancients seem to have been entirely 
ignorant of the laws which pertain to the resistance of solid 
bodies. They made some rude ex|>eriments to determine the 
absolute strength of some solids, especially of stone. They may 
have recognized some general facts in regard to the strength of 
beams, such as that a beam is stronger with its broad side ver- 
tical than with its narrow side vertical, but we find no trace of 
any law which was recognized by them. This department of 
science belongs wholly to modern times. A very brief sketch 
of the history of its development is given below.* 

The greater part of this chapter will be much better under- 
stiKxl after reading Chapters. IV, Y, and VL 

75. — GAiiiiaso»s TBBOHT. — Galilco was the first writer, of 
whom we have any knowledge, who endeavored to establish the 
mathematical laws wliich govern the strength of beams. + He 
assmned — 

1st. That none of the fibres were elongated or compressed. 

2d. When a beam is fixed at 
one end, and loaded at the other, 
it breaks by turning about its 
lower edge, Fig. 22, or if it be 
supported at its ends and loaded 
at the middle of the length, it 
would turn about the upper edge ; 

hence everv fibre would resist ten- 

« 

^a^ 3. Every fibre acts with equal 

energy. From these he readily 




Fig. aa. 

* For a more oocoplete histoiT, see mtzodactkm to 

I4ir Xarier. 3d edition. Funs, 1$^ 
\ Open di GiMio, Bologiie, 1636. 



kk 



JSlMittoicjf ttm Cf^rpB 



FLEXUEB AND EUPTURE FEOM TRANSVERSE STRESS, 77 

deduced, — that, when one end is firmly fixed in a wall or other 
immovable mass, the moment of resistance of the section is equal 
to the sum of all the fibres, or the transverse section, multiplied 
by the resistance of a unit of section, multiplied by the distance 
of the centre of gravity from the lower edge. Hence^ in a rec- 
tangular beam, if 

T = the tenacity of the material, 
. J = the breadth, and 
d = the depth of the beam ; 

the moment of resistance is 

Tbd X id = i TbdJ" (34) 

76, — ROBERT HOOKB^s THEORT. — llobcrt Hookc was one 
of the first, and probably the first, to recognize the compressi- 
bility of solids when under pressure. In 1678 he announced 
his famous principle, Ut tensio sic vis / which he gave in an 
anagram in 1676, and stated as the basis of the theory of elasti- 
city that the extensions or contractions were proportional to the 
forces which produce them, and also that when a bar was bent 
Ae material was compressed on the concave side and extended 
on the convex side. 

yy. — MARIOTTE'S AND LEIBNITZ'S THEORT. — MariottC, 

in 1680, investigated the subject, and finally stated the follow- 
ing principles : — 

1st. The material is extended on the convex side and com- 
pressed on the concave side. 

2d. In solid rectangular sections the line of invariable fibres 
(or neutral c^is) is at half the depth of the section. 

3d. The elongations or compressions increase as their distance 
from the neutral axis. 

- 4th. The resistance is the same whether the neutral axis is at 
the middle of the depth or at any other point. 

5th. The lever arm of the resistance is % of the depth. 

We here find some of the essential principles of the resist- 
ance to fiexure, as recognized at the present day ; but the two 
last are erroneous. As hereafter shown, the neutral axis is at 
half the depth, and the lever arm is f of -J- the depth. 

Leibnitz's theory, given in 1684, was the same as Mariotte's. 
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78* — JAMBfi BERNouiiiLrs THEOMT was eBsentiallj the 
Bame aa Marie )tte'B, except that he stated that extensions and com- 
pressions were not proportional to the stresses. " For," said he, 
" if it is true, a bar might be compressed to nothing with a 
finite force." On this point sec Article 16. He was the first to 
give a correct expression for the equation of the elastic curve. 

79. PABKNT»s THEORT. — Parent, a French academician 
of great merit, but of comparatively little renown, published, in 
1713, as the rt^sult of his labors, the following principles, in 
addition to those of his predecessors : — 

1st The total resistance of the compressed fibres equals the 
total reiii\^tanee of the extended fibi-es. 

2d. The oru/in of the moments of resistance should be on 
the neutral axis. 

By the former of these principles the position of the neutral 
axis may l>e found, when the straining force is normal to the 
axis of the beam ; and by the latter he corrected the error of 
Mariotte and lAMbuitz ; showing that the ratio of the absolute to 
the 9yhtire strength is as ftix times the length to the depth 
instead of thixM^, as will be sho\vn hereafter. 

80. coFLorwii, IN 1773, prBLisHED the most scientific 
work on the subjei't of the stability of structures which had 
apiH^annl up to his time. He deduced his principles from the 
fuudamontal equations of statit*s, and generalized the first of 
the priucipli^& of Parent, which is given al>ove, by saying that 
tAe a/</t'firaic sttm of all the forvt:S must be s<ro on the thres 
reiian^ular ajtes. This establishes the p^^Jc^ition of the neutral 
axis when the appliei^l fon'es are oblique to it, as well as when 
they arv^ normal, lie also remarked, that if the proportionality 
of the i\>mpressions and extensions do not remain to the last, or 
to the p^Mut of rupture, the final neutral axis will not be at the 
ivntn.^ of the sev.*tion. 

81 • 3io»ri.rs of Ri.AsmciTT. — In ISOT Thomas Toung 
intrvxiuiwi the term nnxiul^if of elastU*it(^. which we have de 
fiueit as the t\>elKoient of elasticity in Article 5. After this 
several writers among them Puhamel, Xavier in his early 
writings^ and Barlow in his fir^t work, stated the erroneous prin- 
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Fairbaim made it 2.19 by including some data which I have 
rejected as paradoxical ; I have also given more weight to those 
cases which gave nearly uniform results. The difference, how- 
ever, of 0.01 is too small to seriously affect practical results. 

To determine the constant, <7, substitute the proper values 
taken from the preceding tables in equation (30), and we have 
for four cases the following : — 

975 2 
0.043^ 

480375 
0.25' 



C = TTKT^r. =9,298,900. 
C = TM = 9,864,300. 



G = 



125874 
0.14 

108750 



O = ^^ = 9,144,000. 



0-j2> = ^'''''''''■ 



The mean of which is O = 9,604,150. Calling O = 
9,600,000 and equation (27) becomes : 

P = 9,600,000 ~ (31) 

K Z be given in feet, bo that Z = 12 Zy, we have 

F = 800,000 ^ (32) 

The coefficient, 9,600,000, applies only to the kind of iron 
used ; but the exponent, 2.18, is supposed to be constant for all 
kinds of iron. 

69. FORMUIiA FOR THICKNESS TO RESIST COIiliAPSING. 

— Equation (31) readily gives the following expression yb/*j?m?- 
ing the thickness in inches of a tube to resist collapsing : — 

log. 100 t = ^^g- ^ + i'f • ^^- ^ - 1.203 (33) 

70. EiiiiiPTiCAii TUBES. — Experiments made upon ellipti- 
cal tvhes showed that the preceding formula would give the 
strength, if the diameter of the circle of curvature at the ex- 
tremity of the minor axis is substituted for d. The diameter 
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rupture upon a unit of the Beetion which is most remote from 

thci noutral axis on the side which first ruptures. This ie 

cullud li. 

It irt foinid that this theory does not conform well with the 

roHults of experiment.* For instance, if a cast-iron beam be 

Hupported at its ends, and broken by a weight placed at the 

niiddlo, it appoare fix>ni the theory above given that the beam 

. would break when the strain {li) on the extreme fibres equals 

the value of the tenacity {T) of the metal — or 16,000 lbs. 

(St»o pjige 58.) But the value of ^ as found from the formula, B 

PI 
= j . ' whii'h is deduced in accordance with the above theory, 

and is j^ivon in Clu\pter VI., is about 35,000 lbs. (See the table 
in the Appendix.) This value is less than the crushing strength, 
<\of the motal— or l>0,000 ll>s. (See page 58). Hence the 
value of li is nearlv 2^ times that of T, and more than ^ that 
of (\ 

Agi\in, we have for Ash 

T = 17,200 pounds ; 

r= 9,000 " ; 

If = 12,000 " : 
.-. li = U C'and f r nearly. 

^ jiM^^i VrrA, ^m^ ArtJk., IK 557. '* The elasticttj of the mateiua has 
b<M4i mipiHvwHt to W )MNrf<H>t up to the instant of mfntare. bat the extreme fifaros 
M^ »t4nan«Hl much W^'ond their elastic limits before mptore takes place, while 
th«» ttlvrv« near the neutral axis axe bat slightlj ssramed. and hence the law of 
|v^^HvrtJl\>ua)it^ i«i n\^ maintained, and the position of the nental axis is 



ehaixjjte^l, and the $mn \>f the moments is m^ accaTate^ -j- (see equation 170). 

TV^ determine the inlluemv of thetw modifications we mnat bdl back upon ex- 
l^rime^^tx and it ha$ been fonml im tir am< %»f nuettBt^fftthr bmmt that the error 

will be vwraected it w^ take — F « = ^^ XBotead of T« where m is a oaHtant 

de|Wtt\ti^ u|Vtt the matenaL*^ 

\Vei»bach> w>L ii, 4th ed.> |v ^ fVx4-note, m^j^ ^'£ireptimf as exhibiting 
t^^vKvximaie^ the law$ of the i^benomena the iheccr of the g u e i ^ th of mate- 
nal» ha» ma«^ ivn^'tical vlefi^Ms.'^ 

.IM>. tt'.^Af^ 1^^ Wet j^jvt^ V ftW •^'>*i(**»*v Ptfp»»rfm^nL pL 1. sa^: — ••A trial 
w«» nM^W >Kith c>(iiifedHoid bar» in plM^ of ^maie oneiL TWse gcnenUiy 
Wv^^ at a iviUftt vU^^a^t ftv«a that pw«iM«l aski the x«!q2»s were so anomakMUi 
iImI the wfa^s^f the«a >k;te^ $s>M!t abaMOtteJ. IW fonamfcabj wh>A the sfeRngth 
vOt tiMMiiii bant i» xvaiefci^te^ a{t>«Mkr$ t^> bi^ bkh ^arie oxvkc for the unit of 
fiJNW^^ ^ the tv«^ bar» i» a%ifw«45' miwh k^(^«r ^hua m the 

ISKr^ t*^raR ^WV WRWWP 9K\^^K 
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A similar result is found for other materials. Hence gener- 
ally, the value of R for any given material is between those of 
T and C^ but there is no known relation between them which 
would enable us to determine the value of one from the other 
two. The values of R in the tables were deduced from experi- 
ments npon rectangular beams, as will hereafter be shown; 
and hence, if the common theory is correct, R should equal the 
value of the lesser resistance, whether it be for compression or 
extension ; but it does not. This discrepancy between theory 
and the results of experiment, led Mr. Barlow to investigate the 
subject farther, and it resulted in a new theory which he calls 
" Kesistance to Flexure " — an expression which I consider un- 
fortunate, as it does not express his idea. "Longitudinal 
Shearing " would express his idea better, as will appear from 
the following article : — 

84. BABiiOW's T0EORT. — According to the common theory 
the resistance at a section is the same as if the fibres acted in- 
dependently of each other, and the transverse section remained 
normal to the neutral axis. But Bai-low supposed that in order 
to keep the transverse sections normal to the neutral axis, 
the consecutive longitudinal planes of fibres must slide over 
each other, and to this movement they offer a resistance. (This 
point is discussed in Chapter IX.) 

He presented his view to the Koyal Society (Eng.), in 1855, 
and it has since been published in the CivU Engineer and 
ArcliitecCs Jouriud^ vol. xix., p. 9, and vol. xxi., p. 111.* The 
subject is there discussed in a very able and thorough manner, 

and although he may have failed to establish his theory, yet the 
results of his analysis seem to aorrce more nearlv with the re- 
suits of experiment than those obtained by any other theory 
heretofore proposed. 

It is admitted in this theory that a beam will rupture when 
the stress upon any fibre equals its tenacity, or its resistance to 
compression, as the case may be. But, on the other hand, when 
the adjacent fibres are unequally strained, as they are in the 
case of flexure, it requires a greater sti'ess to produce this 

* CvD, Eng. and Arch, Jour,^ voL xix., p. 9, Barlow says that the streni^h 
of a cast-iron rectangular bar, as found from existing theory, cannot be recon- 

6 
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Strain tliRn ]t would if the fibres acted iDdependentlj, acuordiDg 
to tlio previously aesuined law. This, Barlow 
makes evident from the following example: — 
If a weight /*, Fig. 23, is suspended on 
a prismatic bar, BCEF, all the fibres will 
be equally strained, and hence equally elon* 
gated. 

Bnt if the bar ABCD be aubBtituted for 
tlio former, and the weight I* acts upon a part 
of the petition, as shown in the figure, it is evi- 
dent that all the fibres will nut be equally 
strained, and hence will not be equally elon- 
'_|/ grtted ; and if the force P was jnst suflicientto 

I riqiture the bar FBCE, it will not be sufficient 

/^ to riiptun' the bar ABCD, although P acts 

V._^ din'ctlv niMin the same section, for the cohe- 

¥m. aa. sion of the parlioles along FE will not permit 

tlio libr»'S next to that line to bu elongated as much as if the 
intH .1 FEU werv ri'mnvwl ; and these fibres will act upon 
those adjaifut, and isti on. until ihoy pn,Hluce an effect upon BC. 
Krviui this wo soo that it takes a greater weight than P acting 
"IMiu tho si-i-tion Ft ' t» priHiuce a sti-.iin T i>er unit of section, 
whon tho part Al>EF\i^ addwl. It is also evident tliat if the 
WH'tiou of ,1 lit 7> is tivii-o as gr\\u as FBi 'E. it will not take 
twiiv /* to rupture tho film's on the side Bi'. 

A phouimii'uou siunl.tr to this takes place in transverse 
strain, l>uo side is iMuipross*\l and tho other eliuigateii ; aad 
tho libra's lo^ sm»;u(^t aiii thiit?*' which are lunre strained by 
virtue »*f (ho »>>lu-s:i';i which exists iH'tvvei'n them, and it takes 
a groator Kwd to »-aus<> » strain, 7", longitudinally nixrn the 
tibti-s on the v>»;ive\ side, or »'f (" H|x»:i thi*?*,' on the concave 
sttlo. than it wvt.KI if thon' wero no t.vV,es:on between the bori 
ct^uial Uiunux'. 



ilwt ••.111 tV ivs-,s:)s ,•; (\)»ft-=nrE« if «1»=<=K»I KUiVu 1 
I t!w v-fHUMv^ *»,! sites PfS'.«A»>i siw »!«? f^.v^i^ji ci-;-=oeLjr 
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This may be illustrated 1)7 a pile of boards, Fig. 24. Sup- 




Fig. 24. 

pose that the boards are very thin and perfectly smooth. When 
they are bent they will retain their original length, and will 
project past each other as shown in the figure. Also if before 
they were deflected straight lines were drawn with a pencil or 
otherwise perpendicularly across the pile, and then the whole 
deflected, it will be found that the lines will not remain contin- 
uous but will be broken. If now there be considerable friction 
between the boards, those on the concave side will be com- 
pressed, and those on the convex side will be elongated ; and 
the cross lines will be more nearly continuous than before. 
Still more, if the successive layers be infinitely thin and held 
together by cohesion, the elements on the concave side will be 
still more compressed and those on the convex more extended 
than they were in the former case, and the cross lines will 
remain straight and normal to the neutral axis, as shown 
in Fig. 25. 




Fig. 25. 

There is, then, at the time of the rupture of a beam, accord- 
ing to this theory, a tensile strain on the extended fibres, and 
a compressive strain on the other fibres, and a longitudinal 
shearing strain between the fibres, due to cohesion. We think, 
however, that too much importance is given to the longitudinal 
shearing as an element of strength. 

Barlow's Theory consists of the following hypotheses : — 



84 THE RESISTANCE OF MATERIALS. 

Ist. The fibres or elements on the convex side are extended, 
and on the concave side compressed. 

2d. There is a neutral surface, as in the common theory. 

3d. The tensile and compressive strains on the fibres are pro- 
portional to their distances from the neutral axis. 

4:th. That in addition to these there is a "Resistance to 
fiexure " or longitudinal shearing strain, which consists of the 
following principles : — 

a. It is a strain in addition to the direct extensive and com- 
pressive forces, and is due to the lateral cohesion of the adjacent 
surfaces of fibres or particles, and to the elastic reaction which 
ensues when they are unequally strained. 

J. It is evenly distributed over the surface, and consequently 
within the limits of its operation its centre of action will be at 
the centre of gravity of the compressed or of the extended 
section. This force for solid beams Barlow calls <^, and for X 
or I sections, or open-built beams, it is easily deduced from the 
following principle : — 

c. It is proportional to and varies with the inequality of 
strain between the fibres nearest the neutral axis and those 
most remote. 

From this it appears that if df is the depth of the horizontal 

flanges of the I section, and d^ the distance of the most remote 

fibre from the neutral axis, then the resistance to flexure of tJie 

d' 
flanges will be <^ -r and similarly for other forms. 

5. Sections remain normal to the neutral axis during flexure. 

6. Kupture of solid beams takes place when the strain on a 
unit of section is T 4- <^, or C + <^, whichever is smaller, or 
rather, whichever value is first reached. 

Pix)f . Barlow made no effort to show the value of the eta-stio 
resistance of longitudinal shearing in a beam under flexure. 
The effect of this i-esistance in the flexure of beams will be 
noticed hereafter. 

85. TRANSVBRSB Bi^ASTiciTT. — If a beam were destitute 
of elasticity it could not be bent If it had longitudinal elas- 
ticity only, it could be bent by causing the fibres on the convex 
side to be elongated and those on the concave side to be shortened, 
as explained in the previous articles. If it had no longitudinal 
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elasticity, but a transverse elasticity, it could be bent by forcing 
the successive material sections past each other. Let AB^ Fig* 
26, represent a beam which is supported at its ends, and which 



" * <> d 




Fig. 26. 

is supposed to consist of a succession of perfectly nonelastic 
parts, as a, J, c, etc., and that these parts are joined by infinitely 
thin elastic pieces. If a weight P be placed upon the beam, it 
will cause a deflection similar to that shown in the figure, 
excepting that the visible effect is greatly exaggerated ; but the 
successive sections will set past each other a small amoimt. If 
now we suppose that the transverse elasticity is unifoim and 
continuous from end to end, it seems evident that the deflection 
will take the form of that shown in Fig. 27, in which the effect 




Fig. 27. 

due to the elongation and compression of the fibres is supposed 
to be entirely eliminated. In this case the upper and lower 
sides are straight from the centre to the ends, but they form an 
angle with each other at the centre. 

It will be shown in Chapter IX, that for amorphous bodies 
(called isotropes), in which the elasticity is the same in all di- 
rections, that the coefficient of the transverse elasticity is f of 
the coeflScieut of longitudinal elasticity, or G = \ E. Such 
bodies, however, are more ideal than real. The elasticity is 
generally different in different directions.* 



* See pp. 16 and 17. 
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86. REiHARKS UPON THE T0BORIES. — For Scientific pur- 
poses it is desirable to determine the correct theory of the 
strength of beams, but the phenomena are so complex that it is 
not probable that a single general theory can be found which 
will be applicable to all the irregular forms of beams used in 
practice. Although Barlow's theory appears plausible, yet ac- 
cording to principle c the resistance to flexure^ ^, cannot be 
uniform over the surface, as stated in principle J, because the 
proportionality of the elongations and compressions do not con- 
tinue up to the point of rupture. The common theory is faulty 
beyond what has already been said, in the I section ; for in the 
upper and lower portions the strains on all the fibres are 
not proportional to their distances from the neutral axis, to 
realize which the material should be continuous from the neu- 
tral axis to the remotest fibres. And Barlow's theory is defec- 
tive in the same ease, on account of the peculiar strains upon 
the fibres at the angles where the parts join. For rupture, 
then, we can use these theories to ascertain general facts, and 
make the results safe in practice by using a proper coeflicient 
of safety ; but for flexure the common theory is approximately 
exact if the elastic limit is not passed, and this is fortunate, for 
tlie conditions of stability should be founded upon the elastic 
pi\)perties rather than on the ultimate strength of the material. 
For tlie rupture of ivctangular beams the common theory will 
be sutfioientlv exact if the value of li is used instead ot T or G 
in the formulas. 



rOSITION OF THE NEUTRAL AXIS. 

87. POSITION Foi ND EXPERiMBNTALiiT. — ^According to 
GaHkH>V, Alariotto's, and Leibnitz's theories, the neutral axis is 
i)\\ the surface opix^sito the side of rupture. 

Pi\>fossor Barlow nuulo the following experiments : — He took 
a cjuit-inm beam and drilUnl holes in its sides, into which were 
fitttnl in>n pins. Ho carefully measured the distance between 
the pins, In^foro and after flexure, by means of a raicrouieter, 
and thus found that *';* .nv>//</ ctu^t-iron bt\ifn^ hent by a normal 
j^rt^iiur^ Mf* fkeuft\if axi;^ jMt^i^f\^ f^nni^A t^e centre of the sec- 
tions \CiK\ Kng. ami AroL Jour.y voL xix., p. 10). He also 



FLEXUEE AND RUPTURE FROM TRANSVERSE STRISS. 87 

made the same kind of an experiment on a solid rectangular 
wroiight-iron beam, and with the same result {Civ, Eng. and 
Arch, Jour,^ vol. xxi., p. 115). 

Some years previous to the preceding experiments, he took a 
bar of malleable won and cut a transverse groove in one side, 
into which he nicely fitted a rectangular key. When it was 
bent, the fibres on the concave side were compressed, and the 
groove made narrower, so that the key would no longer pass 
through, and thus he showed that the neutral axis was between 
J and \ the depth of the beam from the compressed side (Bar- 
low's Strength of Materials^ p. 330 ; Jour. Frank. Inst.^ voL 
xvi., 2d series, p. 194). 

Experiments made at the Conservatoire dea Arts et Metiers^ 
in 1856, on double T sections, show that it passes through the 
centre of the sections (Morin, Resistance des MatSria^ix^ p. 
137). And experiments made at the same time on rectangular 
wooden beams showed that it passed at or very near the centre 
of gravity of the sections. 

In these experiments the elasticity of the material was not 
seriously damaged by the strains. To render them complete, 
the strains should have been carried as near to the point of rup- 
ture as possible. 

Louis Nickei*son, C. E., of* St. Louis, made some experiments 
upon glass by means of polarized light, from which he deduced the 
following as applicable to that and similar amorphous bodies: — 

The neutral axis — as exhibited by polarized light, — from the 
cohesion of material or other cause is extended to a breadth, 
and cannot become a true line until, in reference to the cohe- 
sion, the tensile and compressive forces are infinite. Also that 
its longitudinal direction, like the direction of lines of strain, is 
not an arbitrary one, but resultant from the relative qualities 
and quantities of all the forces in the beam — its evident place 
in physics being that of still water between opposing eddies or 
vortices. 

Results obtained showed that the neutral axis is a flexible 
line, or plane, truly parallel to the top and bottom sides of the 
rectangular beam and passing through the centres of gravity of 
its sections ordy when the load is evenly distributed from end 
to end, or when the beam is infinitely long, and that, when 
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there is a l(x;al pressure, the neutral axis is more or leas gov- 
erned in its direction and form by the strain passing from the 
point of local pressure towards the points of support, 

88. POSITION DBTBRMINED ANALTTICAIiliT. — ^We knOW 

from statics that the algebraic sura of all the forces on each of 
the rectangular axes must be zero for equilibrium ; hence, if the 
deflecting forces are normal to the axis of the beam, the swrn af 
the resistances to compression must eqiml those for tension. 

1st. Suppose that the coeflicient of elasticity for compression 
equals that for tension. Tiien will the compressions and exten- 
sions be equal at equal distances from the neutral axis. Ih 
Fig. 28, let Re be the strain on a unit of fibres most remote 
from the neutral axis on the compressed side, and dc = the dis- 
tance of the most remote fibre on the same side ; then, 

-/ = « = strain at a unit's distance from the neutral axis. 

Let k^j i„ ^„ &c., be the sections of fibres on one side of the 

neutral axis, at distances of 
y„ y„ y„ &c., from the axis, and 

k\ U\ !•"', &c., and y', y", y"\ &c., corresponding quan- 
tities on the other side. 

Tlien s {Jt,y, + k^, + k^, + &c.) = s {ky + A'y ' + ^'Y" + &«•), 

or,X-j^.+X-.y.+^-^. + &c.-(Ay+*'y'+^'y"+&c-) = 0, 
or, Uy^O (35) 

or the neutral axis passes through the centre of gravity of the 
sections,* 

If the resistan(*e to compression is greater than for tension, 
the neutral axis will be neai^er the compressed side than when 
tliey are equal. 

2. Supjxise that the coeflieient of elasticity is not the same 
for tension as for compresi?ion. 



* The analytical expression for the ordinate to the centie of giaiilj la 

-^ - it, + it, + &C. 4- it + it + &C. ^ /, 



ujy^tfy^^o^ r=a 
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Pro. 28. 



Let Fig. 28 represent tfie beam. Suppose that the sectioiis 
CM and EF i^Gte parallel 
before deflection. Ifthrotrgh 
iT, the point where EF in- 
tersects the neutral axis, KS 
is drawn parallel to CM, the 
ordinates between EF and 
^ZTwill represent the elon- 
gations on one side, and the 
compressions on the other, 
for those fibres whose origi- 
nal length was LN^. 
Let I = Llf, 

X z=Jce =^ the elongation of a fibre at k; 
J? = a pulling or pushing force which would produce a ; 
y = iTi = distance of any fibre from the neutral axis ; 
k ±= section of any fibre ; 
Et = coeflicient of elasticity for tension ; and 
Ec = " *' " compression. 

From equation (3) we have, 

JP = -f- (36) 

But A is directly proportional to its distance from the neuferal 
axis ; hence, if c be a constant quantity, whose value is or is not 
known, we shall have a = cy* 

cEJcy 



P 



I 



Or, if we adopt the same notation as in the preceding case, we 
shall have for the total force tending to produce extension, 

sp = -^' (*.y.+*^.+A.y.+&c.) (37) 

Similarly for compression 



I 



(38) 

Placing these equal to each other and we have, 

A (%.+*.2^.H-*.y.+<fee.) = ^c (*y H-AV+*'V + &«.) 
or, in the language of the integral calculus, 

E, ^oydydx = E, )z\ ySydx,,. (39) 



* Comparing this equation with equation (45) gives c = — 
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rupture upon a unit of the section which is most remote from 

the neutral axis on the side which first ruptures. This is 

called B. 

It is found that this theory does not conform well with the 

results of experiment.^ For instance, if a cast-iron bearai be 

supported at its ends, and broken by a weight placed at the 

middle, it appears from the theory above given that the beam 

would break when the strain {R) on the extreme fibres equals 

the value of the tenacity {T) of the metal — or 16,000 lbs. 

(See page 58.) But the value of -ff as found from the formula, It 

PI 
= f y-^ which is deduced in accordance with the above theory, 

and is given in Chapter VI., is about 35,000 lbs. (See the table 
in the Appendix.) This value is less than the crushing strength, 
C, of the metal — or 96,000 lbs. (See page 58). Hence the 
value of li is nearly 2^ times that of T, and more than J that 

of a 



Again, we have for Ash 



T = 17,200 pounds ; 
C= 9,000 " ; 
a = 12,000 " ; 
Ji = IJ (7andf T nearly. 



* Mbslep*8 Mech. and Arch.^ p. 557. ** The elasticity of the material has 
been supposed to be perfect up to the instant of rupture, but the extreme fibres 
are strained much beyond their elastic limits before rupture takes place, while 
the fibres near the neutral axis are but slightly strained, and hence the law of 
proportionality is not maintained, and the position of the neutral axis is 

RI 

changed, and the sum of the moments is not accurately -r- (see equation 170). 

To determine the influence of these modifications we must fall back upon ex- 
periment, and it has been found in the case of rectangvlar beams that the error 

wiU be corrected if we take — T (= R) instead of T. where m is a constant 

depending upon the material." 

Weisbach, vol. ii., 4th ed., p. 68, foot-note, says, *' Excepting as exhibiting 
approximately the laws of the phenomena, the theory of the strength of mate- 
rials has many practical defects." 

Maj. Wade, in Ms Report to the Ordnance D&paHment^ p. 1, says: — *' A trial 
was made with cylindrical bars in place of square ones. These generally 
broke at a point distant from that pressed, and the results were so anomalous 
that the use of them was soon abandoned. The formula by which the strength 
of round bars is computed appears to be not quite correct, for the unit of 
strength in the round bars is uniformly much higher than in the square ban 
cast from the same iron." 
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A similar result is found for other materials. Hence gener- 
ally, the value of R for any given material is between those of 
T and C^ but there is no known relation between them which 
would enable us to determine the value of one from the other 
two. The values of R in the tables were deduced from experi- 
ments upon rectangular beams, as will hereafter be shown; 
and hence, if the common theory is correct, R should equal the 
value of the lesser resistance, whether it be for compression or 
extension ; but it does not. This discrepancy between theory 
and the results of experiment, led Mr. Barlow to investigate the 
subject farther, and it resulted in a new theory which he calls 
" Resistance to Flexure " — an expression which I consider un- 
fortunate, as it does not express his idea. "Longitudinal 
Shearing '^ would express his idea better, as will appear from 
the following article : — 

84. BABiiOiir's THBORir. — Accordiug to the common theory 
the resistance at a section is the same as if the fibres acted in- 
dependently of each other, and the transverse section remained 
normal to the neutral axis. But Barlow supposed that in order 
to keep the transverse sections normal to the neutral axis, 
the consecutive longitudinal planes of fibres must slide over 
each other, and to this movement they offer a resistance. (This 
point is discussed in Chapter IX.) 

He presented his view to the Eoyal Society (Eng.), in 1S55, 
and it has since been published in the Civil Engineer and 
ArcliitecCs Jounuil^ vol. xix., p. 9, and vol. xxi., p. 111.* The 
subject is there discussed in a very able and thorough manner, 

and although he may have failed to establish his theory, yet the 
results of his analysis seem to asrrce more nearlv with the re- 

4/ O V 

suits of experiment than those obtained by any other theory 
heretofore proposed. 

It is admitted in this theory that a beam will rupture when 
the stress upon any fibre equals its tenacity, or its resistance to 
compression, as the case may be. But, on the other hand, when 
the adjacent fibres are unequally strained, as they are in the 
case of flexure, it requires a greater stress to produce this 

* Gi'O. Eng. and Arch. Jour.^ vol. xix., p. 9, Barlow says that the strength 
of a cast-iron rectangular bar, as found from existing theory, cannot be recon- 

6 
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Btrain than it would if the fibres acted independently, aciajrding 
to the previouBly assumed law. This, Barlow 
makes evident from the following example : — 
If a weight P, Fig. 23, is suspended on 
a prismatic bar, BCEF, all the fibres will 
be equally strained, and hence equally elon- 
gated. 

But if the bar ABCD be substituted for 
the former, and the weight P acts upon a part 
of the section, as shown in the figure, ft is evi- 
dent that all the fibres will not be equally 
strained, and hence will not be equally elon- 
gated ; and if the force P was just sufiiclentto 
rupture the bar FBCE, it will not be sufiicient 
to rupture the bar ABCD, although P acta 

dii'ectly upon the same section, for tlie cohe- 

Fio. 23, sion of tlie particles along FM will not permit 

the fibres next to that line to be elongated as much as if the 
part AFED were removed ; and these fibres will act upon 
those adjacent, and so on, luitil they produce an effect upon BG. 
From this we see that it takes a gi'eater weight than P acting 
upon the section EC to prod iice a strain T per unit of section, 
when the part ADEF\% added. It is also evident that if the 
section of ABCD is twice as great as FBCE, it will not take 
twi<;e P to rupture the fibres on the side BC. 

A phenomenon similar to this takes place in transverse 
strain. One side is compressed and the other elongated ; and 
the fibres less strained aid those wliich are more strained by 
virtue of the cohesion which exists between tliem. and it takes 
a greater load to cause a strain, 7', longitudinal ly upon the 
fibi«s on the convex side, or of C upon those on the concave 
side, than it would if tliere were no cohesion between the hori 
aoiital laminiK. 

oUcd witb the results of experiment if the neutral axis be at tlie centre of tha 
sectlona. He then proc-eedecl to show by experiment thot the neutral ajtis la 
at the centre, and then reraaiked that the lorraula commonly used for a beam 

supported at the ends and loaded in the middle, or P = i- — — did not giTo 
half the actnal stren|>th if T is the tenacity of the iron. He then proceeds 
to poitft ■mrt :a now element of strength, which he calls " KeBistauoe to 
riexnre." 
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This may be illustrated "by a pUe of boards, Fig. 24. Sup- 




Fig. 24. 

pose that the boards are very thin and perfectly smooth. When 
they are bent they will retain their original length, and will 
project past each other as shown in the figure. Also if before 
they were deflected straight lines were drawn with a pencil or 
otherwise perpendicularly across the pile, and then the whole 
deflected, it will be found that the lines will not remain contin- 
uous but will be broken. If now there be considerable friction 
between the boards, those on the concave side will be com- 
pressed, and those on the convex side will be elongated ; and 
the cross lines will be more nearly continuous than before. 
Still more, if the successive layers be infinitely thin and held 
together by cohesion, the elements on the concave side will be 
still more compressed and those on the convex more extended 
than they were in the former case, and the cross lines will 
remain straight and normal to the neutral axis, as shown 
in Fig. 25. 




Fig. 25. 

There is, then, at the time of the rupture of a beam, accord- 
ing to this theory, a tensile strain on the extended fibres, and 
a compressive strain on the other fibres, and a longitudinal 
shearing strain between the fibres, due to cohesion. We think, 
however, that too much importance is given to the longitudinal 
shearing as an element of strength. 

Barlow's Theory consists of the following hypotheses : — 
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1st. The fibres or elements on the convex side are extended, 
and on the concave side compressed. 

2d. There is a neutral surface, as in the common theory. 

3d. The tensile and compressive strains on the fibres are pro- 
portional to their distances from the neutral axis. 

4th. That in addition to these there is a " Kesistance to 
fiexure " or longitudinal shearing strain, which consists of the 
following principles : — 

a. It is a strain in addition to the direct extensive and com- 
pressive forces, and is due to the lateral cohesion of the adjacent 
surfaces of fibres or particles, and to the elastic reaction which 
ensues when they are unequally strained. 

J. It is evenly distributed over the surface, and consequently 
within the limits of its operation its centre of action will be at 
the centre of gravity of the compressed or of the extended, 
section. This force for solid beams Barlow calls <^, and for y 
or X sections, or open-built beams, it is easily deduced from the 
following principle : — 

c. It is proportional to and varies with the inequality of 
strain between the fibres nearest the neutral axis and those 
most remote. 

From this it appears that if df is the depth of the horizontal 

flanges of tlie X section, and d^ the distance of the most remote 

fibre from the neutral axis, then the resistance to flexure of the 

d' 
flanges will be <fr -r and similarly for other forms. 

d'x 

5. Sections remain normal to the neutral axis during flexure. 

6. Rupture of solid beams takes place when the strain on a 
miit of section is T -F ^, or C + <{>, whichever is smaller, or 
rather, whichever value is first reached. 

Pi\>f. Barlow made no effort to show the value of the dastio 
nsistance of longitudinal shearing in a beam under flexure. 
The effect of tliis ix^sistance in the fiexure of beams will be 
noticed hereafter. 

85. TRANSVKRSB Ki.ASTirrrY.~If a beam were destitnto 
of elasticity it i*ould not be bent If it had longitudinal elas- 
ticity only, it could be bent by causing the fibres on the convex 
side to l>e elongated and thi^se on the concave side to be shortened, 
as explained in the previous articles. If it had no longitudinal 
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elasticity, but a transverse elasticity, it could be bent by forcing 
the successive material sections past each other. Let AB^ Fig* 
26, represent a beam which is supported at its ends, and which 




Fig. 26. 

is supposed to consist of a succession of perfectly nonelastic 
parts, as a^ 5, c, etc., and that these parts are joined by infinitely 
thin elastic pieces. If a weight P be placed upon the beam, it 
will cause a deflection similar to that shown in the figure, 
excepting that the visible effect is greatly exaggerated ; but the 
successive sections will set past each other a small amount. If 
now we suppose that the transverse elasticity is unifonn and 
continuous from end to end, it seems evident that the deflection 
will take the form of that shown in Fig. 27, in which the effect 




Fig. 27. 

due to the elongation and compression of the fibres is supposed 
to be entirely eliminated. In this case the upper and lower 
sides are straight from the centre to the ends, but they form an 
angle with each other at the centre. 

It will be shown in Chapter IX, that for amorphous bodies 
(called isotropes), in which the elasticity is the same in all di- 
rections, that the coefficient of the transverse elasticity is f of 
the coefficierit of longitudinal elasticity, ov G = \ E, Such 
bodies, however, are more ideal than real. The elasticity is 
generally different in different directions.* 



♦ See pp. 16 and 17. 
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86. RsmARKS UPON THB THEORIES. — For Scientific pur- 
poses it is desii^able to determine the correct theory of the 
strength of beams, but the phenomena are so complex that it is 
not probable that a single general theory can be found which 
will be applicable to all the irregular forms of beams used in 
practice. Although Barlow's theory appears plausible, yet ac- 
cording to principle c the resistance to flexure^ <^, cannot be 
uniform over the surface, as stated in principle J, because the 
proportionality of the elongations and compressions do not con- 
tinue up to the point of rupture. The common theory is faulty 
beyond what has already been said, in the X section ; for in the 
upper and lower portions the strains on all the fibres are 
not proportional to their distances from the neutral axis, to 
realize which the material should be continuous from the neu- 
tral axis to the remotest fibres. And Barlow's theorv is defec- 
tive in the same case, on account of the peculiar strains upon 
the fibres at the angles where the parts join. For rupture, 
then, we can use these theories to ascertain general facts, aud 
make the results safe in practice by using a proper coeflicient 
of safety ; but for fiexure the common theory is approximately 
exact if the elastic limit is not passed, and this is fortunate, for 
the conditions of stability should be founded upon the elastic 
propeiiies rather than on the ultimate strength of the material. 
For the rupture of rectangular beams the common theory will 
be sufliciently exact if the value of li is used instead of T or G 
in the formulas. 



POSITION OF THE NEUTRAL AXIS. 

87. POSITION FOUND EXPERiMSNTAiii^iT. — According to 
Galileo's, Mariotte's, and Leibnitz's theories, the neutral axis is 
on the surface opposite the side of i-upture. 

Professor Barlow made the following experiments : — He took 
a cast-iron beam and drilled holes in its sides, into which were 
fitted iron pins. He carefully measured the distance between 
the pins, before and after flexure, by means of a micrometer, 
and thus found that in solid cast-iron beams hent hy a normal 
jyressure the neatral a^xis passes through the centre of the sec- 
tions {Civ, Eng. and Arch, Jour.^ vol. xix., p. 10). He also 
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TABLE 
Cf Experiments on PumcJdng Plate Iron* 



Biameter of the 


Thickness of the 


Sectional area cut 


Total i)ar8snre on 


Pressure per sqnaro 


hole. 


plate. 


through. 


the punch. 


inch of area. 


Inch. 


Inch. 


Si^nare inch. 


Tons. 


Tons. (Gross.) 


0.259 


0.437 


0.344 


8.384 


24.4 


0.500 


0.625 


0.982 


26.678 


27.2 


0.750 


0.625 


1.472 


84.768 


23.6 


0.875 


0.875 


2.405 


55.500 


23.1 


1.000 


1.000 


3.142 


77-170 


24.6 



These results giYc for the value of S from 51,000 lbs. to 
61,000 lbs. The total resistance varies nearly as the cylindrical 
surface of the hole. 
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91, — 'PROBiiKm OF A TIB-BEAM. — To find the relation he- 
tween the distance AB^ Fig, 31, and tM depth of a rectangu- 
la/r heam helow the notch^ so that the total shearing strength 
shaU egual the total tenacity^ 




Fig. 31. 

Let h =1 AB = the distance of the bottom of the notch from 

the end, 

d = the remaining depth of the beam, 

k = the section of AB^ 
K = the section below A^ 
T = the modulus of tenacity, and 
S = the modulus of shearing strength : 

♦ Proceedings Inst Meeh, Bng. , 1858, p. 76. 
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there is a local pressure, the neutral axis is mdre or less gov- 
erned in its direction and form by the strain passing from the 
point of local pressure towards the points of support. 

88. POSITION DETERMINED ANALTTICALLY. ^We kuOW 

from statics that the algebraic sum of all the forces on each of 
the rectangular axes must be zero for equilibrium ; hence, if the 
deflecting forces are normal to the axis of the beam, the sv/m of 
the resistances to compression must eqtuil those for tension, 

1st. Suppose that the coeflicient of elasticity for compression 
equals that for tension. Then will the compressions and exten- 
sions be equal at equal distances from the neutral axis. In 
Fig. 28, let Rq be the strain on a unit of fibres most remote 
from the neutral axis on the compressed side, and dc = the dis- 
tance of the most remote fibre on the same side ; then, 

-/ = « = strain at a unit's distance from the neutral axis. 

Let i„ A„ A„ &c., be the sections of fibres on one side of the 

neutral axis, at distances of 
y„ y„ y„ &c., from the axis, and 

h\ W ^ K^\ <fec., and y', y'\ y"\ &c., corresponding quan- 
tities on the other side. 

Then s {k,y, + *,y, -f %. + &c.) = s {k'y" + /^'V ' + h''Y' + *^c.), 
or,%,+%,+*.2/. + &c.-(*y4-AV+*''y + &c.) = 0, 
or, s^ = (35) 

or the neutral axis passes through the centre of gravity of the 
sections.^ 

If the resistance to compression is greater than for tension, 
the neutral axis will be nearer the compressed side than when 
they are equal. 

2. Suppose that the coeflicient of elasticity is not the same 
for tension as for compression. 



* The analytical expression for the ordinate to the centre of grayity iB 



■=> ifciyi -4- Jb.y. + &c. k'y ' ^ kfy -f &c., JJ y^y^^ 

^^ A, + A;, + &0. + A; + *"+ &a ^^ ^ ^ 



fL 



uffydydm = 0, r=< 



=a 
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Pio. 28. 



Let Fig. 28 represent the beam. Suppose that the sections 
CM and EF i^Gte parallel 

before deflection. If throtrgh — .^J^_jf. 

i\r, the point where EF in- 
tersects the neutral axis, KH 
is drawn parallel to CM^ the 
ordinates between EF and 
^ZTwill represent the elon- 
gations on one side, and the 
compressions on the other, 
for those fibres whose origi- 
nal length was Llf. 
Let I = Llf, 

X =zhe := the elongation of a fibre at Jc ; 

jp = a pulling or pushing force which would produce a ; 

y = Nk = distance of any fibre from the neutral axis ; 

k == section of any fibre ; 
Ef = coeflicient of elasticity for tension ; and 

Ec = " *' " compression. 

From equation (3) we have, 

P = -f- (36) 

But A is directly proportional to its distance from the neutral 
axis ; hence, if c be a constant quantity, whose value is or is not 
known, we shall have a = cy* 

cEJcy 



P 



I 



Or, if we adopt the same notation as in the preceding case, we 
shall have for the total force tending to produce extension, 

xjp = ^ (%.+^y,+^^. + &c.) (37) 

Similarly for compression 

Sp = ^ (ky+k".y" + k"Y' + &e.). . . 



I 



(38) 

' Placing these equal to each other and we have, 

or, in the language of the integral calculus, 

p o 

E] y^oydydx = Ec ^-y ydydis,. (39) 

* Comparing this equation with equation (45) giyes c = — 

P 
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in which y is an ordinate and x an abscissa. Equation (39) 
enables us to find the position when the fonn of section is 
known. In most cases, however, the reduction is not easily 
made. 

ExampU. — Suppose the sections are rectang^olar. 

Let h = ACy 
d = AB, 

^ = a, and 

jj) y = AE for the superior limit. 

Fio. 28a. Then equation (39) becomes 
J} 







ydydx = / / ydydx. which reduced becomei 
•/O •^ 



:.y = 



d 



l-\- y/ a 



(40) 



a= co^y = 
a = 0,y = d, 

11 y IB known in equation (40), the ratio of the coefficients of elasticitj may 
easily be found ; for, we have from (40) 

d-y\* E, 



'-{-/)'% 



(41) 



3d. Suppose that the deflecting force is not perpendicular to 
the axis, and E^^ Ei-=^ E, 

Let 6 = the angle which P makes with the axis of the beam 

Fig. 29 ; 

P^ = P cos = the com- 
ponent of P in the direc- 
tion of the axis of the 
beam; 

P^ = P sin = the com- 
ponent of P perpendicular 
to the axis of the beam ; 
Fig. 29. A = the distance of the 

neutral axis from the centre of gravity of the section A£, and 
JT = the transverse section. 




FLEXUBB AND BUPTTJBE FBOM TSANSYEBSE STRESS. 91 

Tlie whole force of compression equals the whole force of 
extension, equations (37) and (38). 

r.Pcos + -J- ffy dy dx = -j-JJ V dy dx 

But the ordinate to the centre of gravity is (see foot-note on 
page 88), 

-f f^ydydx^ff^ydydx. 

PI 
orh = -^j^ CO8 (42) 

If ^ = 90^, A = as before found. 

If ^ = there is no neutral axis, for the force coincides with 
the axis of the beam. The equation wJU show the same result, 

if the value of (? = - = -, equation (45), is substituted in the 

formula, for then p would be infinite, for (? = 0, and h becomes 
infinite. 

4th. Let the law of resistance be according to Barlow's theory 
ofjiexure, and the deflecting forces normal to the axis of the 
beam. 

Using the same notation as before, also 

d^ = the distance of the most remote fibre from the neutral 
axis, and 

<l> = the coefficient of longitudinal shearing stress. 

Then <!> f x dy =z the resistance to shearing for tension, 

/o 
xdy = the resistance to shearing for compression, 

and, proceeding as we did to obtain equation (39), we have 
TT/J ^^ydx + 4>J xdy^-T-jj xdydx-\- <\>J xdy.{^S) 

Examples. — ^Let the seotioiis be rectangular, b = the breadth, d = the depth. 
Then £q. (43) becomes 
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iTdi + fdt=:^{d-di)* + fid- di) 

«, (♦ + £^) (2d, - <i) = ; 

Td, 



.: di = id or, di = — 



2# 



the former only of which is admissible. 
If the value of C were less than that of T, the 

former would be used instead of the latter in 
Eq. (43). 

If the section is a double T) as i^^ ^^- ^^i 
with the notation as in the fig^e, will be used 
in finding the resis' ance of the vertical rib, and 

d' 
according to Article 75, 0- 




d—di 



of the lower 



di 



Fio. 80. 



flange, and ^ j-of the upper flange. 



It appears from these several cases that the neutral axis 
passes near the centre of gravity in most practical cases, and it 
will be assumed that it passes through the centre unless other- 
wise stated. 
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cases in the next chapter, it will be seen that the deflection due 
to transverse shearing has but little relative eflfect for long 
beams, but for very short ones it becomes the more important 
element. 

Example. — Hequired the deflection of a rectangular beam due to trans- 
verse shearing which is supported at its ends and loaded uniformly over its 
w||Lole length, when J = 4 inches, tf = 10 inches, ^ = 8 feet ; w (the load per 
foot of length) = 500 pounds, and Ba = 45,000 pounds. 

Weisbach says: "The coefficient of transverse elasticity is 
assumed to be J ^" (Weisbach, Mechanics of Engineering^ 
Vol. I., p. 522). This is nearly f E^ the value found theoreti- 
cally for amorphous bodies, but for fibrous bodies, such as wood, 
the transverse elasticity is not the same in the difPei^nt directions 
of the layers, so that it has not a specific value. 

There is a longitudinal shearing at every point of a beam 
where there is transverse shearing, but the deflection which 
arises from it is small. The analysis of these cases is reserved 
for Chapter IX., since a portion of it depends upon the analysis 
for flexure. 
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is twisted the consecutive transverse sections of elements slip 
over each other, and for small angles of torsion, such as are 
only admitted in practice, the law of strains is comparatively 
simple, as is shown from theoretical considerations, and which 
is confirmed by experiment. This law is : the strains increase 
directly as the distance from the axis of the piece, as stated in 
Chapter VIII., and is applicable to wood and other fibrous and 
granular solids. 

But when the elastic limit is passed the case becomes very 
complex. All the elements which originally were rectilinear 
become helices, except those at the axis. The outer elements 
thus become elongated, and by their elastic resistance produce 
compression upon those near the axis. There will also be a 
lateral contraction of those elements which are elongated. The 
transverse sections which were originally plane will become 
warped. As the strain is increased the outer elements actually 
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Td, 



.•. di ^ \d or, d, = — 



2# 



the former only of which is admissible. 
If the value of C were less than that of T^ the 

former would be used instead of the latter In 
Eq. (43). 

If the section is a double T) &<> in Fig. 30, 
with the notation as in the figure, ^ will be used 
in finding the rests* ance of the yertical rib, and 

according to Article 75, tp- 




d — di 



of the lower 



Fio. SO. 



flange, and f^-r-of the upper flange. 

Ml 



It appears from these several cases that the neutral axis 
passes near the centre of gravity in most practical cases, and it 
will be assumed that it passes through the centre unless other- 
wise stated. 
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CHAPTER IV. 

SHEAEING STRESS. 

89. — GENERAii STATBMKNT. — Two kinds of shearing stress 
are recognized — ^longitudinal and transverse — both of which 
have been defined in Article 2. Materials under a variety of 
circumstances are subjected to this stress — such as, rivets iu 
shears; the rivets in riveted plates; pins and bolts in spliced 
joints ; beams subjected to transverse strains ; bars which are 
twisted ; and, in short, all pieces which are subjected to any 
kind of distorsive stress in which all parts are not equally strain- 
ed. In the first examples above enumerated, all parts of the 
section are supposed to be equally strained, but the straining 
forces act in opposite directions. Shearing may take place iu 
detail, as when plates or bars of iron are cut with a pair of 
shears, when only a small section is operated upon at a time ; 
or it mav be so done as to brina: into action the whole section at 
a time, as in the process of punching holes into metal, where 
the whole convex surface of the hole is supposed to resist uni- 
formly. 

90. — OTODUIitTS OF SHEARING STRENGTH. The moduluS 

of resistance to shearing is the resistance which the material 
offers per unit of section to being forced apart when subjected 
to a shearing stress. 

This we call 8. The total resistance to ultimate shearing 
has been found to vary directly as the section; so that if 
IT = the area of the section subjected to this stress the total re- 
sistance will be 

The value of S has been found for several substances, the 
principal of which are as follows : — 
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Metals. 

8 in lbs. per sqaare 
inch. 

Fine cast steel * 92,400 

Rivet steel t ^ 64,000 

Wrought iron * 60,000 

Wrought-iron plates punched J 51,000 to 61,000 

Wrought iron hammered scrap punched § . . . . 44,000 to 52,000 

Cast iron 30,000 to 40,000 

Copper 1 33,000 

Wood. 
With ihefhres. 

White pine 480 

Spruce 470 

Firl 592 

Hemlock** 540 

Oak 780 

Locust 1,200 

Across thejihres. 

Eed pine 500 to 800 

Spruce 600 

Larch ft 970 to 1,700 

Treenails, English oak :t:t 3,000 to 5,000 

It will be seen from these results that the shearing strength 
of wrought iron is about the same as its tenacity ; of cast steel 
it is a little less than its tenacity ; of cast iron it is double its 
tenacity, and about f its crushing resistance ; and of copper it 
is about f its tenacity. 

The following table, which gives the results of some experi- 
ments upon punching plate iron, also illustrates the law of re- 
sistance, and gives the value of S for that material. 

* Wmhach Mech. and Eng,^ vol i., p. 407. 

f Kirkaldy's Eopp. Inq,^ p. 71. 

X Proc. Inst. Mech. Eng. England, 1858, p. 76. 

§ Proc. Inst. Mech. Eng. England, 1858, p. 73. 

I Stoney on Strains^ vol. ii., p. 284. 
IT Barlow on the Strength of Materials, p. 24, 
♦* Engineering Statics^ Gillespie, p. 33. 
ft TredgdcPs Carpentry, p. 42. 
it Murray on Shipbuuding Wood and Iron, p, 94. 
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TABLE 
Of Experiments on PumcMng Plate Iron.'* 



Diameter of the 


Thickness of the 


Sectional area cut 


Total perssuro on 


Pressure per square 


hole. 


plate. 


through. 


the punch. 


inch of area. 


Inch. 


Inch. 


Square inch. 


Tons. 


Tons. (Gross.) 


0.259 


0.437 


0.344 


8.384 


24.4 


0.500 


0.625 


0.982 


26.678 


27.2 


0.750 


0.625 


1.472 


34.768 


23.6 


0.875 


0.875 


2.405 


55.500 


23.1 


1.000 


1.000 


3.142 


77-170 


24.6 



These results give for the value of S from 51,000 lbs. to 
61,000 lbs. The total resistance varies nearly as the cylindrical 
surface of the hole. 

APPLICATIONS. 

91. — 'PROBiiEM OF A TIE-BEAM. — To find the relation he- 
tween the distance AB, Fig, 31, and tM depth of a rectangu- 
lar heam helow the notch^ so that the total shearing strength 
shall egual the total tenaoity^ 




Fig. 31. 

Let h = AB = the distance of the bottom of the notch from 

the end, 

d = the remaining depth of the beam, 

h = the section of AB, 

K = the section below A, 

T = the modulus of tenacity, and 

8 = the modulus of shearing strength : 

* Proceedings Inst Mech, Bng. , 1858, p. 76. 
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Then the condition reqnires that 

TK^ Sh,hw!ih\K'\\ h:d 

''K^ d" S 

T 12000 
Example.— ¥oT Oak o- = r,Qf^ = l^i nearly ; hence AB should bo about 

15^ times the remaining depth. 

99. — RIVETED piiATES. — Given the diameter of the rivets; 
it is required to find the distance between them from centre to 
centre^ so that the strength of the rivets for a single row shodl 
equal the stren^jth of the remaining iron in the plates. 

Let d = the diameter of the rivets, 

c = the distance between them from centre to centre, 

k = the section of the rivet, 
IC = the remaining section of the plate, and 

t = the thickness of the plate. 
For iron T = S; hence, proceeding as above, we have 



IT 



= 1 



c = 



-h d. 



t(c—d) t 

Examples,- -It t = i inch, and d = i inch ; 
then e = 1.2854, inch, 

and = 0.61. 



J, /7 

If « = i inch, and tf = I inch; then e = 0.8168 and = 0.541, which la 

nearly the value given by Fairbaim for the strength of single riveted plates. 
See Article 27. To insure this strength the rivet should lit tightly in the hole. 

93. — TRANSVERSE SHEARING IN BENT BEAITIS. In FigS. 

24 and 25 we considered only the elongations an(i compressions 
of the fibres, but in transmitting the strains from the middle to 
the supports there may be a vertical force at every vertical section, 



J- ?f ■ f / b? / 




V 

A 



^/ P. P3 P4 



.P= 



J 



Fio. 39 a, Fio. 32 b. 

as is indicated by Fig. 26, and which may be shown in a gen- 
eral way from the equations of statics. 
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In order to simplify the problem, suppose that all the bend- 
ing forces are in a plane, and let 
P, Pj, Pa, &c., be the bending forces, 

F^ F[j i^, &c., be the internal forces in any section of a beam, 

each of which is the resultant of all the for- 
ces concurring at that point. 

o, a^, «„ &c., the angles which P, Pj, &c., make with the axis 

of a?, 

«, a„ a^j &c., the angles which F, i^, i^, &c., mate with the 

axis of aj, and y an axis perpendicular to x. 
Then the principles of Statics give the following equations : 

-2'P cos a -{- :s Fgo8 a = ^ 

2P sin a ■\- 2 Fain a = I (44) 

2{Py cos a—Pxsin «) + ^{Fi/ cosa — Fx sin a^) = 0. J 

Let X coincide with the axis of the beam, and let all the forces 
be vertical ; or a = 90^ or 270® ; then 

(1) sFcosa = ) 

(2) -2' ± P + ^Fsin a =z [ (44a) 

(3) ^ ± Fx-}- 2Fy cos a — sFx sina—^) 

The first of these equations shows that the sum of the resist- 
ing forces parallel to the axis is zero ; or that the total compres- 
sion equals the total tension. This is equation (35) in another 
form. The second shows that the sum of the bending forces 
equals the sum of the vertical components of the resisting forces. 
If we let S^ represent the total strain, this equation becomes 
2P = 2F sin a =Ss, which is the result sought. 

That is, when the bending forces of a beam act focrticaUy to 
the axis of the heam^ the algebraic suin of all the bending forces 
between one end and the section considered equals the vertical 
shearing stress in that section. 

The following are some of the more simple cases : 

1. Beam fixed at one end and loaded with a weight P at the 
free end. Fig. 36 S,=P 

2. Beam fixed at one end and loaded uniformly, Fig. 38, 
(load being w per unit of length) ^^'« = y^x 

3. Beam supported at its ends and loaded with a weight P at 
the middle. Fig. 40 S, = iP' 

4. Beam supported at its ends and uniformly loaded. Fig. 42, 

S, = ^l —wx. 
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6. If a beam is supported at its ends, and loaded with several 
weights Pj, jP„ P„ etc., as in Fig. 32 J, we have for the ahea/r- 
mg stress, 

between the end and Pj = F j 

between P^ and P, = F — Pj ; 

between P, and P, = V- P.-P^^ 

between P. and P, = F - P, - P, - P, ; etc 

If the weights are equal to each other = P, we have P = P, 
= P, = P„ etc. ; and if there are n of them, and they are sym- 
metrically placed in reference to the centre of the beam, we have 

V = ^P. 

If n is even, we have, at the centre of the beam, the 
transverse sJieaHng stress = ^nP — inP = ; 
and if n is odd, there will be a weight at the centre, and each 
side of the central weight we have 
transverse shearing stress = inP — ^ (w ± 1) P = ± iP* 

These values are evidently independent of the form or mag- 
nitude of the beam. The consideration of the latter enters 
when we wish to proportion the beam to resist the former. 

The development of the third equation gives 

Pj a?i -f- Pj a?3 + die, + i^^i cos a^ + F^y^ cos a^ + &c. 

—F^ x' sin a^ — F^ x" sin a^ + &c = 0. 

Since aj„ aj^, cfec., x\ x'\ c&c, are linear quantities, the differ^ 
ential of aj, equals the differential of x^ ; hence we have 

dx^ = dx^ = dx^ = &c = dx^ = dx'^ = (fee. 

Similarly 

dj/i = dy^ = &c. 

Hence, by differentiating the above equation, we have 
J'P dx — 2Fsina dx + sFcos a dy := 0. 

.or -^ 2Fco8 a = sFsin a — 2 P. 
dx 

But the first of Eqs. (44«) reduces this equation to zero. 
.-. SP = 2Fsina = S,. 

That is, the vertical shearing stress in a J>ea/m when the ap- 
plied forces are vertical is equal to the f/rst differential coeffr 
^dent of the moment of the applied forces. 
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For example, when a beam is fixed at both ends and loaded 
uniformly, the moment of the applied forces is 

■J- wx (4aj — 3Z) 

as given in Eq. (112). Hence, according to the above rule we 
have 

Sg^ \wl — wx. 

When the bending moment has an algebraic maximum, the 
moment is greatest where the shearing stress is zero ; for the 
first differential coefficient of the moment of applied forces is 
the value of the sliearing stress, and this placed equal to zero 
and solved for x will give the point of greatest stress. 

The sum of the moments may be represented by a resultant 
moment. 

Let P'x' = 2 Px; x" sFsin a = sFx sin a; and F" y' = 
2Fx COS a. Then the second of Eqs. (42a) becomes 

P' x' - x" 2F8inaz= F' y' 
or,P' x' -x" S, = F'y' 
or, P' {x' - ^') = F y' 

hence the shearing stress forms a couple with the applied force, 
or resultant of applied forces. 

If the origin of moments be taken in the section considered, 
a?" will be zero, and we have 

P'x' = F y\ 
or more generally 

ZPx-^Py 

which is the fundamental equation for flexure and rupture of 
beams under transverse strains. 

94« — BENDING DVB TO TRAN8VBRSB SHBARING. — In 

order to determine the amount of deflection due to the loading 
and trans vei'se elasticity, it is necessary to know the law of the 
distribution of the shearing strain over the cross section. Wlien 
the body is sheared off without deflection, as in the case of 
rivets, and other cases where the shearing force acts on the 
plane of resistance, the stress is uniformly distributed over the 
cross section; but this is not necessarily the case when the 
the shearing stress is accompanied by flexure. 
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It will be shown in Chapter IX. that the shearing stress is 
zero at the upper and lower surfaces, and increases from, these 
points towards the neutral axis, at which point it is a maximum. 

It will be found in rectangulai* beams that the decrease of 
the shearing stress from the neutral axis varies as the square of 
the ordinate — Equation (210) — and hence the shearing stress 
may be represented by the area of a common parabola, the 
diminution being represented by the external part of the same 
parabola. 

Hence, if 

h = the breadth of a beam, 

d = the depth, 
A = the area of a section = hdy 

I = the length, 
-Ei = the coefficient of transverse elasticity^ 
^ = the applied weight, and 
J, = the deflection ; we have 

i^gbd = the total resistance to transverse shearing. 

The deflection will evidently increase directly as the length ; 
hence, if the beam be fixed at one end and tlie weight be ap- 
plied at the free end / 

^* - * e^ 

If the beam be supported at its ends and loaded at the 
middle, we have 

'^^bdE.^^AE, 

If the beam be supported at its ends and uniformly loaded, 
we have 

y Tci y^l — y>x)dx _ SwP _ SWl 
^' - 1^ E, l^A E, 16^ E. 

The total deflection depends upon the elongation and com- 
pi'ession of the elements, as well as upon transverse shearing, 
and hence involves lx)th ^and E^. By comparing the values 
of the deflections above given, with those of the corresponding 
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cases in the next chapter, it will be seen that the deflecfion due 
to transverse shearing has but little relative effect for long 
beams, but for very short ones it becomes the more important 
element. 

Example. — Required the deflection of a rectangular beam due to trans- 
verse shearing which is supported at its ends and loaded uniformly over its 
w^ole lengfth, when J = 4 inches, d = iO inches, ^ = 8 feet ; w (the load per 
foot of length) = 500 pounds, and B^ = 45,000 pounds. 

Weisbach says: '^The coeflScient of transverse elasticity is 
assumed to be J jE"" (Weisbach, Mechanics of Engineering^ 
Vol. I., p. 522). This is nearly f E^ the value found theoreti- 
cally for amorphous bodies, but for fibrous bodies, such as wood, 
the transverse elasticity is not the same in the diflfei^nt directions 
of the layers, so that it has not a specific value. 

There is a longitudinal shearing at every point of a beam 
where there is transverse shearing, but the deflection which 
arises from it is small. The analysis of these cases is reserved 
for Chapter IX., since a portion of it depends upon the analysis 
for flexure. 



95. SHEARING RESISTANCE TO TORSION. ^WhcU a Solid 

is twisted the consecutive transverse sections of elements slip 
over each other, and for small angles of torsion, such as are 
only admitted in practice, the law of strains is comparatively 
simple, as is shown from theoretical considerations, and which 
is confirmed by experiment. This law is : the strains increase 
directly as the distance from the axis of the piece, as stated in 
Chapter VIII., and is applicable to wood and other fibrous and 
granular solids. 

But when the elastic limit is passed the case becomes very 
complex. All the elements which originally were rectilinear 
become helices, except those at the axis. The outer elements 
thus become elongated, and by their elastic resistance produce 
compression upon those near the axis. There will also be a 
lateral contraction of those elements which are elongated. The 
transverse sections which were originally plane will become 
warped. As the strain is increased the outer elements actually 
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Blip over each other, and thus lose, in a great degree, their 
power of resistance, and throw greater strains upon those nearer 
the axis, until finally the elements are sheared apart. During 
this process, shearing strains may exist in any direction^ — ^lonp- 
tudinally, lateral, and tangential. 

In the more ductile metals rupture may take place slowly, 
and the final fracture be nearly a plane which will be perpen- 
dicular to the axis of the piece ; but in brittle metals, such as 
highly tempered steel and most qualities of unmalleableized 
Cast-iron, rupture takes place suddenly with a " snap " when 
under strain^ and with only a small amount of torsion. In 
such cases the fracture is irregular and oblique to the axi«. 
There is little or no appearance of shearing, for rupture takes 
place with only a small amount of shearing. 

The conditions of ultimate rupture do not appear to be gov- 
erned by definite mathematical laws ; and hence it might ap- 
pear useless to subject them to hypothetical laws ; but the laws 
which are assumed are sufliciently exact for practical cases when 
the material is not overstrained. 

Remark. — It is fortunate that for practical purposes it is not necessary to 
know the exact condition of the strains within a piece which is used in a 
structure, for it is impossible to construct an equation which will represent 
dvery possible case with mathematical exactness. Bodies ate in^nitely diver- 
sified. Some may be subjected to internal strains from the process of manu- 
facture. These may be caused by forging some parts more than others; but 
especially by unequal cooling. The effect of an external load may be to in- 
crease the intensity of some of these strains and relieve others. We also see 
that a simple stress may produce various strains : and henc6 when the bodies 
are free from internal strains, and are perfectly homogeneous, the analysis 
which considers all the changes becomes exceedingly refined. 

We know by long experience that it is only necessary to keep within certain 
limits, and these limits can easily be determined. 

In the analysis of the more simple cases we consider only one distortion at 
a time. Thus, in stretching a piece, we consider the more apparent phenom- 
enon — that of elongation — but at the same time there is a lateral contraction 
which, in practice, is so small that we disregard it, but which in a thorough 
analysis must be considered. Also in regard to flexure. We usuaUy considet 
only the effect of the elongation of some of the fibres and the compression of 
others, as in the following chapter, but this change is necessarily accompanied 
by others, which in ordinary cases may be disregarded. The same temarks 
apply to torsion and to transverse shearing. 

The analysis which determines the relation between strains and stresses in 
elastio bodies has given rise to a department of mathematical physios oallcid 
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the Mathematical Theory of Elasticity, which has been developed by M. Lam6 
{Let^oThs de la Theorie Mathematigue de V ElastidtedesCorps^ Solides, Paris, 1852) ; 
M. Loniville {Journal LoviviUe^ 1863, etc.); M. Eirchoff {Ueber das Gleicli- 
gewieht und Bewegung einer unendUeh dunnen dastiehes Stabes* Journal de 
Crelle, tome <56, p. 285); M. Maxwell {On tJie Bquilibrium of Elastic Bodies; 
Transactions of the Boyal Society of Edinburgh, vol. xx., 1853, p. 87, etc.); 
M. Cauchy {Exercises d? analysis et de Physique MaMmatigue; Comptes Bendus, 
etc), and others. 

* On the equilibrinm and movement of an infinitely slender elaetio rod. 
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CHAPTER V. 



FLEXURE. 




Fig. 83. 



96. ELASTIC OVRVB. 

When a beam is bent by a transverse strain, equilibrium is 
established between the external and internal forces ; or, to be 
more specific, all the external forces to the right or left of any 

transverse section are held 
T in equilibrium by the elastic 

resistances of the material 
in the section. When in 
this state the curve assumed 
by the neutral axis is called 
the elastic curve. 

We will first find the 
equation of the elastic curve 
according to the conditions 
of the " Common Theory,*' following substantially the method 
originally given by Navier. Let Fig. 33 represent a beam, fixed 
at one end, or supported in any manner, and deflected by a 
weight, Py or by any number of forces. AJS is the neutral 
axis. Take the origin of co-ordinates at JS (or at any other 
point on the neutral axis), and let x be horizontal and coincide 
with the axis of the beam before flexure, y vertical and u per- 
pendicular to the plane of xy. The transverse sections CM 
and £F being consecutive and parallel before flexure, will 
meet after flexure, if sufliciently prolonged in some point, as o. 
Through iT draw KJI parallel to CM; then will ke be the 
elongation of a fibre whose original length was c&. We have 
the following notation : — 

dx = Z JT = the distance between consecutive sections, 
y' = JVe? = any ordinate of the surface, 
u = iVii or Na\ 

h = iV^ = the limiting value of t#, 
y (y',M) = equation of the transverse section. 
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dy'du = the transverse section of a fibre, 
y (a?, y) = the equation of the neutral axis, 

f = ON = the radius of curvature at jV", 
jP = the force necessary to elongate any fibre an amount 
equal to a v^hen applied in the direction of its lengthj - 

/ = the moment of inertia of the section, 

E =^ the coeflicient of elasticity of the material, v^hich is 
supposed to be the same for extension and compression, 

s Px = a general expression for the moment of applied 
forces. 

We suppose that the strain is within the elastic limit, and 
establish the algebraic equation on the condition that the sum 
of the moments of the applied or deflecting forces equals the 
sum of the moments of the resisting forces. We also assume 
that the neutral axis coincides with the centre of the transverse 
sections of the beam. 

By the similarity of the triangles ZOJST smd TcNe^ we have 
0N\ JSFe : : LN : he^ or f.y' \\ dx: x 

A A = '^dx (45) 

The force necessary to produce this elongation is (see Equa- 
tion (3) ), 

which becomes, by substituting a from (45), 

jp = ^y' dy'du (46) 

f 

and the moment of this force is found by multiplying it by y' ; 

r.py' = — y" dy^du (47) 

f 

The total moment of all the resisting forces to extension and 
compression is found by integrating Equation (47) so as to in- 
clude the whole transverse section, and this will equal the sum 
of the moments of the applied forces : 



y'^dyfdu \ = iPx^ 
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(48) 



The quantity E C Cy'^dyfdu^ which depends upon the form of 

the transverse section and nature of the material^ is called the 
moment of flexure. 

The quantity f fy'^dy'd/Uj when taken between limits so as 

to include the whole transverse section, is called the moment of 
inertia of the surface.* Calling this / and Equation (48) 
becomes 

EI 

— ^ZPx (49) 

P 
which is the equation of the dastio curve. 

An exact solution of Equation (49) is not easily obtained in 
practice, except in a few very simple cases ; but when the de- 
flection is small an approximate solution, which is generally 
comparatively simple and always sufliciently exact, is easity 
found. 



Wehave.p = ^±^^ = 



i"^ da? (l+ ,.. 



d?y dx d?y 

do? 
= ^y- nearly, since for small deflections 
dy *' 

■^ (which is the tangent of the angle which the tangent line to 

the curve makes with the axis of a?) is small compared with 
unity, and hence may be omitted. Hence equation (49) becomes 

'^^S=^^- • '^') 

which is the general approximate Equation of the neutral axi^ 

97, THE ihojuent oi? inertia of all transverse sections 
of a prismatic beam is constant, and hence / is constant for 
prismatic beams. 

* See Appendix. 
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For a rectangle, as Fig. 34, we have 

1= I I y'dydu = ^l^ ..(51) 

Jo J -kd 

For a circle, the origin of eo5rdinates being at 

the centre J 

y =: p sin tf 
dydu = p dp dO 

..I- I I p'dp d0 Bin'0 = i;n- r' 

Jo Jo 




Fig. 84. 




special oases of pbismatio beams. 

98. Required the equation of the neutral axis, amount 
OF deflection, and slope of the curve of a prismatic beam, 

« 

WHEN slightly DEFLECTED, AND SUBJECTED TO CERTAIN CONDITIONS 
AS FOLLOWS : 

©9. CASE I. — Suppose a horizontal beam is fixed at one 

EXTREMITY AND A WEIGHT P RESTS UPON THE FREE EXTREMITY ; 
REQUIRED THE EQUATION OF THE NEUTRAL AXIS AND THE TOTAL 
DEFLECTION. 





Fig. 36. 



Fig. 37. 



The beam may be fixed by being embedded firmly in a wall, 
as in Fig. 36, or by resting on a fulcrum and having a weight 
applied on the extended part, which is just suflScient to make 
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the curve horizontal over the support, as in Fig. 37. The latter 
case more neariy realizes the mathematical condition of fixed- 
ness. In either case let 

I = AJB = the length of the part considered, 
i = the inclination of the curve at any point, and 
^ = JBO= the total deflection. 

Take the origin of coordinates at the free end, A / x horizontal, 
y vertical and positive downwards. The moment of /^ on any 
section distant x from A is Pxy which is the second member of 
Equation (50) in this case. Hence Eq. (50) becomes 

^'^S=^^ <«3) 

Multiply both members by dx and integrate, and we have 
A7^ = iFx^+C, (54) 

When the deflections are small, the length of the beam re- 
mains sensibly constant, hence for the point ^, a? = Z ; and at 

the fixed end^ = 0. Substitute these values in Eq. (54), and 
we find 6\ = — i PP, and (54) gives 

| = ^(«?-^) = tangi. (65) 

The integral of Equation (55) is 

y = ^j{^ - 3 l^x) + C» 

But the problem gives y = for a? = .•. (72 = ; 
.:y = ^j(o?-3i?x) (56) 

which is the equation of the neutral axis, according to the com- 
mon theory, and may be discussed like any other algebraic 
curve. 

The greatest slope is at Ay to find which make a? = in Equa- 
tion (55) 

.'. tang i (at the free end) = — 0X7- 
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The greatest distance between the curve and the axis of x is 
at JBy to find which make x = lm Equation (56), and we have 

'y='' = Si % ^'^ 

In this case we have 

* = ^-^S = ^?> = ^ .........(57.) 

That is, the transverse shearing strain is uniform over the 
whole length and equal to the load at the free end. 
Differentiating again gives 

^-0. 

that is, the increment of transverse shearing is zero. 

If y were positive upward, everything else remaining the 
same, the second member of Eq. (53) would have been negative, 
for it is a principle in the Differential Calculus that when the 
curve is concave to the axis of x, the second differential coeffi- 
cient and the ordinate must have contrary signs. This would 
make tang i and A positive. It will be a good exercise for the 
student to solve this and other problems by taking the origin 
of coordinates at different points, only keeping x horizontal and 
y vertical. For instance, take the origin at ^ ; at 6^; at the 
point where the free end of the beam was before deflection ; at 
the middle of the beam ; or at any other point. 

JS^xample.— It 1 = 5 ft., & = 3 in., <f= 8 in., j^= 1,600,000 lbs., and P=5,000 
lbs. ; required the slope at the free end and at the middle, and the maximani 
deflection. 

too. CASE H. — Suppose that the beam is fixed at one 

END, IS FEEE AT THE OTHER, AND HAS A LOAD UNIFORMLY DISTRI- 
BUTED OVER ITS WHOLE LENGTH. — The beam may be fixed as 
before, as shown in Figs. 38 and 39. 




Fig. 38. Fio. 89. 
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Let w = the load on a unit of length. This load may b€ the 
weight of the beam, or it may be an additional load, 
W=^wl= the total load. 
Take the origin at A. 

Then wx = the load on a distance a?, and 

^3^ = the moment of this load on a section distant 
fljfrom^. 
Hence Equation (50) becomes 

m^,=h^. (58) 

.•.y = ^(«*-4?«) (60) 

andJ = - g-^^= - g^ (61) 

, . , ^y ^ i. T ^ ^^ 

In which -^ = for a? = ^ .*. 6i = ^ o^'/y 

y = for aj = .*. Cs = 0, and 
y — A for X = I. 

If the origin of coordinates were at the fixed end, S Px in the 

w 
first case would be P (Z — a), and in the second ■« (^ — «?)'• The 

student may reduce these cases and find the constants of inte- 
gration. This case may be further modified for practice by 
taking the origin of coordinates at different points. 
From Eq. (58) we have 



Also 



88 = EI^=^wx. (62a) 



that is, the increment of shearing is the load per unit of length 
multiplied by the increment of length. 

101* CASE III. — ^Ijet thb beam be fixed at one end and a 

IX>AD UNIFOBMLT DISTRIBUTED OVEB ITS WHOLE I^ENGTH^ A2JD A 
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WEIGHT ALSO APPLIED AT THE FREE BNi>. — Thifl is E Combination 
of the two preceding cases, and is represented by Figs. 36 and 
37, in which the weight of the beam is the uniform load. 

and A = -^/(P + t ^) • (^2) 

hence the deflection of a beam fixed at one end and free at the 
other, and uniformly loaded, is f as much as for the same weight 
applied at the free end. 

103. CASK IV. — Let the beam be supported at its ends 
AND A weight APPLIED AT ANY POINT. — ^Figs. 40 and 4:1 repre- 
sent the case. 





Fig. 41. 

Let the reaction of the supports be V and ¥[, Take the 
origin at A over the support, and let AD =zc = the abscissa 
of the point of application of jP. 

Then, V= ^-^ P, and V,=jF. 

The case is the same as if a beam rested on a support at J9, 
and weights equal to V and Fi were suspended at the ends. 
For the part AD, Equation (50) becomes : — 






dx 






andy = - ^%;eI '^'^ <^i'"+(<^» = ^^ 



(63) 
.(64) 
.(65) 



in the last of which, y = for a? = .•. (73 = as indicated. 
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For the part 2>jff, the origin of coordinates remaining at A, 
we have : — 

m^ =-rx+P (x-c) = P^-^^ - YS-x).. .(66) 

•••|=2S/(^-^^)-^^^' («^ 

and y == eS/^"^""^^^"^ Ox-^C" (68) 

To find the constants, make a? = c in equations (64) and (67) 
and place them equal to each other ; do the same with (65) and 
(68) ; and also observe that in {^%) y = for a? = Z. These 
conditions establish the three following equations : — 

P<?{l-C ) P& 

From these we find 

6'i = 6^^ (<^ + 2^ - ^ 

^ - 6EI 
Hence, for the part AD we have 

or, ^ = g^T(-3Z+3o)a?+^+2c?-8e»z"| (69) 

y= g^T(c-^)a?+(c»+2P-3cO«» I (70) 
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To find the maximum deflection, if e is greater than JZ, make 
-T- = in (69) and find x ; then substitute the value thus found 

in Equation (70). If c <il make-y- = in Equation (67) and 

substitute the value thus found in Equation {68), 

If D is at the middle of the length, make c = il in equations 
(63), (69), and (70) ; and we have for the curve AD 

EI^,= -\Px (71) 

y =wei^^^'"-^^ ^^^) 

pn 
and A = ^j. (if x = \l\n (72) ) (73) 

The greatest stress is at the centre, and the maximum mo- 
ment is found by making x = il in the second member of 
Equation (71). Hence, the maxi7num vtoment is 

\Pl (73a) 

In this case the curve DB is of the same form as AD^ but 
its equation will not be the same unless the origin of coordi- 
nates be taken at the other extremity of the beam. 

Erom Eq. (71) we have 

Also dSs = 0. 

103. CASK V. — Suppose that a beam is supported at or 

NEAR its extremities, AND THAT A LOAD IS UNIFORMLY DISTRIB- 
UTED OVER ITS WHOLE LENGTH. 

No account is made of the small por- 
tion of the beam (if any) which projects 
beyond the supports. The distance be- 
tween the supports is the length of the 
beam which is considered. 

Let the notation be the same as in the fig 42, 




c 
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Then V = iwl = iW= the weight sustained by each support; 
Vx = iwlx = the moment of V on any section, as c ; 
wx is the load on x^ and the lever arm of this load is 
the horizontal distance from its centre to the section o, or iaj; 
hence its moment is iwx^j and the total moment is the differ- 
ence of the two moments. Hence Equation (50) becomes 

i:i^^=^w{^Ix + a?) (74) 

andifaj==4Hn(75),y = J== 3g|^=3gj^. (76) 

in these equations -^ = for x = il, .*. 6i = oT^r } 

and y = for X = Oy .*. C^ = 0. 

Ss = iwl — wx. 

dSs = EI-^^ = - wdx. 



104. CASK VI. — Let the beam be supported at rrs ends, 
uniformly loaded, and also a load midway between the 
supports. 

This case is a combination of the two preceding ones, and 
may be represented by Fig. 40 ; for the weight of the beam 
may be the uniform load. Hence 

^/ ^ = - iPa? + \uy^ - \^lx (77) 

Experiments on the deflection of beams are generally made 
in accordance with this case. If the beam be rectangular, wo 
have from Equation (51), 
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J = ^ hd^^ which in (78) gives 

According to Equation (79) the deflection of rectangular 
beams varies as the cube of the length / and inversely as the 
breadth and cube of the depth^ and directly as the weight 
applied. 

In making an experiment to determine Ej the beam is 
weighed, and that portion of it which is between the supports 
and unbalanced will be TT, and all the quantities except IS 
may be directly measured. If ^be known, we may measure 
or assume all but one of the remaining quantities, and solve 
the equation to find the . remaining quantity, as the following 
examples will illustrate : — 

EosampUs. — 1. If a rectangular beam, 5 feet long, 3 inches wide, and 3 inches 
deep, is deflected iV of an inch by a weight of 3,000 lbs. applied at the middle ; 
required the coeflScient of elasticity. E = 20,000,000 lbs. 

2. It b = 2 inches, <f = 4 inches, and 1 = 6 feet, the weight of the beam 
144 lbs., and a weight P— 10,000 lbs. placed at the middle of the beam deflects 
it i an indi ; required B. E= 14,711,220 lbs. 

3. A joist, whose length is 16 feet, breadth 2 inches, depth 12 inches, and 
coefficient of elasticity 1,600,000 lbs., is deflected ^ inch by a weight in the 
middle; required the weight; the weight of the beam being neglected. 

Ans. P = 1,562 lbs. 

4. An iron rectangular beam, whose length is 12 feet, breadth \\ inch, co- 
efficient of elasticity 24,000,000 lbs., has a weight of 10,000 lbs. suspended at 
the middle ; required its depth that the deflection may be ^io o^ ^^ lengfth. 

Ans. 8.8 in. 

5. A rectangular wooden beam, 6 inches wide and 30 feet long, is supported 
at its ends. The coefficient of elasticity is 1,800,000 Ibn. ; the weight of a 
cubic foot of the beam is 50 lbs. ; required the depth that it may deflect 1 
inch from its own weight. 

How deep must it be to deflect 7^ of its length ? 

6. A cylindrical beam, whose diameter is 2 inches, length 5 feet, weight of 
a cubic inch of the material 0.25 lb., is deflected J of an inch by a weight 
F = 3,000 lbs. suspended at the middle of the beam. Required the coefficient 
of elasticity. 
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To Bolye this snbstitate /= irrr* (Equation (52)) in Equation (78). This giyes 

7. Required the depth of a rectangular beam which is supported at its ends, 
and so loaded at the middle that the elongation of the lowest fibre shall equal 
-rhu of its original length. (Good iron may safely be elongated this amount) 

Equations (49) and (73a) become — =iPl. • . p= -^, In this substitute the 

Tftlue of /, Equation (51), and it becomes 

Md*^ 3 ^^ problem find p = 700d 



-^=\J 



2100P? 



Eb 



8. Required the radius of currature at the middle point of a wooden beam, 
when P= 3,000 lbs. ; 2=10ft.; d = 4 in. ; d= 8 in. ; and^= l,000,0001bs. 

rn X.. /.im J ,rro X • ^^ 1,000,000 X-j^y X 4 X 8« ^ ^Aii 

Equations (49) and (73a) giye p = ^^= i x 3,000 x 10 x 12 = ^'^ 
inches. 

9. Let the beam be iron, supported at its ends. Let & = lin., <f = 2in., 
2 = 8ft., ^=25,000,000 lbs. Required the radius of curvature at the middle 
when the deflection is i of an inch. Use Eqs. (49) and (73) for P at the middle. 

from which it appears that it is independent of the breadth and depth. 

10. The centrifugal force caused by a load moving over a deflected beam 

may be found from the expression , in which m is the mass of the moving 

load, 7) its velocity in feet per second, and p the radius of curvature of the 
beam. (See Mechanics.) 

11. All these problems may be applied to beams fixed at one end, and P 
applied at the free end, or for a load uniformly distributed over the whole 
length, by using the equations under Cases L, IL, and III. 



105. CASE VII, — Let the beam be fixed at one extrem- 
ity, SUPPORTED AT THE OTHER, AND HAVE A WEIGHT, Py APPLIED 
AT ANY POINT. 

The beam may be fixed by being encased in a wall. Fig. 43, 
or by extending it over a support and suspending a weight on 
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the extended part suiBcient to make the beam horizontal over 
the support, Fig. 44 ; or by resting a beam whose length is 21 



t 






t 





Fig. 43. 



Fig. 44. 



on three equidistant supports, and haying two weights, each 
equal to /^, resting upon it at equal distances from the central 




Fig. 45. 

support. Fig. 46. In the latter case each half of the beam 
fulfils the condition of the case. 

Let I = A£y Fig. 43, be the part considered, 
V= the reaction of the support, 
nl = AD = the abscissa of P, and 
J^ = the deflection of the beam at D. 

Take the origin at A, the fixed end. We may consider that 
the curve D£ is caused by the reaction of V, while all the 
forces at the left of /^ hold the beam for Fto produce its 
effect. Similarly the curve AD is produced by the reaction V 
and the weight P, while all the forces at the left of them hold 
the beam. In all cases we may consider that the applied forces 
on one side of the transverse section are in equilibrium with 
the resisting forces of tension and compression in the section. 
It is well also to observe that the o?*igin of moments is at the 
centre of the transverse section^ while the origin of coordinates 
may be at any point. 

For the curve AD we have, observing that -~- = for a? = 0, 
and y = for x = : — 
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m^ = P{nl-x)-V{l-x) (82) 

^^t = ^{^-t)-K^-t) (««) 

^7y = P(^-J)-F(^-^) (84) 

For the point 2?, we have, by making a? = tiZ, 
^ = tmi=lWP-{rt-^*)V-\^ (85) 

y=f=iWP-{W-¥^^n^j (86) 

For the curve DBy observe that -f- = tang i for a? = nZ, and 

y = y* for x= nly using for their values (85) and (86) in deter- 
mining the constants in the following equations, and we have: — 

■^^S=-^<^-'"> (^^ 

J-zg = iPn'? - F(i» - ^) (88) 

j-q) (89) 

To find the reaction F, observe that y = 0, for a? = Z in (89), 
and we obtain : — 

= (3-7i)i^7i2?-2F?; 
... F= in\S - n)P (90) 

By substituting this value of Fin the preceding equations, 
they become completely determined. For the curve AD we 
have : — 

m^=F[nl^x^in%3-n){l^x)-] (91) 

^ = :^jl.^^-^^-^\8-n)(2lx--a?)-] (92) 
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P 

y = j-^^ IQrOa? - 2a? - n\Z - n) (3&r^~a?)] . . . .(93) 
and for the curve DB : — 

EI^, = - iPn\Z - n) {I - X) (94) 

i"-=St2?-(3-»i)(2iB-a?)] (95) 

Pri!^ 
y = j^^[(6a; - ^nZ)P - {ZJ^ - a?) (3-n)].. ..(96) 

The points of greatest strain in these curves are where the 
sum of the moments of applied forces is greatest, and this is 
greatest when the second members of (91) and (94) are greatest. 
Neither of these expressions have an algebraic maximum, and 
hence we must find hy inspection that value ofx which will 
give tlie greatest -vahte of the function within the limits of the 
prohlem. Equation (91) has two such values, one for a? = 0, 
the other for x = nZ, and Equation (94) has one such for x = nZ^ 
which value will reduce (91) and (94) to the same value. 

Making aj = in (91) gives for the moment of maximum 
strain, 

XPX = iPZ [272, - 371^ + 71^ (97) 

For the moment of strain at jP, make x = nl^ in Eq. (91) or Eq. 
(94), and we have 

XPx = i PM [- 3 + 471 - «2-| (98) 

To &id where P must be applied so that the strain at the point 
of application shall be greater than if applied at any other 
point, we must find the maximum of (98) : — 

dXPx 



• • 



, = = - 671 + 1272,2-4718 (99) 

an 



n = 0.634+ (100) 

or the force must be applied at more than y^/u- of the length of 
the beam from the fixed end. This value of n in (98) gives, 

XPx = Ply. 0.174 

Equation (99) has two values of n, but the other is not within 
the limits of the problem. 
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The position of the weight, which will give a maximum 
strain at tlie fixed end, is found by making (97) a maximum. 
Pi'oceeding in the usual way, we find : — 

71 := l±4v/3 = 0.422 + (101) ' 

which in Eq. (97) gives, SPx = Fl x 0.181 (102) 

and in Eq. (98) SFx = Fl x 0.131 +. 

To find where F must be applied so that the strain at the 
point of application will equal the strain at the fixed end, make 
Equations (97) and (98) equal to each other, and find n. This 
gives, 

n= \ 3.4141 + (103) 

( 0.5858 +. 

But n = 0.5858 -f- is the only practical value. 

To find where F must be applied so that the curve at that 

point shall be horizontal, make ~ = 0, and x=^nlm (95). 

Tliis gives n = -l 3.4141 

( 0.5858 

which are the same as the preceding values of n. To find the 
corresponding deflection, make x = nly and 71 = 0,5858 -f-, in 
(93), and we find 

FP 
A = 0.0098 ^ : (104) 

For n < 0.5858, tang i is + ) 

n> 0.5858, tang i is — >• (105) 

n = 0.5858, tang i is ) 

To find the maximum deflection when n = 0.634, make -^ = 

in Eq. (92) or (95), according as the greater deflection is to the 
right or left of P. But, according to Eq. (105), it belongs to the 
curve AD ; hence use Eq. (92). Making n = 0.634 in Eq, (92), 
placing it equal ?ero, and solving gives, 

aj = 0.6045;; 
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which in Eq. (93) gives, 

y = A^ 0.00957 -^ (106) 

To find where P must be applied so as to give an absohite 
maximum deflection; firet find the abscissa of the point of 
maximum deflection, when P is applied at any point by making 

^ = in Eq. (92), and thus find 

.= 'f-tl~> w 

(3 — n)nr --2 ^ ^ 

which, substituted in Eq. (93) gives the corresponding maximum 
deflection. Then find that value of n which will make the 
expression a maximum. 

To find the deflection when P is placed at the middle, make 
n^^m Eq. (93) or Eq. (96), which gives 

7 Pl^ 



S = 



48.16 EF 



The point of contra-flexure in the curve AD is found by 
making -T^ = in (91) (see Dif. Cal.) which gives, 

__ Zii? — n? — 2n 

The second member of Eq. (91) is the moment of applied 
forces, and as it is nought at the point of contra-flexure, it fol- 
lows that at that point there is no bending stress, and hence no 
elongation or compression of the fibres, but only a transverse 
shearing stress. The value of the transverse shearing is 

Ss = EI^^ = - P -f i7^2(3 - 7i)P 

which compared with Eq. (90) shows that the shearing strain 
at any point of the curve AD subtracted from the reaction at 
£ equals the total load P. 

If a beam rests upon three horizontal equidistant supports, 
and two weights, each equal P, are placed upon it, one on each 
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Bide of the central support and equidistant from it, it fulfils 
the condition of a beam fixed at one end and supported at the 
other, as before stated, and the amount which each support will 
sustain for incipient flexure may easily be found from the pre- 
ceding equations. 

The three supports will sustain 2P, and the end supports 
each sustain V ^ in\S - n) P. (See Eq. (90).) 

Hence, the central support sustains 

F = 2P - n\3 - n)P. 
Hn = i,F=3Vi^,and F = ff P. 



106. CASK VIII. — Let the beam be fixed at one end, sup- 
ported AT THE OIHEB, AND UNIFOEMLY LOADED OVEB ITS WHOLB 
LENGTH, 





Fro. 46. 



Take the origin at Aj Figs. 45 and 46, and the notation the 
same as in the preceding cases, then Equation (50) becomes 



-^■^S^*^^" ^"^ 



(108) 



Integrating gives %^ ^j{^ -^+^j(P -^. (109) 



w 



u/U 

in which ^ = for a? = ?, and y = for a? = 0. 

If F=0, these equations become the same as those under 
Case II. 

In Equation (110) y is alsD zero, for a? — Z; for which values 
we have F = f TF = |w?? (Ill) 

This value substituted in Equations (108), (109), and (110) 
gives : — 
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M^ = iwxi4x-3r) (112) 



w 



y = jg^(2aJ*-3&^+?^) (114) 

The point of maximum deflection is found by placing Equa^ 
tion (113) equal zero and solving for x. This gives 

x= I, 

14- \/ 33 
and, X = -^^ 1 = 0.4215Z, 

using the positive value only ; and this in Eq. (114) gives 

y = J = 0.0054 -^ (115) 

There are two maxima strains ; one for a? = Z ; the other for 
X = f ?. The former in (112) gives 

SFx = iwP = iWL (116) 

and the latter gives 

SFx =^^^Wl=--^Wl nearly. 

The point of contra-flexure is found from Equation (112) to 
be at a? = il, at which point the longitudinal strains are zero, 
and there is only transverse shearing. 

From Eq. (112) we have 

Ss = EI-^ ^lox-iwl 

For X = il we have Ss = iwl. (116^) 

If the beam is supported by three props, which are in the 
same horizontal, Fig. 46, then each part is subjected to the same 
conditions as the single beam in Fig. 45. Hence, if W is the 
load on half the beam, each of the end props will sustain V = 
f W (Eq. (Ill) ), and the middle prop will sustain 2 W- 1 W 

From the supported end, J., to the point of contra-flexure 
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(f Z) the beam is in the same condition as a beam which is sup- 
ported at its ends and uniformly loaded. Hence the supported 
end sustains i of iwl = fw??, as before found. The shearing 
strain at the point of contra-flexure mnst be the same as ^t the 
supported end, which agrees with Eq. (116^^). 

Such are the teachings of the " Common theory.'' But the 
mathematical conditions here imposed are never realized. It is 
impossible to maintain the props exactly in the same horizontal 
As they are elastic they will be compressed, and as the central 
one will be most compressed, the tendency will be to relieve the 
strain on it and throw a greater strain upon the end supports. 
If the supports be maintained in the same horizontal, the results 
above deduced will be practically true for very small deflec- 
tions, within the elastic limits. 

107, CASK IX. — Let the beam be fixed at both ends Ain> 

A WEIGHT BEST UPON IT AT ANY POINT. 

To simplify the case, sup- 
pose that the weight rests 
at the middle of the length. 

Let the beam be extend- 
ed over one support and a 
weight, P, rest at Cy sufli- 
cient to make the curve hori- 
zontal over the support A. Fio. 47. 
We have F= P, + iP. 

Let AC=gL 

Then for the curve AD we have, 

i:i^, = F^(sl + x)'-rx = F,ql^iPx 

To find Pi observe that ^ = for « = ^Z; 

..0 = iPigP^^PP;.\Piq = iP. 
This reduces the preceding equations to the following ^ 
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m^^iF{l-4a>) 



1 = 3^ (^-2..) 



.(117) 



.(110) 



and by integrating again, we find : — 



y = z«A-r(3^^-^) (119) 



48ii'7 



P? 



For x = ilm (119), y = J = tk^Wt (1^^) 

There is no algebraic maximum of the moment of strain as 
given in the second member of Equation (117), but inspection 
shows that within the limits of the problem the momeut is 
greatest for a? = or a? = il. These in (117) give the same 
value, with contrary signs; hence the moment of greatest 
strain is 

SFx = ± iFl (121) 

The moment is zero for x = ^l. 

108* CASE X.— Let the beam be fixed at both ends and 

A LOAD UNIFORMLY DISTBIBUTBD OVER ITS WHOLE LENGTH. 




Fig. 48. 



e notation being the same as before used, we have 

at ql =^ AO. 
.'he equation of moments is 
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= iwa? — iwlx + Pigl. 

Integrating, and observing that ^ = f or « = ; also y = 
for aj = 0, and we have 

Ely = i^WTf' - ^y«?/a? + \Pxqhf. 
But -^ = for a? = ^; also y = for a? =2 ; 

•'•^1-12 y -"12y 
which substituted in the previous equations give : — 

^^S=S^-«^^-^)] « 

1 TFP 
For(r = 4Zm(124),y = J = 3^-g5^ (125) 

Making ^3= we find for the points of contrarflezare 

„ ( 0.7887; 

X 



— \ 0.2113^ 

at whicli point there is no longitudinal strain, but a transyerse 
shearing strain. We have 

which is equal to iTTat the ends (either ±) and zero at the 
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middle. At the first point of contra-flexure (x = 0.2113Z) the 
shearing strain is 0.2887 TF*, to which add the load on that part, 
= 0.2113 W, gives 0.5000 TF, or i the total load. 

The maximum moments are for a; = and x = il. 
For a; = 0, the second member of Eq. (112) gives -j^ Wl. (126) 
Forx = il, " " " -h^l. 

Hence the greatest strain is over the support, at which point 
it is twice as great as at the middle. If Tr= P, we see that 
the straiti over the support is f as great in this case as in the 
former. 
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109. RBSULTS COLLBCTED. 



No. OF 

THE 

0A8B. 



11. 



Condition of 
tujs beam. 



Ronr 

LOADED. 



Gekebal 
moment of 

FLEXUBB. 



Fixed at 

ONE END. 



Load at 

FREE END. 



Uniform 

LOAD. 



Px. 

Eq. (53). 



\wx* 
Eq. (58). 



IV. 



V. 



Supported 

AT THE 
ENDS. 



At the 

MIDDLE. 



Uniform. 



VII. 



vin. 



Fixed at 

ONE END 

and sup- 
ported AT 

the OTHER. 



At 0.634Z 

from 
fixed end 

Eq. (100). 



Uniform. 



IX. 



X. 



Fixed at 
both ends. 



At the 

MIDDLE. 



\Px. 
Eq. (71). 



Maximum 
moment of 

BTBSM. 



PI 



\WL 



iPl 



< 3 



24 



12 



RXUlXETI 

Max. deflbo* 
tiom ob co- 
EFFICIENT OF 

EI 



iP 

fig. (57). 



Eg. (61). 



iw(lx—x*). 
Eg. (74). 



For^D 

Eq. (91). 

ForDB 

Eq. (94). 



i«j(4a;«-3te). 
Eq. (112). 



\P(l-4x). 
Eq. (117). 



TT, 



Uniform, iq/i, ,,^^, ^ 
^'^Eq. (122). 



iTF7. 



K2 v3-d)Pl 



iTF7. 
jE(7. (116). 



Eq. (121). 



-ES^, (126). 



6 



4+ 



3 



:ihP 
Eg.{7S). 



Eg. (76). 



P , 

roT^early. 

Eg. (104). 



IT 



- nearly. 



'Eg. (115). 



.Eg.'lm). 



w 

3 8 4 

JF^, (125). 



110. REMEARKs. — It wiU be seen that the greatest strains 
in the Ist and 2d cases are as 2 to 1 ; and the same ratio holds 
in the 4:th and 5th cases ; but in the 9th and 10th the ratio is 
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as 3 to 2. The maximum strains in Cases VII. and YIII. do 
not occur at the points of maximum deflection. 

Although the moment in the first case is to that in the 2d as 
2 to 1, yet the deflections are as 8 to 3 ; and in the 4tli and 5th 
cases the deflections are as 8 to 5. 

A comparison of Cases IV. and IX. shows the advantage of 
fixing the ends of the beam. The same remark applies to Cases 
V. and X. In the former cases the strain is only one-half as 
great when the beam is fixed at the ends as when it is supported, 
and in the latter two-thirds as great. 

Other interesting results may be seen by examining the table. 

The following are the results of some experiments made by 
James J3. Francis : 

Experiment 1. A bar of "common English refined " iron, marked *' J crown 
K, best," 12 feet 2f inches long, mean width 1.535 inch, mean depth 0.367 
inch, was laid on the 4 bearings, and loaded at the centre of each span, so 
as to make the deflections the same, the weight at the middle span being 
82.84 pounds, and at each of the end spans 52.00 pounds. The deflections 
with these weights were as follows : 



At the centre of the middle span 0.281 inches. 

At the centre of the end spans. , . .0.275 and 0.284 inches, mean, 0.280 ** 

The deflections of the 3 spans being, as nearly as practicable, the same, the 
middle span is in the condition of a beam " fixed at both ends and loaded in 
the middle," each of the end spans " being fixed at one end and supported at 
the other." A piece 3 feet 11^ inches long was then cut off from each end of 
the bar, leaving a bar 4 feet 4f inches long, which was replaced in its former 
position and loaded with the same weight (82.84 pounds) as before, when its 
deflection was found to be 1.059 inch, or 3.77 times the deflection when 
*' fixed at both ends and loaded in the middle." 

Expei'iment 2. A bar of iron of the same quality and length as in Experi- 
ment 1, nearly square, its mean width being 0.^53 inch, and mean depth 
0.549 inch, was laid on the same bearings, and loaded with the same weights, 
the deflections being as follows : 

At the centre of the middle span 0.342 inch. 

At the centre of the end spans 0.238 and 0.244 inch, mean, 0.241 



ki 



The bar was then reduced in length as in Experiment 1, leaving 4 feet 3| 
inches, which was replaced in its former position and loaded with the same 
weight (82.84 pounds) as before, when its deflection was found to* be 0.983 
inch, or 4. 06 times the deflection, ** when fixed at both ends and loaded in the 
middle." 

The result of both experiments agreed substantially with the deflection in 

9 
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the case of a beam "• fixed at one end, supported at the other, and loaded in 

7 
the middle/^ which is^ = 0.438 of the deflection in the case, '^ supported at 

each end and loaded in the middle." In the foregoing experiments, the end 
spans correspond to this case, and the observed deflections with a weight of 52 
pounds, were 0.419 and 0.391 respectively, of the deflections in the case, 
*^ supported at the end and loaded in the middle," differing somewhat, butnol 
very widely, from the proportion ^ven above. 



111. PROBLKME. — A PRISMATIC BEAM RESTS ON A BUPPOBT 
AT THE MIDDLE OF ITS LENGTH, AND BARELY COMES IN CONTACT 
WITH SUPPORTS WHICH ARE PLACED AT EACH END. SuPPOSB THAT 
AN UNIFORM LOAD IS PLACED ON ONE-HALF OF THE BEAM; IT IS 
REQUIRED TO FIND THE WEIGHT I^ WHICH, IF PLACED AT THE 
END WHICH IS REMOTE FROM THE UNIFORM LOAD, WILL CAUSE 
THE END TO WHICH IT IS APPLIED TO REMAIN IN CONTACT WITH 
THE SUPPORT. 



y^^l-P j/^u^i^^p 




'^r-^-ir 



Fig. 49. 

In Fig. 49, 

JuQtl=zAB = BC', 

w = the load per foot of length on BC; and 
jP = the weight at A which is necessary in order to keep 
the end down to the support. 

Take the origin at A, x horizontal and y vertical. 

Since no part of F is supported by J., it must be balanced 
'by a part of the reaction of the support at C, 

The supports B and C each sustain one-half the uniform 
load; hence, 

^^l — P will be the reaction of the support C\ 
i^l -f 2P will be the reaction of the support B. 
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First consider the curve BC^ and while so doing suppose that 
the part AB is rigid ; in other words, that the weight P does 
not cause AB to bend while the part BCh& elastic. "We then 
have for any point a^ between B and CI 

Px = the moment of P ; 

{^l + 27^) (a? — Z) = the moment of the reaction at B^ 

which will have an opposite sign 

to Px\ 
w{x—l) = the load on Ba ; 
iw{x—l)^ = the moment of the load on Ba. 

Hence, 

(a) . BI^ = Px-\- iwix-n'-ii^i + 2P) {x^l) 

/. BI^ = iPu? + iw {x-lf-l {wl 4- 4P) (aj-Z)2+ Ci 

also, EIy=\Px^+^^w {x-lf--^^ {wl+iP) (x-lf^ G^x+ O^ 

But 7/ = for X = 1; and 

y = for x=2l', which values in the last equation give 

= iPI^-\-C\l+C\ 

PP^^i^wl'-h2CJ+C\, 

Eliminating successively C^ and C^ from these equations and 
we have, 

These substituted in the preceding equations give 
(5) FI^ =iPa?+ Hwx-^wl-P) {x-lf-^PP+^^P 

(c) Ely =: ^Pa!»+ {^wx-\wl-\P) {x-lf-iPJJ'x 

+-^wPx+iPP—^wl*. 

These equations will enaWe us to determine all the properties 
of the curve £0, But the solution of the problem only makes 
it necessary to find the inclination at £. For this x=l and we 
find 
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(^ 2=(-*^+^«'^) 



EI 

Now consider AB as flexible, and we have 

(.) EI% = P<c 

•'• dx ~ 2EI + ^»- 

But this value of the tangent when x = l\& the same as the 
preceding value 

/. <7, = (- 20P+W?) 2^^ 

Integrating again gives 

But by the conditions of the problem 

y = for a? = .-. Ci = 

Also, y = for a? = Z 

... = - 16P? + ^^?, 

orP = ^'M?Z = 3V"W^. 
This problem was suggested by the conditions of the draw- 
bridge. If the end is not held down, the distance which it will 
raise by an uniform load on the other half is found from Eq. 
(c?), by making P = 0, and multiplying by L This will give 



113« TO FIND THB REACTION OF TMB SUPPORTS, 

we may first find the bending moments oyer the enpporte, according to Clapey* 
ron^B method. 




Fig. 49a. 
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Let A, B and C/be any Idiree consecatiTe supporte; 
2, the segment AB^ and V the segment BG ; 
V) the pressure on a nnit of length on AB^ and vf on ^C7; 
Xi, X,2 X3 the bending moments at A^ B^ and (7, respeotiyely; 

Take the origin at A. The moment of external forces npon any point in the 
segment AB^ will involve the moment of all the reactions at the left of A, 
and the moment of the total load to the left of A^ plus the moment of the 
load on x. The moments of the two former may contain the first power of a;, 
and possibly they may also contain a constant. Let A and B be constants ; 
then the equation for the moment of flexure will be 

(o) EI^.=^A+BX'-^^U}X* 
ax* 

If a; = 0, the second member becomes 

A = X^, 

and if a! = ?, we have A+Bl — iwZ* = X, 

-, 1 , X, -Xi 
.\B=-^wi+ ' ^ 



similarly, if the origin be taken at ^ we have 



Litegrating Eq. (5), observing that -^ = tang i' for aj = 0, and tang i' for x = 

QtX 

I and ^ = for a; = and for Xz^t Between the equations thus formed eli- 
minate tang i\ and find the value of tang i" from Eq. {c\ and substitute 
its value in the preceding. This done and the result may be reduced to the 
following form : — 

{d) Xi ?-+-2X, (? i-r ) + XJ! +i(«^^ +«^'^'0 = 

which expresses the relation between the bending moments at any three con- 
secutive points of support. 

By applying this equation successively to the successive points, the bending 
moments at all the points of support may be found, after which the bending . 
moments of any point of any of the segments by Eq. {a) or (5). The reactions 
may also be easily found by the aid of the results. 

ltl-=.V — &c., and w =w' = &c., Eq. {d) becomes 

{e) X,-+-4X2+X3+tt«22=:0, 

and for the second, third, and fourth supports we have 

X2+4X3+X4+iw^* = 0, 

and so on. By taking the difference between these, we find the relation be- 
tween the bending moments for four consecutive points of support indepen- 
dent of the uniform load. 
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Example. — Suppose that there are five points of support, equidistant; and 
the load uniform. 

The bending moment at the first support, A^ Fig. 49a, is zero ; that at B 
equals that at i>, — supposing that there is a fifth point, E^ be7>ond D, Hence 
£or the first two segments, Eq. {e\ gives 

and for the second and third segments ; 

X, +4X3 + X, +it^* = 0, 

orX, + 2X3+iw>2« = 0; 

and by elimination 

Xj = —hv>l*y aJid -^3 = — Aftri*. 

Let Px) ^it ^n ^ ^^ reactions of the supports at A^ B^ &a, then the 
moments at B are 

Pi I- \wl^ = X, = - ^id* 

.-. Pi = iiTr. 

where W= the load on each segment. 
For the moments at G we haye 

The total load is 

2Pi+2P,+P3=4W 

which are the same as those given in the table on page 135. 
Whatever be the number of props, we have for the first segment 



EI^=-V,x+iwJC* 



EI^=-ir,x^-hiwx^+0^ 

EIy= -J F, aj' + ittJox^ -rC.x + Ot 
For aj=0, y=0 ; also for «=?, y=0 

.-. ^2=0, and Ci=iVil*—h^lK 
Hence over the first support we have 

^=tang*=(4F,-TDi ^* 



dx ^ ' ' '24:EI 

and for the ^deflection at the middle of the first segment 

J=(34F,-7F)3g^; 

which is always somewhat less than the maximum deflection, except when the 
beam is supported at its ends only. 
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ADDITIONAL PROBLEMS HTBIICH ARE PURPOSELIT LEFT 

UNSOLVED. 

1. Suppose that a beam is supported at its extremities, and has two forces 
at any point between. In this case the curve between the support and the 
nearest force will have one equation ; the curve between the forces another ; 
and the remaining part a third. 

2. Tn the preceding case, if the forces are equal and equidistant from the 
supports, the curve between the forces will be the arc of a circle. 

3. Suppose that the beam is uniformly loaded and rests on four supports. 

4. Suppose that the beam is supported at its extremities and has a load uni- 
formly increasing from one support to the other. 

5. Suppose that the beam is uniformly loaded over any portion of ita 
length. 

6. Suppose that it has forces applied at various points. 
These problems will suggest many others. 

7. Suppose that a beam is supported at several points, and loaded uniformly 
over its whole length. 

Let W= the weight between each pair of supports, 

^1)^2)^3} <&C') he the reactions of the supports, counting from one 
end, 
and let the distances between the supports be equaL 
Then we have : — 



No. of 
Sup- 
ports. 


" V, 


r. 


r. 


r. 


Vs 


r. 


V, 


r. 


V, 


F,„ 


2 


\w 


iw 


Frac 


tional 


parts 




ofW. 








8 


1 


¥ 


* 






* 










4 


A 


ii 


ti 


A 














5 


i\ 


II 


IS 


II 


« 












6 


41 


il 


li 


15 


n 


41 










7 


^h 


Hi 


Hi 


m 


m 


Hi 


iVi 








8 


1% 


m 


va 


m 


m 


m 


m 


■ftfir 






9 


m 


in 


m 


m 


m 


m 


m 


m 


m 




10 


m 


m 




m 


m 


m 


m 


m 


m 


m 



If the beams and props were perfectly rig^d, all but the end ones would sus- 
tain W, and the end ones each i W. 
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113. BBAISS OF TARIABI^B SECTIONS. 

For these lis variable, and its value must be substituted in 

Equation (50) before the integration can be performed. As an 

example, let the beam be 

fixed at one extremity, and 

a weight P, be suspended at 

tlie free extremity^ Fig. 50. 

Let the breadth be constant, 

and the longitudinal vertical 

section be a parabola. Then 

all the transverse sectioni 

_ ^- will be I'ectanficles. 

Pig. 50. ^ 

Let I = the length, 

h = the breadth, and 
d= the depth at the fixed extremity. 
If y is the whole variable depth at any point, we have, from 
the equation of the parabola, 

(^y = fxSy or ^ =Jpiy ''-p = 475 in which J? is the parameter 
of the parabola. 

•■y = ^ (127) 

From Equation (51) we have 

1= -^h^j in which substitute y, from Equation (127), and we 

have /= ^-yayf (128) 

The equation of moments is, see Equation (50), 

EI -T^ = -P^y 11^ which substitute TJ from Equation (128), 
and we have 

cPy _ 12Pl$ r 

Multiply by dx and integrate, observing that -^ = for a? = ^ 
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and we have 

dy 24Pi!l 



(«*-z*) 



Integrating again gives 

y is zero for a? = 0. 
y z=. A for a? = Z ; 

8P? 



.•.J = - 



^6t? 

If, in Equation (57), we substitute /: 
comes 

4PP 



.(129) 



3Jj^56Z^(Eq.(51)),itbe. 



J = ^ 



Ehil^ 



which is one-half that of Eq. (129) ; hence the deflection of a pris- 
matic beam is one-half that of a parabolic beam of the same 
length, breadth, and greatest depth, when fixed at one end and 
free at the other, and has the same weight suspended at the 
free end. 

In a similar manner the equation of the curve may be found 
for any other form of beam, if the law of increase or decrease 
of section is known. Several examples may be made of beams 
of uniform strength, which will be given in Chapter VII. 

114. BEAinS SUBJECTED TO OBIildUE STRAINS. 

Let the team be prismatic, fixed atone end, 
and support a weight, P, at the free end ; 
the beam being so inclined that the direction 
of the force shaJd make an obtuse angle with 
t/ie axis of the beam, as in Fig. 51. 
Let Pi =P sin 6 = component of P per- 
pendicular to the axis of the beam, 
and 
Pi=P cos Q = component paraUel to 
the axis of the beam. 
Take the origin at the free end, the axis 
of X being parallel to the axis of the beam, 
and y perpendicular to it. 
Then Equation (50) becomes 




Fig. 51. 
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iwg = -Pi*+P.y 






(130) 



P P 

in which |>* = ^ ; and q* = -=^ The complete integral of (130) is (see Ap 
pendix). 

y = Cie +Cte + -j« 

The conditions of the problem give 
dy 



dx 



= for a; = 2; aad 



y = f or a; = ; aad these combined with the preceding eqnatioc 



give: — 



(ql ~-ql\ p* 



= Ci + Ci\ 

From which Ci and C^ may be found, and the equation becomes completely 
known. 
We also have y := ^ fai x = I; 

ql —ql p* 

.'. J- Cid + C,e +-2'; 

I^ext, suppose that tJie force makes an acute angle with the assis of the beam, 
as in Fig. 52. 

For the sake of variety, take the origin at A, the fixed end, x^ still coin- 
ciding with the axis of the beam before flexure. Using the same notation as 
in the preceding and other cases, we have 



d'y_ 



^,=p'{l-x)-^g^U-y) 



(131) 



The complete integral is 

J-y = Aaiiq{x-hB)^?^{i^x) (132) 

in which A and B are arbitrary constants. 
From the problem we have 

y = f or a? = ; 

dv ^ ^ 

^ = f or a? = ; and 

y = JfoTX = 1; 

by means of which the equation becomes 
Fig. 52. completely known. 

One difS.culty in applying these cases in practice is in determining the value 
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of /. Before it oan be determined, th.e position of tlie azia muBt be known. 
According to Article 78, 3d case, it appears that the neutraJ axis does not co- 
iooide with the axis of the beam. Indeed, according to the same article, it la 
not parallel to the axis, and hence / ia variable, and the equations above are 
only a secondary approximation ; the first approximation being made in estab- 
lishing Gqnation (GO), and the next one in aasumiuK I constant. In practice 
we aseume that / is constant for prismatic beams, and that the ueatral axis 
coincides with the axis of the beam. 




119. FI.BXVBB OF COLirnNS 

If B. weight rests upon the axis 
of a perfectly symmetrical and 
homogeneoiis column, we see no 
reason why it sliould bend ; but 
in practice we know that it will 
bend, however symmetrical and 
homogeneous it may be, and how- 
ever carefully the weight may 
be placed iipou it. If the weight 
be small, the deflection may not be 
visible U) the unaided eye. If the 
weight is not so heavy as to crush 
the column, an equilibrium will 
be established between the weight 
and the elaatic resistance within the beam. Let the column rest 
upon a horizontal plane, and the weight P on the upper end be 
vertically over the lower end. Take the origin of coordinates 
at the lower end of the column. Fig, 53, x being vertical, and y 
horizontal. They must be so taken here, because x was as- 
sumed to coincide with the axis of the beam when Equation 
(50) was ^tablished. Then y being the ordinate to any point 
of the axis of the column after flexure, the moment of I* is Py, 
which is negative in reference to the moment of resisting forces, 
because the curve is concave to the axis of x, in which case the 
ordinate and second differential coefScient mu£t have contrary 
signs (Dif. Cal.). Hence we have, 



Fig at 



£/ 



-Pp.. 



,.(133) 
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Multiply by dy and integrate (observing that dx is constant), 
and find 

/Ill 

But -T- = for y = A = the maximum deflection. These 

values in the preceding equation give Ci = -z^^j which being 
substituted in the same equation and reduced gives 






sin — J — I- Co. 



But y = for a; = .*. (72 = 0. Hence the preceding giv« 



y = Jsin^^^x (134) 

But y = for x = 1. Therefore, if ti is an integer, these 
values reduce (134) to 

.\P = i;r^ (135) 

This value of P reduces (134) to 

•2/ 

y =1 A sinnTi J 

which is the equation of the curve. It is dependent only upon 
the length of the column and the maximum deflection. If 
yi = 1, the curve is represented by a. Fig. 54; if n = 2, by J; 
if n = 3, by 0, 

If 71 = 1, Equation (135) becomes 



«2 
71 



P=pEI (136) 
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which is the formula to be used in practice. We see that the 
resistance is independent of the deflection. If the column is 
cylindrical, / = J ;r /** (see Equation (52) ) ; 

•••^ = ^x;p.... (137) 

hence the resistance varies as the fourth power of the radius 
(or diameter), and inversely as the square of the length. If the 
column is square, 7=^6* (Equation (51) ), 

.•.^=-12"'^? (^^^^ 

These formulas, according to Navier* and Weisbach,f should 
be used only when the length is 20 times the diameter for 
cylindrical cohimns, or 20 times the least thickness for rectan- 
gular colunins ; and Navier says that for safety only -^ of the 
calculated weight should be used in case of wood, and i to ^ in 
case of iron ; but Weisbach says they should have a twenty-fold 
security. 

Mcamples. — 1. What must be the diameter of a cast-iron column, whose 
length is 12 feet, to sustain a weight of 30 tons (of 2,000 lbs. each) ; B = IQ,- 
000,000 lbs. ; and factor of safety ^. Ans. d = 7.52 in. 

2. If the column be square and the data the same as in tha preceding ex- 
ample, Equation (138) gives 



. 4 / 12 X 60,000 X (12 X 12)=^ x 20 ^. « . ^ 
* = V — (3.f416)-^16;000,000- = ^'^ "'°^^'- 

In the analysis of this problem I have followed the method 
of If avier ; but practical men generally prefer the empyi'ical 
formulas of Article 62. But it will be observed that the law 
of strength, as given in the formulas in that article, are the 
same as those given in equations (137) and (138) for wooden 
columns, and nearly the same as for iron ones. The chief dif- 
ference is in the coefficients, or constant factors. In the analy- 
sis it was assumed that the neutral axis coincides with the axis 
of the beam, but it is possible for the whole column to be com- 
pressed, although much more on the concave than on the con- 

* Navier, BSaumS des Lemons, 1838, p, 204. 

t Weisbach^B Meehanica and Engineering. Vol. 1, p. 219. Ist Am. ed. 
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vex side, in which ease the neutral axis would be ideal, having 
its position entirely outside the beam on the convex side. In 
this case, if the ideal axis is parallel to the axis of the beam, 
the value of /will be constant; and equations (137) and (138) 
retain the same form. The problem of the Jlextire of columns 
is then more interesting as an analytical one than profitable as 
a practical one. 

GRAPHICAL METHOD. 

116. THB GRAPmoAii METKOD cousists in representing 
quantities by geometrical magnitudes, and reasoning upon them, 
with or without the aid of algebraic symbols. This method has 
some advantage oyer purely analytical processes; for by it 
many problems which involve the spirit of the DiflFerential and 
Integral Calculus may be solved without a knowledge of the 
processes u4ed in those branches of mathematics ; and in some 
of the more elementary problems, in which the spirit of the 
Calculus is not involved, the quantities may be directly pre- 
sented to the eye, and hence the solutions may be more easily 
retained. It is distinguished, in this connection, from pure 
geometry by being applied to problems which involve mechan- 
ical principles, and to use it profitably in such cases requires a 
knowledge of the elementary principles of mechanics as well 
as of geometry. 

But graphical methods are generally special, and often re- 
quire peculiar treatment and much skill in their management. 
It is not so powerful a mode of analysis as the analytical one, 
and those who have sufiicient knowledge of mathematics to use 
the latter will rarely resort to the former, unless it be to illus- 
trate a principle or demonstrate a problem for those who cannot 
use the higher mathematics. A few examples will be given 
to illustrate this method. 

117. GENERAIi PROBIiEIlI OF TCEB DEFIiBOTION OF 

BEAms. — To find the total deflection of a prismatic beam 
which is bent by afbrce acting normal to the axis of the beam 
without the aid of the Calculus. 

Let a beam AB^ Fig. 55, be bent by a force, P, in which 
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case the fibres on the convex side will be elongated, and those 
on the concave side will be compressed. Let AB be the neu- 
tral axis. Take two sections normal to the neutral axis at L 




Fig. 55. 



and iT, which are imdefinitely near each other. These, if pro- 
longed, will meet at some point as 0, Draw ^iT parallel to 
LO. Then will Jce^ = \, be the distance between iTiT and JEJV 
at k, and is the elongation of the fibre at k. Let eN ^=- y, then 
from the similar triangles TcNe and LON^jq have 



0N\ New LK\ ke = X 



ISTe. LN Liar 

ON " ON y- 



If, now, we conceive that a force ^, acting in the direction of 
the fibres, or, which is the same thing, acting parallel to the 
axis of the beam, is applied at k to elongate a single fibre, we 
have, from Equation (3) and the preceding one, 

T^—ke E — 
p=^EAaj^^-^^yAa, 

in which Aa\^ the transverse section of the fibre. As the sec- 
tion iV^jff' turns about iV^on the neutral axis, the moment of this 
force is 

which is found by multiplying the force by the perpendicular y. 
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Tills IS the moment of a force which is sufficient to elongate 
or compress any fibre whose original length was ZiT, an amoimt 
equal to the distance between the planes ^iV'and ZliV^measured 
on the fibre or fibre prolonged. Hence, the sum of all the mo- 
ments of the resisting forces is 

jp 

in which X denotes summation ; and in the first member means 
that the sum of the moments of all the forces which elongate 
and compress the fibres is to be taken ; and in the second mem- 
ber it means that the sum of all the quantities ^ Aa included 
in the transverse section is to be taken. The quantity, X'l^ Aa 
is called the moment of inertia^ which call I, 

But the sum of the moments of the resisting forces equals 
the sum of the moments of the applied forces. Calling the 
latter XPX^ in which X is the arm of the force Pj and we have 

E — E,I 
Xpy^XPX^-^-ZfAa^-j^ 

EI 
/. 0N= yjPx (^^^^ 

In the figure draw Lb tangent to the neutral axis at Z, and 
Na tangent at iV^ The distance ah^ intercepted by those tan- 
gents on the vertical through A^ is the deflection at A due to 
the curvature between Z and JHf, As LJf is indefinitely short, 
it may be considered a straight line, and equal x\ and IJb=^LG 
very nearly for small deflections ; and LG =: X. (Z stands for 
two points.) 

By the triangles C^ZiTand aZ5, considered similar, we have 

ON: x::Lb\ ah = -yr-iry 

ON 

in which substitute ON from Equation (139) and we have 

^ XxSPX 
ab = — ^-j — (140) 

which is sufficiently exact for small deflections. If, now, tan- 
gents be drawn at every point of the curve AB^ they will divide 
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the line A C into an infinite number of small parts, the sum of 
which will equal the line A C^ the total deflection. But the 
expression for the value of each of these small spaces will be of 
the same form as that given above for a5, in which P, Ej and / 
are constant. 

This is as far as we can proceed with the general solution. 
We will now consider 

PABTICULAE CASES. 

118. CASE 1. liET THS BEAlfl BE FIXED AT ONE END, 
AND A liOAD, P, BE APPIilEB AT THE FREE ENB._This 
is a paxt of Case I., page 109, and Fig. 37 is applicable. The moment of P, 
in reference to any point on the axis, is PX, Hence ZPX is simply PX, 
which, substituted in Equation (140), gives 

This equation has been deduced directly from the figure. It now remains 
to find the sum of all the values of JT'a;, which result from giving to XaU pos- 
sible values from i'= to X = ?. * To do this, construct a figure some prop- 
erty of which represents the expression, but which has not necessarily any 
other relation to the problem which is being solved. If X be used as a linear 
quantity, X^ may be an area and X^x will be a smaU volume. These condi- 
tions are represented by a pyramid. Fig. 56, in which 

AB = I = the altitude, and the base BCDE is a square, whose sides BC 
and CD^ each = I, Let bcde be a section parallel 
to the base, and make another section infinitely 
near it, and caU the distance between the two sec- 
tions X. 

Then Ab =z X — be = cd, 

X^ =■ area bcde, and 
X^x = the volume of the lamina 
bcde, 
which is the expression sought. The sum of aU 
the laminaB of the pyramid which are parallel to 
the base is limited by the volume of the pyramid, 
and this equals the value of the expression ^X^x 
between the limits and I. The volume of the 

pyramid is the area of the base (= l^) multiplied by one- third the altitude 
(ii), or }il\ which is the value sought. 




* This by the Calculus becomes / x^dx'^ = ^P, 

10 
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Hence, AG = ^^ 

which is the same as Equation (57). 

The value of X^x may also be found by statical moments as follows : — Let 
ABC, Fig. 57, be a triangle, whose thickness is unity, and 
which is acted upon by gravity (or any other system of pand- 
lei forces which is the same on each unit of the body). Take 
an infinitely thin strip, be, perpendicular to the base, and 
let AB=l = BC, 
Ab = X = be, and 
p = the weight of a unit of volume. 
Then Xx = the area of the infinitely thin strip be, and 
pXx = the weight of the strip be, and 
pX^x = the moment of the strip, when A is taken as 
the origin of moments. If the weight of a unit of volume be taken as a unit, 
the moment becomes X^x, which is the quantity sought, and the value of 
I.X'^x from to Hs the moment of the whole triangle ABC, Its area is \l*y 
and its centre of gravity 11 to the right of A. Hence the moment is \l* as 
before found.* 

119. CASE II.— liET TUK BE Aim BE FIXEB AT ONE END, 
ANB UNIFORMIiY liOABEB OVER ITS IVHOIiE liENGTH.- 

This is the same as a part of Case II., page 101, and Fig. 89 is applicable. 

Jjet Xbe measured from the free end, and 
to = the load on a unit of length ; then 
V)X = the load on a length X, and 

iX = the distance of the centre of gravity of the load from the section 
which is considered. 
Hence the moment is ^wX\ which equals 2PX, and Equation (140) becomes 

to x=i 
AC = nTrj ^X'^x = the total deflection. 

To find the value of IX-^x, observe, in Fig. 56, that X^x is the volume of 
the lamina bede, and this multiplied by the altitude of A — bede, which is X, 
gives X-^aj, the expression sought. Hence the sum sought is the volume of the 
pyramid A — BGDE, multiplied by the distance of the centre of gravity of 
.the pyramid from the apex ; or, 

•'■^^=8&i=8Mrr ^^^) 

where W is the total load on the beam. 



• This may be written 2 X^x = il'\ 

x=0 
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ISO, CASE III.--IiET THE BEAITI BE SUPPORTED AT 
ITS ENDS AND liOADED AT THE HIDDIiE BIT A IVEIGHT P, 

as in Fig. 40. The reaction of each support is iP, and the moment is ^PX, 
and Equation (140) becomes 

But in this case the greatest deflection is at the middle, and the limits of 
^X'^x are and \l. Hence, in Fig. 56, let the altitude of the pyramid be \l^ 
and each side of the base also \l^ and the volume wiU be 

which is the same as Equation (73). 



ISl. CASE IT. liBT THE BEAlfl BE SUPPORTED AT ITS 
£NDS and UNIFORMIilT LOADED, AS IN FIG. 42. 

V) being the load on a unit of length, the reaction of each support is \wl^ 
and its moment at any point of the beam is ^uHX. On the length X there is 
a load wX^ the centre of which is at \X from the point considered ; hence its 
moment is \wX^_^ and the total moment is the difference of these moments; 

.-. ^PX = \wlX - \wX\ 

and Equation (140) becomes 

and the total deflection at the middle is, 



^ iX=\l x=\l \ 

AJaj.l\x=,{i a:=0 / 



The values of the terms within the parentheses have already been found, 
and by substracting them we have 



384 E.r 



1S3. REMARKS ABOUT OTHER CASES.— This method, which 
appears so simple in these cases, unfortunately becomes very complex in many 
other cases, and in some it is quite powerless. To solve the 9th and 10th 
cases, pages 124 and 125, necessitates an expression for the inclination of the 
curve, so that the condition of its being horizontal over the support may be 
imposed upon the analysis. But the 9th case may be easily solved if we find 
by any process that the weight which must be suspended at the outer end of 
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the beam to make it horizontal over the support is \Pl divided by -4(7, Fig. 
47. For the reaction of the support is iP+Pi ; 

=PiAa^iPX 

:=\Pl-iPX 

PlXx - 4PX«« 



ab = i 



KI 



and the deflection at the centre — \ -^-i if^^ — 4SZ*aj) taken between the 

Ji/.l 

limits and \L 

The part ^Xx is the area of a triangle whose base and altitude are each \l^ 

.', IXx = il% and :^X*x between the limits and il, Ib^^I* .'.AC (Fig. 55), 

_ P I* 
" 192J&./* 

All these expressions contain /, the value of which remaina to be found by 
the graphical method. 



133. MOMENT OF INKRTIA OF A RBCTANGIiE. 

Required the moment of inertia of a rectangle a^bout one end as an aaeU. 

Let ABGDf Fig. 58, be a rectangle. Make BG perpendicular to and equal 
AB^ and complete the wedge Q — ABGD, 

Let Aa = the area of a very small surface at E^ 
and y = AE—EF, then 

ybka = the volume of a very small prism EF^ 
and this multiplied by y gives 

^<Aa=the moment of inertia of the elemen- 
tary area at E^ which is also the 
statical moment of the prism EW^ 
and 

2^^ Aa=:/=the moment of inertia of the rec- 
tangle ABGB, 

Hence the moment of inertia of the rectangle is Fig. 58. 

represented by the statical moment of the wedge 
G-ABGB. If 

AB =z d = BG, and 

AB=zb, 
then the volume of the wedge is 

bdx id= ibd* 

and the moment = ibd* x id = ^bd' )^^) 

If the axis of moments passes through the centre of the rectangle, and 
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parallel to one end, we have BE— 0B= id in Fig. 59. 
of inertia of the rectangle = 

2xbxidxidxiotid='^M^ 

which is the same as Equation (51). 



Hence the moment 



1S4. THE MOlflENT OF INERTIA OF A TRIANGIiE about 
an axis parallel to the base and passing through the vertex is, in a similat 
way, the statical moment of the pyramid ABGDEy Fig. 60. 

Let h — GB = base of the triangle, and 

d = AB = BD = GE = altitude of the triangle and pyramid and sides 
of the base of the pyramid. 

The volume of the pyramid = J5df*. 

The centre of gravity is \d from the apex, consequently the statical moment 
S&\hd^x\d-\hd^. 

But in a triangular beam the neutral axis passes through the centre of grav- 
ity of the triangle, and it is desirable to find the moment of inertia about an 
axis which passes through the centre and parallel to the base. 

This may be done as in the preceding Article ; but it may be more easily 





done by using the formvla of reduction^ which is as follows : — The moment of 
inertia of a figure about an aaia passing throvgh its centre equals the moment 
of inertia about an axis parallel to it^ minus the area of the figure multiplied by 
the square of the distance between the agones. (See Appendix.) 

This g^ves for the moment of inertia of a triangle about an axis passing 
through its centre and parallel to the base 



\bd^ - ibd X (i(f)« = ^ bd' 



.(143) 



IftS. THE MOlflENT OF INERTIA OF A CIRCIiE may be 

represented in the same way, but it is not easy to find the volume of the 
wedge, or the position of its centre of gravity, except by an analysis which is 
more tedious than that required to find the moment directly, as was done in 
Equation (51). But it may be found practically, by those who can only pex^ 
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form malUplioation, as follows ; — Make a wedg«-8h«ped piece out of wood, 

or ptastei-of -Paris, or otliex convenient material, the base of which ia the aeis- 
icircle required, and whoee altitude equals the ladiua of the eircle, as BhowD 
in Pig. GOa ; then Snd its volume by immersing it in a liquid and meaanring 
the amount of water displaced. Then determine the horizontal distance to 
the centre of ffravitj of the wedge from the centre of the circle by balancing 
it on a knife edge, holding' the edge of the knife under the base of the wedge, 
and parallel to the edge, ab, of the wedge, keeping the aide vertical, and meas- 
niing the distanoe between the edge ab and the line of .aapport. Then Hie 
statical moment of the wedge, which equals the moment of inertia of Oie 
semiciicle, is the product of the volume multiplied by the horizontal distance 
of the centre from the edge, and twice this amount is the moment of inertia 
of the whole circle. Its vslne for the whole circle, or for both wedges, is 

w. 

There are, however, many methods of cslcnlating the moment of iuertia of 
a cirnle without using the Calculus. The following appeals aa simple as any 
of the known methods ; — 

The moment of inertia of a circle is tbe same abont all its diameters. Hence 
the moment about X in the Bgure, jitia the moment about Y, equals twee the 
it X. The distance to any point A is ii, and equals Vns' -k-p' ; 
y' ; and it ila be an elementary area, as before, we have 

2X^a at' = XAa x' + lAay' = SAap', 




Fia. a06. 

the tatter of which is called the polar moment of inertia, in reference to an 
axis perpendicular to the plane of the ctrote, and passing through its centre G. 
To find the valne of lAn p', take a, triang-le whose base and altitnde are each 
equal to r, the radios of the circle, and revolve it about the axis through C, 
and construct an iuQnitely small prism on the element Aa as a base. 
We have p = CA = AB, Fig. 60c, 

A«(j ^ volume of the small prisra AB. 
Aap OA = ia/i' = the statical moment of AS, 
which expression is of the form of the quantity sought. 

Hence Sia p' Is tlie product of the volume of the solid geueiated by the trian- 
gle, multiplied by the abscissa of its centre o' gravity from C Tbe solid is 
what lemoins of a <7linder after a cone has been taken out of it, the base it 
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the oone being the upper base of the cylinder, and the apex of which is at the 
centre of the base of the cylinder. Hence the volufne of the solid is the vol- 
ume of the cylinder, less the volume of the cone ; 

or Trr* X r— 7rr* x \r =^nr^. 

If now the solid be divided into an infinite number of pieces, by planes 
which pass through its axis, each small solid will be a pyramid, having its 
vertex at (7, and the abscissa to the centre of gravity of each will be ir from 
C» Hence we finally have 

2Aa /)* = I Trr® x fr = i^rr*, 
which equals 22Aa x*, 

.'. 2Aaaj« = i7rr* (144) 



136. MOMENT OF INERTIA OF OTHER SURFACES. — 

The general method indicated in the preceding articles is applicable to sur- 
faces of any character, and with careful manipulation approximations may be 
made which will be very nearly correct, and, as we have seen above, in some 
cases exact formulas may be found. 

137. VIBRATIONS OF BEAMS.—If a load be placed suddenly 
upon a beam, and be left to the action of the elastic forces, it will vibrate. 
Or if a load is upon the beam and the deflection be increased or decreased by 
an external force, and then left to the action of the elastic forces, it will 
vibrate the same as before. Take the case shown in Fig. 36, and suppose 
that the weight is applied suddenly. 

Let z be the variable deflection ; then from Eq. (57) we find that the pres- 
sure, P'f which will produce this deflection is 

^ - P ^^ 

and hence the pressure which is still available for producing the maximum 
deflection is 

SET 
V 



-IT (^-«) 



d^z P dH 

375 = the acceleration and — rn 
dt* g dt^ 



From Mechanics we have -^ = the acceleration and — •;^= the moving prea- 
gure=:-^ (^-«). 



Integrating once gives 



P dz^ SEI ,^ , 

IT ^ 



y \ 



SgJSI V2/ie-»* 
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For = ^, we haye 



— -=-ver Bin "7 
SgEI ^ 



hence ihey are iflochronoas. The weight of the beam has been neglected. 
We wonld find a similar expression if the beam were nnif ormlj loaded, or if 
supported at its ends. 
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TEANSVEBSE STRENGTH. 



138. STBENGTH OF RECTANGCLAK BBABIS. Tho the- 

orie8 which have been advanced from time to time to explain 
the mechanical action of the fibres, have been already given in 
Chapter IV. 

First, consider the common theory, according to which the 
neutral axis passes through the centre of gravity of the trans- 
verse sections, and the strain upon the fibres is directly propor- 
tional to their distance from the neutral axis. 

Continuing the use of the geometrical method, let Fig. 61 
represent a rectangular beam 
which is strained by a force J* 
applied at any point. Let de be 
on the neutral axis, and aJ repre- 
sent the strain upon the lowest 
fibre. Pass a plane, de-cb, and 
the wedge so cut ofE r&presents 
the strains on the lower side, and 
the similar wedge on the other 
side represents the strains on tbe 
upper side. 

Let Ji = the ultimate strain 
upon a unit of fibres most re- 
mote from the neutral axis on the aide which first ruptures, on 
tbe hypothesis that all the fibres of the unit are equally 
strained, and 5 = the breadth and d = the depth of the beam. 

Let ah = R; then, the total resistance to compression = ^Rh 
y. id = iRM, = the volume of the lower wedge ; and the mo- 
ment of resistance is this value multiplied by the ordinate to 
the centre of gravity of the wedge from de, which is f of id = 
id; consequently the moment is 
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and as the moment of resistance to tension is the same^ tJie total 
moment of resistance is 

\Rhd^. (145) 

which equals the moment of the applied or bending forces. 

If the beam be fixed at one end and loaded by a weight, P, 
at the free end, we have for the dangerous section^ or that most 
liable to break, 

PI = \Rhd^. 

In rectangular beams the dangerous section will be where the 
sum of the moments of stresses is greatest, the maximum values 
of which for a few cases are given in a table on page 128. 
Using those values, and placing them equal to ^RhcP^ and we 
have for solid rectangular beams at the dangerous section, the 
following formulas: — 

For a beam fixed at one end and a load, P, at the fees 
end; 

PI = ^RhcU" (146) 

And fob an uniform load; 

i TFZ = \RhcP (147) 

For a beam supported at its ends and a load, jP, at the 
middle; 

iPl = iRb€P (148) 

And for an uniform load ; 

iWl = ^RhdJ" (149) 

And for a load at the middle, and also an uniform load; 

i(2P + W)l =\Rh€P (150) 

For a beam fixed at both ends and a load, Py at the 
middle; 

iPl = \RlcP (151) 

And for an uniform load, end section ; 

^ Wl = ^Rbd^ (152) 

Middle section ; 

■^Wl= \RhdJ' (1 5 3) 
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These expressions show tliat in solid rectangular beams the 
strength varies as the breadth and square of the depth, and 
hence breadth should be sacrificed for depth. In all the cases, 
except for a beam fixed at the ends, it appears that a beam will 
support twice as much if the load be uniformly distributed over 
the whole length as if it be concentrated at the middle of the 
length. The case in which a beam is fixed at both ends and 
loaded at the middle has given rise to considerable discussion, 
for it is found by experiment that a beam whose ends are fixed 
in walls of masonry will not sustain as nmch as is indicated by 
the formula, and also that it requires considerably more load to 
break it at the ends than at the middle, but the analysis shows 
that it is equally liable to break at the ends or at the middle. 
But it should be observed that there is considerable difference 
between the condition of mathematical fixedness, in which case 
the beam is horizontal over the supports, and that of embedding 
a beam in a wall. For in the latter case the deflection will 
extend some distance into the wall. 

Mr. Barlow concludes from his experiments that Equation 
(151) should be 

iPl = iEid' (154) 

and this relation is doubtless more nearly realized in practice 
than the ideal one given above. In either case, it appears that 
writers and experimenters have entirely overlooked the effect 
due to the change of position of the neutral axis, which must 
take place. It has been assumed that the neutral axis coincides 
with the axis of the beam, and that its length remains unchanged 
during flexure ; but if the ends of the beam are fixed, the axis 
must be elongated by flexure, or else approach much nearer the 
concave than the convex side, or both take place at the same 
time, in which case the moment of resiatmiGevfiW not be \RbcU^. 
The phenomena are of too complex a character to admit of a 
thorough and exact analysis, and it is pi-obably safer to accept 
the results of Mr. Barlow in practice than depend upon theo- 
retical results. 
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129. MODuiiUs OF RUPTURE. — ^Wheu a beam is Bnp 
ported at its ends, and loaded uniformly over its whole lengti, 
and also loaded at the middle, we find from Equation (150). 

^^=♦-^2^^ a») 

in which W may be the weight of the beam. Beams of known 
dimensions, thus supported, have been broken by weights placed 
at the middle of the length, and the corresponding value of B 
has been found for various materials, the results of which have 
been entered in the table in Appendix III. This is called the 
Modulus of Rupture, and is defined to be the strain at the 
instant of rupture upon a square inch of fibres most remote 
from the neutral axis on the side which first ruptures. It 
would seem from this definition that li should equal either the 
tenacity or crushing resistance of the material, depending upon 
whether it broke by crushing or tearing, but an examination of 
the table shows the paradoxical result that it never equals 
either, but is always greater than the smaller and less than the 
greater. 

The tabulated values of i? being found from experiments 
upon solid rectangular beams, they are especially applicable 
to all beams of that form, and they answer for all others that do 
not depart largely from that form ; but if they depart largely 
from that form, as in the case of the X (double T) section, or 
hollow beams, or other irregular forms, the formulas will give 
results somewhat in excess of the true strength ; and in such 
cases Barlow's theory gives results more nearly correct. 

But if, instead of 7?, we use T or C^ whichever is smaller, in 
the formulas which we have deduced, and suppose that the 
neutral axis remains at the centre of the beam, we shall always 
he on the safe side / but there would often be an excess of 
strength, as, for instance, in the case of cast-iron the actual 
strength of the beam would be about twice as strong as that 
found by such a computation. 

The difficulty is avoided, practically, by using such a small 
fractional part of li as that it will be considered perfectly safe. 
This fraction is called the coefficient of safety. The values 
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coramonly used for beams are the same as for bars, and ar« 
given in Article 43. 

Experiments should be made upon the material to be used in 
a structure, in order to determine its strength ; but in the ab- 
sence of such experiments the following mean values of R are 
used : — 

850 to 1,200 lbs. for wood, 
10,000 to 15,000 lbs. for wrought-iron, and 
6,000 to 8,000 lbs. for cast-iron. 

130. PRACTICAIi FORlVIUIiAS. 

If ^ = 1,000 for wood, and 

12,000 for wrought-iron, 

we have for a rectangula/r heam^ supported at its ends and 
loaded at the middle of its lengthy 

P = — T — for wooden beams ; and 

„ 8000*^ 
1 = =j lor wrought-iron beams. 

The length of the beam, and the load it is to sustain, are 
generally known quantities, and the breadth and depth are 
required ; but it is necessary to assume one of the latter, or 
assign a relation between them. For instance, if the depth 
be n times the breadth, the preceding formulas give 

and J = V -gooo;^ 5 ^""^ '^ = V 8000 *'''" ^«>°8^*-^'^» 5 (15T) 



131. THB REIiATIVS STRENGTH OF A BEAM uudcr 

the various conditions that it is supported or held is as the mo- 
ment of the applied forces ; hence, all the cases which have 
been considered may, relatively^ be reduced to one^ by finding 
how much a beam will carry which is fixed at one end and 
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](fB4l(id at the free end, Equation (146), and multiplying the 
roHultu by the following factors : — 

FACTOBfli 

Iksam fixed at one end and loaded at the other 1 

" " " " uniformly loaded. 2 

Beam supported at its ends and loaded at the middle 4 

" " " " uniformly loaded 8 

Beam fixed at one end and supported at the other, and 
uniformly loaded 8 

Beam fixed at both ends and loaded, at tKe middle 8 

" " ** " uniformly loaded 12 

If it is required to know the breadth of a beam which wiK 
flUHtain a given load, find 5, from Equation (146) ; and for a 
beam in any other condition, divide by the factors given above 
for the corresponding case. 

If the depth is required, find c?, from Equation (146), and 
divide the result for the particular case desired by the square 
root of the above factors. 

139« BXAIVIPLES. 

1. A beam« whose depth is 8 inches, and lengfth 8 feet, is snpiwrted at its 
ends, and required to sustain 500 pounds per foot of its length ; required its 
broadtli so tliat it will have a factor of safety of iV? ^ being 14,000 pounds. 

From Equation (140) we have, 

. ^Pl 6x500x8x8x12 „.^ . ^ 
^ = iUP = i400"x-8^ = 2of inches; 

'fOid by examining the above table of factors we see that this must be divided 
biy 8 ; . •. Ans. 3-ft^ inchesi 

d. If /=10feet, Pat the middle =2,000n».,d = 4 inches, i?= 1,000 Iba., 
xequinnl ct Ans. 9.48 inches. 

3« If a bc^am* whoee length is 8 feet breadth is 3 inches, and depth 6 inches^ 
is snp(Hmed at its endsk and is broken bv a weight of 10.000 pounds placed at 
the mi\MK and the weight of a cubic foot of the beam is 50 pounds ; required 
the value of i!L Tee Equation ^50). 

4 If i?= 8l\0001b9^. /= Id feet & = S inches. d=5 inches, how mwA 
will the beam snstaiR if supported at its ends and loaded unif orml v over its 
whole length, codBcient otf safety (? An& W = 9.259 lbs. 

^ A wvx>d«a beam, wlti^i^ length is IS feet is 8iippoi:ted at its ends : ze- 
q«ned its bKedullh and def«(h so that it shall sustain one ton. unif ormlj distzi- 
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buted over its whole length. Let B = 15,000 lbs. , coefficient of safety iV, and 
depth = 4 times the breadth. Ans. b = 2.0S inches 

d = 8.32 inches. 

6. A beam is 2 inches wide and 8 inches deep, how much more will it sustain 
with its broad side vertical, than with it horizontal ? 

7. A wrought-iron beam 12 feet long, 2 inches wide, 4 inches deep, is sup- 
ported at its ends. The material weighs i lb. per cubic inch ; how much load 
wiU it sustain uniformly distributed over its whole length, R = 54,000 lbs. ? 

Ans. Without the weight of the beam, 15,712 lbs. 

8. A beam is fixed at one end ; i = 20 feet, 6 = IJ inch, B = 40,000 lbs. ; 
weight of a cubic inch of the beam \ lb. Required the depth that it may sus- 
tain its own weight and 500 lbs. at the free end. Ans. 4.05 inches. 

9. The breadth of a beam is 3 inches, depth 8 inches, weight of a cubic foot 
of the beam 50 pounds, M = 12,000 ; required the length so that the beam 
shall break from its own weight when supported at its ends. 

Ans. I = 175.27 feet 

133. REIiATION BETITEEN STRAIN AND DEFLECTION, 

— ^When the strain is within the elastic limit we may easily find 
the greatest strain on the fibres corresponding to a given de- 
flection. For instance, take a rectangular beam, supported at 
its ends and loaded at the middle of its length, and we have 
from Equation (148) 

and from Equations (73) and (51) 

A = ^ -T^-^j which becomes, by substituting P from the pre- 
ceding, 

.•.i?=^J (158) 

Examples, — 1. If ? = 6 feet, J = IJ incli, <f = 4 inches, coefficient of elas- 
ticity = 25,000,000 lbs. is supported at its ends and loaded at the middle so as 
to produce a deflection at the middle of // = f inch ; required the greatest 
strain on the fibres. Also required the load. 

2. On the same beam, if the greatest strain is i? = 12,000 lbs., required the 
greatest deflection. 

3. If the beam is uniformly loaded, required the relation between the 
greatest strain and the greatest deflection. 
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134. HOiiiiOir RECTANGviiAR BEAMS. — If a rectangulai 
beam has a rectangular hollow, both Byrametrically placed in 
reference to the neutral axis, as in Fig. 62, we may 
find its sti'ength by deducting from the strength of 
a solid rectangular beam the strength of a solid 
beam of the same size as the hollow. But in this 
case, when the beam ruptures at J, the strain at V 
p g2 will be less than R, As the strains increase di- 
rectly as the distance of the fibres from the neutral 
axis, we have, if e? and d' are the depth of the outside and 
hollow parts respectively, 

df 
\d : \d' :: JS : strain at i^ = ^'If' 

If J' = the breadth of the hollow, the stress on that part, if it 
were solid, would be, according to Equation (145), 



^(li^)yd^ = ill 



d 



which, taken from Equation (145), gives for the resistance of a 
hollow rectangular beam, 

\ir-^^ (159) 



b 

Fig. 63. 



If the hollow be on the outside, as in Fig. 63, 
forming an H section, the result is the same. 



135. IF THB VPPER AND I<OWER FI^ANGSS ARB UN- 

BQi^AL it forms a double T, as in Fig. 64. Let the notation 
be as in the figure, and also d^ equal the distance from the neu- 
tral axis to the upper element, and x the distance from the 
neutral axis to the lower element. 

To find the position of the neutral axis, make tlie statical 
moments of the surface abovB it equal to those below it. This 
gives 
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^ V {di~\ d") + iS'" {d^ - d'f = d" h" {x-\ d") + J h'" 

{x -d'y (160) 

We also have di = d — x = d' + d" + d'" — x. . (161) 
Tlieee egaatioos will give x and di. 




Fig. 64. 
Constnieting the wedges as before, and the resistance to com- 
pression is represented by the wedge whose base is V </, and 
altitude R, minun the wedge whose base is (J' — h'") {di — d') 

and altitude — j — Ji. Hence tlie 
-d' , 



isRh'd^-^- 



resistance to eompi-ession ii 
-R{h' - h"') (^ - d') 



The centre of gravity is at | the altitude, or ^i for the for- 
mer wedge, and |(rfi — d') for the latter, and if the volumes he 
multiplied by these quantities respectively, it will give for tlie 
momeni of resistance to compression 



iEVd;-i~(V-¥"){A-^f 



11 
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deflect sidewise than in the direction of the depth. In this case, 
as soon as the beam is bent there is a tendency to torsion. Both 
these conditions make the beam weaker than when the sides 
are vertical. If the tendency to torsion be neglected, the case 
may be easily solved ; but the result shows the advantage of 
keeping the sides vertical. 

147. THS STRONGEST RECTANGUI<AR BBAM which CaU 

/[ 5 be cut from a cylindrical one has the breadth 

to the depth as 1 to 4/2, or nearly as 5 to 7. 

Let X = AB = the breadth, 
y = AC = the depth, and 
„ ^ I) = AD = the diameter. 

Fig. 74. 
Then, 

and Expression (173) becomes 

which by the Differential Calculus is found to be a maximum 
for 

x = D \/^.\y = D f'i 

,\x : y :: 1 : |/2 or nearly as 5 to 7. 

Easamples. — How mucli stronger is a cylindrical beam than the strongest rec- 
tangular one which can be cut from it ? 

(For the strength of a cylindrical beam, see Equation (180) .) 

Ans. — About 53 per cent. 

How much stronger is the strongest rectangular beam that can be cut from 
a cylindrical one, than the greatest square beam which can be cut from it ? 



148. TRiANGuiiAR REAivis. — If the basc is perpendicular 
to the neutral axis, as in Fig. 75 ; 

Let d = AD = the altitude, and 
b = DC= the base. 

Take the origin of coordinates at the centre of gravity of the 
triangle, y vertical and u horizontal. 
Then, by similar triangles, 
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We also have 






ib :y ::d: id + u 




.(176) 



in which A is the area of the triangla 





Fig. 75. 

If the base is parallel to the neutral axis, as in Fig. 76, then, 
by similar triangles, 

d:ih::id — y:u 

fudy 
id 




y) fdy =: ^bcP {*) 



We also have 
dt=%d 



* This is more easily solved by taking the moment about an axis through 
the vertex and parallel to the base, and using the formula of reduction. See 
Appendix. 
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••• ^i= ifRhcP^ -^ RAd (176). 

di 

Expressions (173) and (175) show that a triangular beam 
which has the same area and depth as a rectangular one, is only 
half as strong as the rectangular one. 

Some authors have said that a triangular beam is twice as 
strong with its apex up as with it down, but this is not always 
the case. If the ultimate resistance of the material is the same 
for tension as for compression, the beam will be equally strong 
with the apex up or down. 

If the beam is made of cast-iron, and supported at its ends, it 
will be about 6 times as strong with the apex np as down ; but 
if the beam be fixed at one end, and loaded at the free end, it 
will be about 6 times as strong with the apex down as with it up. 

149. TRAPEzoiDAii BEAM. — Required the strongest trap- 
ezoidal heatn which can he cut froin a given triangular oneJ^ 

c Let ABC be the given triangle, 

ABED the required trapezoid, 
i^ rf = CO = the longest altitude, 

\ h = AB, di^FH, w^CF, 

\j z = CH =^d^ + Wy and v = DE. 

\ IJis the neutral axis of the trapezoid, 

^B which passes through its centre of gravity 

Fig. 77. JI- We may then find : — 

, .d 2P-hv-^ 
^ = ir^ — r-^ 

-^ V 

which is to be a maximum. By the Calculus we find, after re- 
duction, that 



* See an article by the author in the Journal of FranJdin InaHt/aU^ Vol. 
XLI., third series, p. 198. 
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^,8 + 5 J^ + 752|, - J8 = 0, 

for a maximum, which solved gives 

V = 0.130935 or 0.135 nearly, and hence 
w = 0.13093rf or 0.13^. (178) 

wliich substituted in (177) gives 

Ji^ = 0.545625 ^ (179). 

Dividing Equation (179) by Equation (176) gives 1.09125 ; hence 
from (178) and (179) we infer that if the angle of the prism he 
taken qff^O.lS of its depth^ the remaining trapezoidal heam will 

he 1.091 times as strong as the triangular onCj which is a gain 
of over 2 per cent. 

In order to explain this paradox it must be granted that the 
condition does not require that the beam shall be broken in 
two, but that a fibre shall not be broken — in other words, the 
beam shall not be fractured. The greatest strain is at the edge, 
where there is but a single fibre to resist it ; but, after a small 
portion of the edge is removed, there are many fibres along the 
line DE^ each of which will sustain an equal part of the 
greatest strain. 

If the triangular beam were loaded so as to just commence 
fracturing at the edge, the load might be increased 9 per cent, 
and increase the fracture to only thirteen-hundredths of the 
depth ; but if the load be increased 10 per cent, it will break 
the beam in two. 

These results are independent of the material of which the 
beam is made. If the beam be cut off J the depth, its strength 
is found from Equation (177) to be 

lihd^ 



0.465608 



12 



which is 0.93101 of Equation (176). 

Mr. Couch found* for the mean of seven experiments on tri- 
angular oak beams of equal length, that they broke with 306 
pounds. Tlie mean of two experiments on trapezoidal oak 

* See Barlow's Strength of MatericUa, 
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beams, made from triangular beams of the same size as in the 
preceding experiments, by cutting off the edge one-third the 
depth when the narrow base was upward, was 284.5 pounds. 
This differs by less than half a pound of 0.931 times 306 
pounds. 

150. cYiiiNDBioAL BBAiHs. — The momeut of inertia of a 

circular section in which r is the radius, is 

T 

di — r; 

.•.^=ii?^ (180) 

If polar coordinates are used, we have 

dudy = pdpd^^ 

where p is a variable radius and ^ a variable angle. 

Also y = p sin <f> 




Jo Jo 



= iW^i(l — cos 2<f>) dff> = iTT/**, as before. 
For a circular annulus we have 

By comparing Equations (180) and (145) we see that the 
strength of a cylindrical beam is to that of a circumscribed 

rectangular one as ^ : ^, or as 0.589 + : 1. 

Also the strength of a cylindrical beam is to that of a square 
one of the same area as \liAd' to \RAd {d^ being the diameter 
of the circle), 
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or as 



1 : 1 1^— = f |/7r j or as 1 : 1.18 nearly. 



It may be shown in the same sense as explained in the pre- 
ceding article, that if a thin segment be removed from the 
upper and lower sides of the beam it will be stronger. 

151. BlililPXTCAIi BEAMS. 

Let h zsz the conjugate axis, and 
d = the transverse axis ; then 
if <? is vertical (Fig. 79), we have 
1=-^ nbd^ and di = id. 

If J is vertical (Fig. 80), we have 

/= -^^nb^d and d^ = ib. 





15S. PABABOIilO BBAMS. 




Fia. 81. 




Fig. 82. 



If 5 = the base, and 

d =■ the height of the parabola, and 
if (2 is vertical (Fig. 81), we have 

I = tM^*, and <^i = id. 

If * is vertical (Fig. S% then 

•^ = -h^^d^ and di = JJ. 
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153. ACCORDING TO BARIiOHT'S THBOBT we haT6 

^^fy*dydu'^^it>ffydydu = J:Px (181) 

which mnst be integrated between the proper limits to indnde the whole 
section. 

If the neutral axis is at the centre of the sections, and the beam is rectan- 
gular, we have 

which reduced gives 

hence, if <f> has any ratio to T^ the law of resistance in solid rectangular beams 
is the same as for the common theory only. 

If ^ = !r, this becomes 

:fiTbd*. 



154. OBiiiaiTE STRAINS. — ^If the force be inclined to the 
axis, as in Fig. 83, let 6 = the angle which P makes with the 
axis of the beam. 




Fig. 83. 

Then P2 = -^ cos ^ = longitudinal component, 
Pi = P sin ^ = normal component. 

If Jf = the transverse section, then 

P cos ^ , , , . . .^ - 
= — = the tension or compression upon a unit of 

section due to the direct pull or push. This tends directly to 
diminish the tabular value of H in the formula. If the beam 
be fixed at one end and P be applied at the free end, as in 
Fig. 83, the equation of moments becomes 






which for rectangular beams becomes 



Px&inO 
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= ^B-^^f^ (182) 



in which is always acute. 

This solution does not recognize any deflection. If the di- 
rection of P2 does not intersect the neutral axis at the fixed end 
it will have a moment. 

If flexure is considered, we find the strain upon the most 
remote fibre from the neutral axis at the fixed end, to which 
add the strain due to a direct pull (or push), which sum should 
not exceed the tabular value of i?. 

From Equation (171) we have 

P 
which is the strain on a unit of the extreme fibres. 
From Equation (130) we have 

at the fixed end where the strain is evidently a maximum. 
From the Equations following (130) we find 

, . p'ie!" -er<") , ,, 
which substituted above gives 

__ d^ P sin e (f^ - (g-gQ 

. Ji^P^ , d,P, / ^^-^-n 
••^^"A""^ Tq \^' + e-^'} 

_qIRl P, \ ( ^^ + e^^ 

• • ^' " "^\ KB J \e<^' - 6-^7 

In the solution thus far we have supposed that rupture takes 
place on the side of tension, but if it should take place on the 
compressed side, we would have 
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The total load, P, which the beam can sustain in these cases 
can be found only by a series of approximations, since P% and 
q both involve P. 

The solution of the case shown in Fig. 83a, when flexure is not 





Fig. 83a. 



Fig. 83*. 



considered, is given in " Bridges and Roofs," p. 20. If flexure 
is considered, the reaction at the ends will be treated as the 
oblique forces, and the solution made substantially as in the 
preceding case. 

155. POSITION OF THE NEUTRAIi AXIS FOR MINIMUM 
STRENGTH. 

Let Iq = the moment of inertia of the section when the axis 
passes through the centre of gravity of the sec- 
tion, 
I = the moment of inertia of the same section about an 

axis parallel to the former, 
J) = the distance between the axes, 
A = the area of the section, and 

Oi = the ordinate to the most remote fibre from the 
centre. 
Then D + ai = the ordinate to the most remote fibre from the 
second axis, and 

p 7 lo + AJO^ 
which is a minimum for 



.{181c) 



i> = ..[-i±4/i + ^J 
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One of the roots is positive and less than dx<i and the other 
is negative' and greater than ^, but both give an algebraic 
minimum. 

For a rectangle A = hd^ 1^ = -^^^j and ai •-= ^, 

.-. B = 0.077326? or - 1.07732^. 

Using the positive value, we have 

which is only 0.9282 of the strength when the axis passes through 
the centre. 

If the sections are circular 

B = 0.11807r 
and 

^- = 0.7415i?r», 
di 

which is 0.9441 of the strength when the axis passes through the 
centre. 

Has this analysis any physical signification 1 Being entirely 
independent of the character of the material, it does not 
explain the difference between the values of H and T or G. 
So far as the analysis is concerned there is nothing to determine 
which way the neutral axis will move from the centre. 

In some cases, jpractically, we might have (^ = ai — -D ; in 
which case we have for a minimum 



[' -^^,] 



■which for rectangular beams gives 

D = 1.077<^ or - 0.077<;. 
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CHAPTEE VII. 

BEAMS OP UNIFORM RESISTANCE. 

156. GBNERAii BXPRESsiON. — ^If bcams are so formed 
that they are equally liable to break at every transverse section, 
they are beams of uniform resistance^ and are generally called 
heams of uniform strength. The former term is preferable, 
because it applies with equal force to all strains less than that 
which will produce rupture. In such a beam the strain on the 
fibre most remote from the neutral axis is uniform throughout 
the whole length of the beam. The analytical condition, ac- 
cording to the common theory, is : The sum, of the mom^ents of 
the resisting forces must vary directly as the sum of the moments 
of the applied forces ; hence Equation (171) is applicable; or 

RI 
5P{»=^ (182) 

which must be true for all values of x. In addition to this 
the transverse shearing strain must be provided for. To obtain 

practical results it is necessary to consider 

PARTICULAR CASES. 
157. BEAMS FIXED AT ONE END AND liOABEB AT THE 

FREE END. — Required the form of a beam of uniform resist- 
ance when it is fixed at one end and loaded at the free end. 
1st. Let the sections be rectangular, and 

y = the variable depth, and 
u = the variable width. 

Then /= -^ut^ (see Equation (51) ), 
di = iy, and 
SPx = Px = the variable load.* 

* For IPx tuse the general moments as given in the table in Article 109, bo 
far as they are applicable. 
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Hence Equation (182) becomes 

Px = ^Rwij" (183) 

a. Let the breadth be constant ; or t^ = 5 ; then (183) be- 
comes 

Px = ^Eby' (184) 

which is the equation of a parabola, whose axis is horizontal 
and parameter is -pT-* S®® ^^g- ^^* 





Fig. 84. * Fig. 85. 

5. Suppose that the depth is constant, ov y=^d. Then (183) 
becomes 

Px = \Rd^u (185) 

which is the equation of a straight line ; hence the beam is a 
wedge, as in Fig. 85. 
c. If the sections are rectangular and similar, then 

u\y \\h : d 
b 

and Equation (183) becomes 

which is the equation of a cubical parabola. 

2d. Let the sections be circular. Then 
/= ■^irif' Equation (52), in which y is the 
diameter of the circle), and d^^=^\y\ hence 
(182) becomes 

Px^i^RTnf, 

which is also the equation of a cubical para- 
bola, as shown in Fig. %^, 
3d. Let the transverse sections be rectangular, and /constant, 

the breadth and depth both being variable, then Equation (182) 

becomes 




Fig. 86. 
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.'. Equation (188) becomes iioa? = ^H -^ ; — 

a semi-cubical parabola, as in Fig. 91. 

d. Let / be constant, or -^^ui^ = -^^^^. Then Equation (182) 
becomes 

^a? = ^R ; — an hyperbola of the second order. 

159. PREVIOUS CASES cohibined. — Required the form 
of the beam of uniform resistance when it is fixed at one end 
and loaded uniformly^ and also loaded at the free end. 

The moment of applied forces is Px+^a?] hence Equation 
(182) becomes, for rectangular beams, 

Px -f- ^a? = \Rur^. 

Hence, if the depth is constant, Px + iwa? = ^Rtcd^ ; — a 
parabola. 

Hence, if the breadth is constant, Px + iws? = \Rh^\ — a 
hyperbola. 

Hence, if the sections are similar, Px + ^a? = ^R -^j? ; — a 

d 

semi- cubical parabola. 

160. uteight of the bbais considered. — Requvred 
the form, of the heam of uniform resistance when the weight 
of the beam, is the only load ^ the beam being fiaaed at one end 
and free at the other. 

a. Let the sections be rectangular and the breadth constant. 
Let X = AB ; Fig. 92, 

b — the breadth, and 

S = the weight of a unit of volume. 

Then iydx = the area ADG, and 

Sbfydx = the weight of ADO; 

the limits of integration being and x. 
1 If jP^is the centre or gravity of ADO; we have, 

fydas 
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Fig. 93. 



Fig. 93. 



The moment of the apph'ed forces is tlie weight of ADC 
multiplied by the distance BF= x — AK Hence, Equation 
(182) becomes 



which rednced gives 






(189) 



which is the equation of the common parabola, the axis being 
vertical. 

h. Let the depth he constant. In a similar way we find 



hd j icdxYx 



fvxlx 



t\ = *^^- 



This solved gives 



X 



-"Nieg N'ap. log.l s\ 



^^O+xi'-u^+C, 



in which Cand 6?" are constants of integration, and involve 
the position of the origin of coordinates and direction of tlie 
curv^e at a known point. 

c. Let the beam he a conoid of revolution^ as in Fig. 03. 
We have, as before (y being the radius of the circle), 

which reduced gives 
13 
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<^ = ^jy (191) 

which is the equation of the common parabola. 

d. Suppose, in the preceding cases, that an additional load, 
P, is applied at the free ei\d. 

Some of the equations which result from this condition can- 
not bo integi-ated in finite terms, and hence the curves cannot 
be classified. 

161. BEAMS SUPPORTSD AT THEIR ENDS. 

« 

A. Let the beam he supported at its ends and loaded at ths 
middle point. 

For this case, Equation (182) becomes, for rectangular sec- 
tions, 

iPx = \Kuf (192) 

a. If the breadth is constant, we have 
which is the equation of the common parabola. 





Fig. 94. Fia. 95. 

The beam consists of two parabolas, having their vertices, 
one at each support, as in Fig. 94. 
b. If the depth is constant, we have 

iPx = ^Rd^u (193) 

a wedge, as in Fig. 95. 
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B. If the beam is uniformly loaded, we have from Equations 
(74) and (182), 
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^ (Ix — a?) = ^Buj^ — ^if rectangular, and if the breadth is 

constant, iw (Jx ^a?) = \Riy* (1^*) 

an ellipse, Fig. 96. 

If the depth is constant, ^ {lx — a?) = \Rd^Uy a parabola, 
Fig. 97. 

C. Let the heanv have an uniform load and also an unir 
formly in/yreasing load from one end to the other ^ as m Fig. 
98. 





Pis. 98. Fig. 99. 

Let W=z the weight of the uniform load, 

Wi = the weight of the uniformly increasing load, and 
V=^ the reaction of the support at the end which has the 
least load. 
Then r=iW+iW,. 
Let X be reckoned from A. then the load on x is 

and the moment of this reaction and load on a section which is 
at a distance x from A is 



(iTr+iTro«- 



Wq^ TFiO? 



n 



SP 



(195) 



which equals ^Rhi^ for rectangular beams of uniform breadth. 
To find the point of greatest strain, make the first differential 
coeflScient of (195), equal to zero. We thus find 



^TT+iFi-^ 



0. 



If TT = 0, this gives 

mz=^l 1/3. 

When W— 0, this becomes the case of a fluid pressing against 
a vortical sor&ce. 
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16S. BEAMS FIXED AT THBiR ENDS. — If the beam is 
fixed at its ends and loaded at the middle with a weight, P^ we 
have, from Equations (117) and (182), when the breadth is 
uniform, 

\Pq. - ^x) = \Ebf (196) 

which is the equation of a parabola. The beam really consists 
of four double parabolas with their vertices tangent to each 
other, as in Fig. 99. The vertices are i? from the end. 

If the load were uniform we would obtain, in a similar way, 
a beam composed of four wedges. These are direct deductions 
from the common theory. 

This shows in a very marked degree the absurdity of not 
providing for the transverse shearing strain. All of the pre- 
ceding cases show the same absurdity. The section being 
reduced to naught leaves no ability to resist the shearing strain. 
In a case like Fig. 99, it even prevents the equation of moments 
from being ^ac^i(?aZZy realized ; for the resisting forces cannot 
be transmitted past the points A and B, 

163. EFFECT OF TRANSVERSE SHEARING STRESS on 

modifying the forms of the heam^s of uniform, resistance. 

Take, for example, the case of a beam supported at its ends 
and uniformly loaded. The transverse shearing strain is 

Ss = \wl — wx = iw{l — 2x), 

which is the equation of a straight line. Fig. 100. 





Fig. 100. Fig. 101. 

The double ordinate at the end is 

^wl -f- (J X modulus of shearing, S,) 

in which 5 is the breadth of the beam. 

If the resistance to transverse shearing varies directly as the 
transverse section, then will the triangle AOB represent the 
vertical section of one-half of a beam of uniform strength when 
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shearing alone is considered. This result is as absurd as the 
preceding. 

PracticaUy^ the two cases may be combined by adding the 
ordinates of the line AC to those of the ellipse, the result being 
shown in Fig. 101. 

Theoretically^ I do not see how they can be combined, since 
the conditions upon which the equations are established are not 
only independent, but are not simultaneous.*^ Each condition 
furnishes a determinate equation. One is an equation of mo- 
ments, and the other of forces. The practical solution above 
suggested, doubtless gives an excess of strength at all points, 
except at the ends and middle ; for by increasing the depth we 
increase the moments of resistance, and probably add more 
than is necessary to resist the transverse shearing, since that is 
greatest near the neutral axis where the strain from moments 
is least 



164. UNSOiiVEB PROBiiEMs.— Many practical problems in 
regard to the resistance of materials cannot be solved according 
to any known laws of resistance. Some of these have been 
solved experimentally, and empirical formulas have been de- 
duced from the results of the experiments, which are sufficiently 
exact for practical purposes, within the range of the experi- 
ments. The resistance of tubes to collapsing, the strength of 
columns, and the proper thickness of the vertical web of rails, 
are such problems which have been solved experimentally. 
The following problems are of this class, and have not been 
solved. The first four are taken from the Mathematical 
Monthly^ Vol. 1., page 148. 

1. Required a formula for the strength of a circular flat iron 
plate of uniform thickness, supported throughout its circumfer- 
ence and loaded uniformly. 



* To iUustrate, suppose it is required to find the radius of a sphere whose 
volume equals (numerically) the area of the surface ; and whose diameter 
equals (numerically) the area of the hemisphere. The former gives r = 3, 

1 



and the latter, r = - 



198 



THE BESI8TAKCS OT MATEBIALS. 



2. Required the strength of the same plate if the edges are 
bolted down. 

3. Required the equation of the curve for each of the pre- 
ceding cases, that they may have the greatest strength with a 
given amount of material. 

4. In the preceding problems, suppose that the plate is 
square. 

6. Required the form of a beam of uniform strength whidi 
is supported at its ends, the weight of the beam being the only 
load. Suppose, also, that it is loaded at the middle. 

The latter part of this problem has received an approximate 
solution under certain conditions, as will be seen from liie fol- 
lowing experiments. 



165. BBST FORm OF CAST-IRON BEAIS AS FOUND EX- 
PERIMENT AliliY. — Cast-iron beams were lirst successfully used 
for building purposes by Messrs. Boulton & Watt. The form 

^ of the cross-section of the beams which 



'JK 



Fig. 103. 



^ 



% 



"2 they used is shown in Fig. 102. More 
recent experiments show that this is a 
good form, but not the best. 

About 1822 Mr. Tredgold made an 
experiment upon a cast-iron beam of the 
form shown in Fig. 103, to determine its 
deflection. He recommended this form 
for beams. 

Mr. Fairbairn has justly the credit of 

^ making the first series of experiments for 

determining the he^t form of the heam. 



? 



' These experiments were prosecuted by 
himself for a few years, beginning about 1822, and continued 
still later by Mr. Hodgkinson. 

The experiments quickly indicated that the lower flange 
should be considerably the largest. 
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The following experiments were made by Mr. Hodgkinson 
(Fairbairn on Cast and Wrought- Iron^ p. 11). 

Fig. 104 shows the elevation and <iro8s-section of a beam 
whose dimension^ are as follows : — 




a 



Fig. 104. 



Area of top rib = 1.75 x 0.42 = 0.735 inches. 
Area of bottom rib = 1.77 x 0.39 = 0.690 " 

Thickness of vertical rib. 0.29 " 

Depth of the beam 5.125 " 

Distance between the supports 54.00 " 

Area of the whole section 2.82 square inches. 

Weight of the beam 36 J pounds. 

^Breaking weight 6,678 pounds. 

The form of the fracture is shown at J w r. It broke by 
tension. 



Experiment IV. 

Dimensions, Ine?ies, 

Thickness at ^ = 0.32 
" « ^ = 0.44 
" " ^^ = 0.47 
« u ;^E= 2.27 
« « DE^ 0.52 
Depth of the beam = 5.125 Fig. 105. 

Area of the section = 3.2 square inches. 
Distance between the supports = 54 inches. 
"Weight of casting = 40|- pounds. 
Deflection with 5.758 pounds = 0.25 inches. 

" " 7,138 " =0.37 

Breaking weight 8,270 pounds. 




u 
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Experiment 19. 



c 



[ 



Zl 



Fig. 106. 

Dimensions in inches : — 

Area of top rib = 2.33 x 0.31 = 0.72. 

Area of bottom rib = 6.67 x 0.66 = 4.4. 

Batio of the area of the ribs = 6 to 1. 

Thickness of vertical part = 0.266. 

Area of section, 6.4. 

Depth of beam, 5|^. 

Distance between the supports, 54 inches. 

Weight of beam, 71 pounds. 

This beam broke by compression at the middle of the length 
with 26,084 pounds. 

It is probable that the neutral axis was very near the vertex 
n^ or about f the depth. 

Experiment 21. 






Bottom FlancA 
Top Flaneh 



Fig. 107. 

This was an elliptical beam, Fig. 107. 

Dimensions in inches : — 

Area of top rib = 1.64 x 0.32 = 0.493. 

Area of bottom rib = 6.50 x 0.51 = 3.315. 

Ratio of ribs, 6^ to 1. 

Thickness of vertical part = 0.34. 

Depth of beam, 6|-. 

Area of the section, 5.41. 
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Distance between supports, 54 inches. 

Weight of beam, YOf pounds. 

Broke at the middle by tension with 21.009 pounds. 

Form of fracture b n r', b n = l.S inches. 

As these beams have all the same depth and rested on the 
same supports, 4 feet 6 inches apart, their relative strengths 
will be approximately as the breaking weight divided by the 
area of the cross secticm. 

In Experiment 1, 6,678 ^ 2.82 = 2,368 lbs. per square inch. 
" " 14, 8,270 -r- 3.2 =2,584 " " 

" " 19, 26,084 -T- 6.4 =4,075 " " 

" " 21, 21,009 -r- 5.41 = 3,883 " " 

It is evident from these experiments, that when the vertical 
rib is thin, the area of the lower rib sliould be about 6 times 
that of the upper. In the 19th experiment it has already been 
observed that the beam broke at the top, and in the 21st it 
broke at the bottom, although the lower flange was larger in 
proportion to the upper than in the preceding case, and the 
comparison shows that they were about equally well propor- 
tioned. They should be so proportioned that they are equally 
liable to break at the top and bottom. 

A beam proportioned so as to be similar to either of the two 
last forms above mentioned may be called a " type form." 



166. HODGKiNsoN's V OTtmviA AS f Or the strength of east- 
iron beams of the type form. 

Let Tr= the breaking weight in tons (gross). 

a = the area of bottom rib at the middle of the beam. 

d = the depth of the beam at the middle, 
and I = the distance between the supports. 
Then according to Mr. Hodgkinson's experiments we have 

TTT ad 

W= 2Q — when the beam is cast with the bottom 



rib up, and 



PT = 24 -y~when the beam is cast on its side. 

V 
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167. KXPERiiinsNTs ON X RAILS, — ^Experiments on T 
bars, supported at their ends and loaded at the middle, gave 
the following results : — * 

Hot blast bar, rib upward, i broke with 1,120 pounds. 

" " " downward, T broke with 364 " 

Cold blast bar, rib upward, X broke with 2,35^ " 

" " <' downward, T broke with. ... 980 « 

The ratio of the strengths is nearly as 3 to 1, but according 
to the table in Article 47, we *inight reasonably expect a higher 
ratio. If a greater number of experiments would not havo 
given a higher ratio, we would account for the discrepancy by 
supposing that the neutral axis moved before rupture took 
place, or that the ratio of the crushing strength to the tenacity is 
less for comparatively thin castings than for thick ones. It is 
known that the crushing strength of thin castings is proportion- 
ately stronger than thick ones. Hodgkinson found that for 
castings 2, 2^, and 3 inches thick, the crushing strengths were 
as 1 to 0.780 to 0.766 ; and Colonel James found a greater in- 
crease — ^being as 1 to 0.794 to 0.624. See also Article 41. 

168. i¥ROUGHT-iRON BEAifis. — The trcachcrous character 
of cast-iron beams has led to the introduction of solid wrought- 
iron ones. Special machinery and special processes of manu- 
facture have been brought into use, by means of which they 
are quickly and cheaply made. They are usually of the double 
T (l) section. 

169. A NOVEIi AND PECUIilARIiY CONSTRUCTED FLOOR 

is here given as an illustration of the use of a plate (see Arti- 
cle 164, No. 4).f It was executed in Amsterdam, for a floor 
60 feet square. The flooring consists of three thicknesses of 
IJ-inch boards. The first thickness is laid diagonally across 
the opening. The ends resting on the rebates of the wall-plates, 

* Mohan's Ciia. Eng., Wood's Ed., pp. 135 and 136 ; Barlow on the Strength 
of MateriaU, p. 183. 
f Tredgold's Principles of Carpentry^ 1870, p. 91. 
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and rising about 2^ inches higher in the middle of the room 
than at the sides. The second thickness is also laid diagonally, 
but square across the first, and the two well nailed together. 
The third thickness is laid parallel to the sides of the room, 
and the whole well nailed together. All the boards are grooved 
and tongued together, forming a floor 4 J inches thick. The 
strength of plates vary as the square of their thickness, and 
are equally strong to support a weight in the middle, whatever 
the extent of the bearing may be ; but when the load is uni- 
formly distributed, the strength varies inversely as the areai of 
the space it covers.* 

* Emerson's MeehanioSy seo. yiii.^ prop. 73, oor. 5. 
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CHAPTER YIIL 



TORSION. 



170. TORSIVE STRAINS are very common in machinery. 
In all cases where a force is applied at one ix)int of a shaft to 
turn (or twist) it, and there is a resisting force at some other 
point, the shaft is subjected to a torsive strain. The wheel and 
axle is a familiar case in which the axle is subjected to this 
strain. To produce torsion without bending, a couple^ whose 
axis coincides with the axis of the piece, must be applied to the 
piece. If only a single force, P, is applied, as in Fig. 108, the 
piece is pushed sidewise at the same time that it is twisted ; 
but the amount of twisting is the same as if the force, Pj were 
divided into two, each equal ^P, and each of these acted ou 
opposite sides of the axis and in opposite directions, and at a 
distance from the axis equal AB^ Fig. 108. For, the moment 
of the couple thus formed, is \P x 2AB = P.ABy which is the 
moment of P. 



171. THE ANGiiE OF TORSION is the angle through which 
a fibre whose length is unity ^ and which is situated at a unifs 
dista7ice from the axis, is turned hy the twisting force. It 
depends for its value, in any case, upon the elastic resistance to 
torsion, as well as upon the dimensions of the piece and the 
twisting force. The analysis by which its value is determined 
is founded upon the following hypotheses, which are approxi- 
mately correct. 

1st. The resistance of any fibre to torsion varies directly as 
its distance from the axis of the piece. 

2d. The angular amount of torsion of any fibre between any 
two sections, or the total angle of torsion, varies directly aft the 
distance between them. 



3d. The resistance to torsion varies directly with the elasticity 
of the material. 

It is found by experiment, that these hypotheses are suffi- 
ciently exact for cylinders and regular polygonal prisms of 
many sides. Tbey assume that transverse sections which were 
plaae before twisting, remain so while the piece is twisted, bnt 
in reality the fibres which were parallel to tlie axis before being 
twisted are changed to helices, and this operation prodnces a 
longitudinal strain upon the iibres ; and this, in turn, changes 
the transveree sections into warped surfaces* 

To find the angle of toi-sion : — 

Let I = AD = the length of the piece, Fig. 108. 
P ^ the twisting force ; 
a ^ AB = the lever arm of P ; 

a = aAh = the total angle of torsion, or angle through 
which Aa has been twisted ; 

= j=" The Angle of Torsion," — supposed to be small j 

_^(e, <p) ^ the equation of a transverse section, and 

(J = the coeflicient of the elastic resistance to torsion, which 




^^p 



is the force necessary to turn one end of a onit of area and 
unit of length of fibres through an angle unity, the vertex of 
the angle being on the axis of torsion, one end of the fibres 
being fixed and the twisting force being applied directly to tho 



• BS^mmi dm Legtrnt. Napier, Parig, 1864, p. 376, and ■ereral other p^g^ 
following. 
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other end, and acting in the direction of a tangent to the arc of 
the path described by the free end. 

As a unit of fibres cannot be placed so that all of them will 
be at a anit's distance from the axis, we must suppose that the 
resistance of a very thin annulus, which is at a imit's distance, 
is proportional to that of a unit of section. The area of an 
element is 

pdpd<f>^ 

The resistance of an element which is at a unit's distance 
from the axis is G multiplied by its area ; which expressed 
analytically is 

Gpdpd(f>, 
and according to the first law 

Op^dpd^ = the resistance of any fibre 
whose length is unity, to being twisted through an angle unity; 
and the moment of resistance = Gp^dpdif> for an angle unity ; 
and for any angle 6 the moment is, according to the second law, 

GBp^'clpdif^ 

and the total moment equals the moment of the applied force, 
or moments of the applied forces ; hence 

Pa = GeffpHpd^ = Gjl^, 

where Ip is the polar moment of inertia of the section. 

For circular sections Ip=z j j p^dpdj> = ^r^ (199) 



.^^2^^2^ (200) 

a 2Pa 
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173. THE TAitirc: of thb cobfficisnt g may be found 
from Equation (200). M. Cauchy found analytically on the 
condition that the elasticity of the material was the same in all 
directions, that G = ^ JP* M. Duleau found experimentally 
that G is less than f jE*, and nearly equal i JEJ t and M. Wert- 
heim found G = % ^nearly.:j: M. Duleau's experiments gave 
the following mean values for G : :]: 

Value of G, 
Pounds 

Soft iron 8,533,080 

Iron bars 9,480,917 

English steel 8,533,680 

Forged steel {very fine) 14,222,800 

Cast iron 2,845,600 

Copper 6,209,670 

I3ronze 1,516,150 

Oak 568,912 

Pine 615,472 

^keample. — If an iron shaft whose lexi^th is 5 feet, and diameter 2 inches, 
is twisted through an angle of 7 degrees by a force P = 5,000 lbs., acting on a 
lever, « = 6 inches, required O, The 7 degrees is first reduced to arc by mul- 

tiplying it by rg^, which gives a = — , and Eq. (200) gives, 



17S. TORSION PENDUI.UOT.— If a prism is suspended from its 
upper end, and supports an arm at its lower end, and two weights each equal 
•I Ware fixed on the arm at equal distances from the prism, and the prism be 
twisted and then left free to move, the torsional force will cause an angular 
movement of the arm until the fibres are brought to their normal position, 
after which they will be carried forward into a new position by the inertia of 
the moving mass in the weights | IF until the torsional resistance of the prism 
arrests their movements, after which they will reverse their movement, and 
an oscillation will result. 



Equation (200) readily gives : 






♦ See Chapter IX. 

f Eesistanee des MaUriava^ Morin, ]>. 461. 

X V Engineer^ 1858, p. 62. 
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from which it appears that the torsional force P varies as the space (oa) over 
which it moves. 

It is a principle of mechanics that the moving force varies directly as the 
product of the moving mass multiplied by the acceleration. Hence, if a; = (oa), 
the variable space, t = the variable time, M = the mass moved, and observing 
that t and x are inverse functions of each other, and the above principle of 
mechanics gives the following equation (neglecting the mass of the prism) : — 

Multiplying both members by the dx^ gives 

W dxd^x _ irOr* 

where TF is the weight of the mass moved, and^ is the acceleration due to 
gravity. The oscillations commence at the extremity of an arc whose length 
is «, at which point the velocity is zero. The integral of the last equation 
between the limits 8 and x is 

dt^~2Wla^^ ^' 

A second integral gives 

which is the time of half an oscillation. For a whole oscillation : 



This is essentially the theory of Coulomb^s torsion pendulum. A torsion 
pendulum was used by Cavendish in 1778 to determine the density of the 
earth. (See BoyaZ PJdlosopMcaX Transactions: London, Vol. 18, p. 888.) He 
found the mean density of the earth by this method to be 5.48 times that of 
water, or according to Hutton*s revision, 5.42. 

Reich, by aid of a mirror apparatus, afterwards found it to be 5.43. Bailey 
found by experiments on a larger scale 5.675. Reich repeated his experiments 
and found 5.58B. Other methods gave a value somewhat larger than these, 
but the mean result shows that the mean density of the earth is about 5^ times 
that of water. — See Bailey's Experiments^ London, 1843. 



174. RUFTrRE BIT TORSION. — The resistance which a bar 
offers to a twisting force is a torsional shearing resistance^ and 
in regard to rupture, the equation of equilibrium is founded 
upon the following principles : — 

1st. The strain upon any fibre varies directly as ite distance 
from the axis of torsion ; and 
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2d. The sum of the moraents of resistance of the fibres equals 
the sum of the moments of the twisting forces. 

Let «/= the modulus of torsion, that is, the ultimate resist- 
ance to torsion of a unit of the transverse section which is most 
remote from the axis of torsion. It is the ultimate shearing 
resistance to torsion, but may be used for any shearing strain 
which is less than the ultimate, 

di = the distance of the most remote fibre from the axis of 
torsion, 
y ((J, <^) = the equation of the section, 
P = the twisting force, and 
a = the lever arm of P. 
Ijp = the polar moment of inertia of a section. 
Then pdpd<f) = dA = the area of an element of the section ; 
Jpdpd<l> = the shearing strain of the most remote 
element ; and, by the first principle given 
above, 

pdpd(f> = the shearing strain of any element, which 

^1 is at a unit's distance from the axis of 

torsion, and from the same principles we 

have 

—p^dpd(f> = the shearing strain of any element, and 

1 this, multiplied by the distance of the 

element, />, from the axis, gives 

-J- p^dpd<f} = the moment of resistance to torsion. 
Hence, according to the second principle we have 

For circular sections, we have already found, Eq. (199), 

For square sections, whose sides are 5, we may find * 

7p = 1^ 5*, and di = h |/f. 



We ha,\eJp^dA = ffx^+yAdA =Jx-dA + /y^dA, that is, the pol 



ar mo- 



ment equals the sum of the reotang^olar moments, the origin being the same 

14 
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In these expressions P should not be so great as to impair 
the elasticity, — say for a steady strain P should not exceed the 
vahies given by Equation (203). 

If a° is given in degrees, it is reduced to arc by multiplying 

it by — - so that a = :roT7«° ; hence the preceding equations be- 
come : for cylindrical iron shafts, 

T = 3.14^4^i (204) 

and for square iron shafts, 

d= 5.51.V— (205). 

V £a° 



Examples. — 1. A round iron shaft 15 feet long, is acted upon by a weight 
P = 2,000 lbs. applied at the circumference of a wheel which is on the shaft, 
the diameter of the wheel being 2 feet ; what must be the diameter of the 
shaft so that the total angle of torsion shall be 2 degrees ? 

If the shaft is cast-iron E = 16,000,000, and 



o ^ ^ 0^4/2000x12x15x12 „ «q . , 
2r = d.= 6.28f ^,1^000.000 = ^'^^ "^^^^«- 

2. A round wooden shaft, whose length is 8 feet, is attached to a wheel 
whose diameter is 8 feet. A force of 200 lbs. is applied at the circumference 
of the wheel, what must be the diameter of the shaft so that the total angle 
of torsion shall not exceed 2 degrees ? 



2r=d= 6.284/ ""^^ ^JT IW^l^ - 4.35 mches. 



2 00 x4x 12x8 X 12 
2x2,000,000 



1 75a. REsriiTS OF 1¥x:rthx:i]»i's experiihents. — A few 

years since M. G. Wertheim presented to the French Academie 
des Sciences an exhaustive paper upon the subject of torsion, 
the substance of which was published in the Annales de Chimie 
et de Physique^ Vol. XXIIl., 1st Series, and Vols. XL. and L., 
3d Series. These articles would make a volume by themselves, 
and hence we will content ourselves at this time with present- 
ing his 
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175. PRACTicAi. FOR]firi.48. — ^EquatioDs (199) and (201) 
give for cylindrical pieces, observing that d^ = r, 

Pa = \irJt^ .r.J= ^-^ (202) 

If cylindrical pieces are twisted ofF by forces which form a 
couple^ and P, <z, and /• measured, the value of e/may be found 
f ixnn Equation (202). Cauchy found J = ^ R* which is con- 
sidered sufficiently exact when a proper coefficient of safety is 
used. Calling J = 25,000 pounds for iron, and using about a 
five-fold security ; and J= 8,000 pounds for wood, and using 
about a ten-fold security, and we may use for 

Round iron shafts (wrought 

or cast), diameter = -^ y/Pa 

Square iron shafts (wrought ( r203^ 

or cixst), side of the square = ^ \'P^\ 
Square wooden shafts, 

side of the square = \ \/Pa 

The dimensions 2:1 ven bv these formulas are unnecessarily 
lai'gi* for a steady strain, but shafts are frequently subjected to 
sudden stmins, amounting sometimes to a shock, and in these 
oases the results aiv none tiX) lar^i^e. 

Pnictirnl formulas mav alsi> be established on the condition 
that the totahtiujle of torsion shall not exceed a certain amount. 
Making (r = f /f. and st>lvin<j ^^200) in reference to r, and we 
have for cvlindrioal shafts. 



* 16 /W 



and simihirly for s«][uare shafts, 






In both C4M>e(S. In this ea^ the ctrigin bein^ At the centre of the sqoare, we 
have /rM.4rr /i Va ^ \ /^ =?/ir^W = 5 v V^* v«e Bq. (5n >. 
* /A?jrwK» -A» /:<\%'^\*. X*\ icr. r*ris^ ISKk pp. 193-303. and p. 507. 
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In these expressions P should not be so great as to impair 
the elasticity, — say for a steady strain P should not exceed the 
vahies given by Equation (203). 

If a° is given in degrees, it is reduced to arc by multiplying 



TT ., . TT 



it by — - so that a = r-7T7:«° ; hence the preceding equations be- 
come : for cylindrical iron shafts, 

T = 3.14^4^i (204) 

and for square iron shafts, 

d= 5.51*V— ^ (205). 



Examples. — 1. A round iron shaft 15 feet long, is acted upon by a weight 
P = 2,000 lbs. applied at the circumference of a wheel which is on the shaft, 
the diameter of the wheel being 2 feet ; what must be the diameter of the 
shaft so that the total angle of torsion shall be 2 degrees ? 

If the shaft is cast-iron E = 16,000,000, and 



o ^ ^QQ//2n00x 12x15x12 „«Q. , 
2r = d-^ 6.28f ^,1^000.000 = ^'^^ ^"^"«- 

2. A round wooden shaft, whose length is 8 feet, is attached to a wheel 
whose diameter is 8 feet. A force of 200 lbs. is applied at the circumference 
of the wheel, what must be the diameter of the shaft so that the total angle 
of torsion shaU not exceed 2 degrees ? 



2r = <f = 6.284/ "^^Z '^2 Z^I7^^ - 4.35 inches. 



200 X 4 X 12x8x 12 
2x2,000,000 



1 7Sa. RESriiTS OF l¥ERTIIEI]in['S EXPERIMENTS. A f eW 

years since M. G. Wertheim presented to the French Aeademie 
des Sciences an exhaustive paper upon the subject of torsion, 
the substance of which was published in the Annales de Chimie 
et de Physique^ Vol. XXIIl., 1st Series, and Vols. XL. and L., 
3d Series. These articles would make a volume by themselves, 
and hence we will content ourselves at this time with present- 
ing his 
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CONCLUSIONS. 

When a body of three dimensions is subject to torsion the 
following facts are observed : — 

Ist. The toreion angle will consist of two parts, one tempo- 
rary, the other permanent; the latter augments continually, 
though not regularly. 

2d. The temporary displacements augment more and more 
rapidly than the moments of the applied couples, and the in- 
crease of the mean angle, which in hard bodies continues until 
rupture, in soft bodies continues only to the point where the 
body commences to suffer rapid and continuous deformation. 

3d. The temporary angles are not rigorously proportional to 
the length, and, all else being equal, the disproportionality in- 
creases in measure as the bar becomes shorter. 

4th. In all homogeneous bodies, torsion caused a diminution 
qfthe volume^ which is proportional to the length and square 
of the angle of torsion, and each point of the body, instead of 
describing an arc of a circle, follows the arc of a spiral. The 
condensation of the body increases from the centre to the cir- 
cumference. 

5th. In bodies with three axes of elasticity, the change of 
volume and resistance to torsion are functions of the free axes, 
and the relation between them may be such that the volume 
will augment. 

6th. Circular or turning vibrations of great amplitude are 
difficult to produce, and as small angles of torsion only are 
used, the preceding conclusions apply to this case. 

7th. Eupture produced by torsion usually takes place at the 
middle of the length of the prism ; it commences at the dan- 
gerous points, and operates by slipping in hard bodies and by 
elongating in soft ones. 

8th. With regard to the influence of the figure and absolute 
dimensions of the transverse sections of the bodies, we derive 
the following conclusions : — 

9th. In homogeneous circular cylinders the diminution of the 
volume is equal to the original volume multiplied by the prod- 
uct of the square of the radius, and the angle of torsion for a 
unit of length (the angle being always very small). Further, 
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under torsion the radius of the cyh'nder equals the primitive 
radius multiplied by the sine of the angle of inclination of the 
helicoidal fibres. Tliis last gives a means of calculating the 
diminution of volume. But in reality the twisted cylinder 
takes the form of two frustra of cones joined at the smaller 
bases ; and although this does not sensibly affect the theoretical 
results for long cylinders, yet it deprives our formulas of all 
their value in ordinary practical cases. 
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CHAPTEK IX. 

DISTORTIONS. 
176« ANT CHANGE OF FORM OF A SOI^ID DUB TO 

FOREIGN FORCES IS A DISTORTION. — Several of these have 
been considered, separately and singly, in the preceding chapters, 
such as extension, compression, bending, toi*sion, and transverse 
shearing, but we shall find that in all cases one of these distor- 
tions is accompanied by some other one. In all elastic bodies 
the particles move more or less freely under the action of the 
straining forces. 

The phenomenon of elasticity is nothing more than the 
action of the attractive and repulsive forces of the molecules 
of a body upon each other. When a force is applied to a body, 
its effect is transmitted from particle to particle by the internal 
forces, until it meets and is held in equilibrium by a force 
applied at some other part. 

The Mathematical Theory of Elasticity is considered in three 
parts, the relation of stresses, the relation of strains, and the 
relations of stresses to strains.* We shall here consider only 
such principles as pertain immediately to the problems under 
consideration. 

177. MEASURE OF SI.1PP1NG. — If the section id he forced 
into the position qfhj the slipping (transverse shearing) of bd 
upon «c, the amount of the movement per unit of length will 
be measured by the angle haq^ which for small displacements 
will be measured by the tangent of the angle. 

Let g be the tangent of haq = ~^ = hq when ab is unity. 

* M. Lamp's Legons sur la Theorie Mathimatique de VElastidU dea C&rps 
Solidea. Paris, 1852. Bemtance des Corps Bolides, par Navier. Troisi^me Edi- 
tion, 1864. 
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The resistance to this shearing will evidently vary as g^ and 
also as the elastic resistance of the material, and if the resist- 
ance be evenly distributed over the transverse section it will 
also vary as this section. 




Fig. 109. 

Let P = the tangential force, that is, the force which acts in 
the plane hd^ 
Eft = the coefficient of transverse elasticity, 
A = the area of the transverse section ; then 

P= E,Ag (206) 

If J. = 1, we have j[> = E^g, which is the intensity of the 
stress. 

When flexure is involved, we shall find that the shearing 
stress is not evenly distributed over the section. It is evenly 
distributed when bd is consecutive to aCj or when the area is 
small it may be considered uniform. 

Letting fall the perpendicular ch from c upon aq, and we 
have 

aA __ Jj' __ 

^^ab~^' 

hence, the transverse slipping in an amorphous body is accom- 
panied by an equal longitudinal one, for we consider that the 
effect is the same as if <2^ had slipped over ed, an amount equal 
to ah. 

Produce the diagonal ad and describe an arc ^e which shall 
pass through y, having the centre at a, then will de be the elon- 
gation (or dilation) of the diagonal ad ; and in a similar way we 
may find the contraction of the diagonal cb. 
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CHAPTER VIIL 



TORSION. 



170« ToesivB STRAINS are very common in machinery. 
In all cases where a force is applied at one point of a shaft to 
turn (or twist) it, and there is a resisting force at some other 
point, the shaft is snbjecjted to a torsive strain. The wheel and 
axle is a familiar case in which the axle is subjected to this 
strain. To produce torsion without bending, a couple^ whose 
axis coincides with the axis of the piece, must be applied to the 
piece. If only a single force, P, is applied, as in Fig. 108, the 
piece is pushed sidewise at the same time that it is twisted ; 
but the amount of twisting is the same as if the force, P, were 
divided into two, each equal ^P, and each of these acted on 
opposite sides of the axis and in opposite directions, and at a 
distance from the axis equal AB^ Fig. 108. For, the moment 
of the couple thus formed, is \P x ^AB = P.AB, which is the 
moment of P. 



171. THE ANGi^E OF ToesiON is the angle through which 
a fibre whose length is unity ^ and which is situated at a unifs 
distance from the a^is, is turned hy the twisting force. It 
depends for its value, in any case, upon the elastic resistance to 
torsion, as well as upon the dimensions of the piece and the 
twisting force. The analysis by which its value is determined 
is founded upon the following hypotheses, which are approxi- 
mately correct. 

1st. The resistance of any fibre to torsion varies directly as 
its distance from the axis of the piece. 

2d. The angular amount of torsion of any fibre between any 
two sections, or the total angle of torsion, varies directly as the 
distance between them. 



TOBsroN. 205 

Sd. The reeistance to torsion varies directly with the elasticity 
of the material. 

It is found by experiment, that these hypotheses are suffi- 
ciently exact for cylinders and regular polygonal prisms of 
many sides. They assume that transverse sections which were 
plane before twisting, remain so while the piece is twisted, but 
in reality the fibres which were parallel to the axis before being 
twisted are dianged to helices, and this operation prodnces a 
longitudinal strain upon tlie iibres ; and tills, in turn, changes 
the transverse sections into warped surfaces.* 

To find the angle of toi-sion : — 

Let I — AD = the length of the piece. Fig. 108. 
P = the twisting force ; 
a = AS = the lever arm of .P ; 

a = aAh = the total angle of torsion, or angle through 
which Aa has been twisted ; 

0=j = '^ Tlie Angle of Torsion," — supposed to tie small j 

y(p, go) = the equation of a transverse section, and 

G = the coefficient of the elastic resistance to torsion, which 




is the force necessary to turn one end of a unit of area and 
unit of length of fibres through an angle unity, the vertex of 
the angle being on the axis of torsion, one end of the fibres 
being fixed and the twisting force being applied directly to the 



• Resume den Le^ont, Navier, Pari*, 1864, p. 276, and Mveml ofler page* 
following. 
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other end, and acting in the direction of a tangent to the arc of 
the path described by the free end. 

Afi a unit of fibres cannot be placed so that all of them will 
be at a anit's distance from the axis, we must suppose that the 
resistance of a very thin annulus, which is at a unit's distance, 
is proportional to that of a unit of section. The area of an 
element is 

The resistance of an element which is at a unit's distance 
from the axis is G multiplied by its area ; which expressed 
analytically is 

Gpdpd<^y 
and according to the first law 

Gp^dpd<f> = the resistance of any fibre 
whose length is unity, to being twisted through an angle imity; 
and the moment of resistance = G^dpd^ for an angle unity ; 
and for any angle 6 the moment is, according to the second law, 

Gdp^dpd^ 

and the total moment equals the moment of the applied force, 
or moments of the applied forces ; hence 



'pj 



Pa = G0fff?dpd<f> =OjI^ 

where Ip is the polar moment of inertia of the section. 

/*/• /•27r 
For circular sections Ip=z I I p^dpdtf) = iirr* (199) 



...(? = ?^ = 2^ (200) 

2Pa 



or,d 



Gm* 
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1 73. THK TAIilJK OF THB COBFFICIBNT 6 mSLj be f OUnd 

from Equation (200). M. Cauchy found analytically on the 
condition that the elasticity of the material was the same in all 
directions, that G = f E!*' M. Duleau found experimentally 
that G is less than \ E^ and nearly equal \ E^\ and M. Wert- 
heim found G=^\ E nearly.^ M. Duleau's experiments gave 
the following mean values for G : \ 

Value of <?. 
Pounds 

Soft iron 8,533,680 

Iron bars 9,480,917 

English steel 8,533,680 

Forged steel i^ery fine) 14,222,800 

Cast iron 2,845,600 

Copper 6,209,670 

Bronze 1,516,150 

Oak 568,912 

Pine 615,472 

Example, — If an iron shaft whose length is 5 feet, and diameter 2 inches, 
is twisted through an angle of 7 degrees by a force P = 5,000 lbs., acting on a 
lever, a = 6 inches, required G, The 7 degrees is first reduced to arc by mul- 

tiplying it by t^, which gives a = — , and Eq. (200) gives, 

^ 2x5000x6x60x180 n «nfr aaa n. 

^ = (3.1416)^x7 — = ^'^^^'^^^ ^^'• 

173. TOesiON PENpin-um—lf a prism is suspended from its 
upper end, and supports an arm at its lower end, and two weights each equal 
•I TTare fixed on the arm at equal distances from the prism, and the prism be 
twisted and then left free to move, the torsional force will cause an angular 
movement of the arm imtil the fibres are brought to their normal position, 
after which they will be carried forward into a new position by the inertia of 
the moving mass in the weights ^ TF until the torsional resistance of the prism 
arrests their movements, after which they will reverse their movement, and 
an oscillation will result. 

Equation (200) readily gives : 



♦ See Chapter IX. 

f Hemtance dea MaUriaux^ Morin, {>. 461. 

X V Engineer^ 1858, p. 52. 
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from which it appears that the torsional force P varies as the space {ad) over 
which it moves. 

It is a principle of mechanics that the moving force varies directly as the 
product of the moving mass multiplied by the acceleration. Hence, if a; = {00)1 
the variable space, t = the variable time, M = the mass moved, and observing 
that t and x are inverse functions of each other, and the above principle of 
mechanics gives the following equation (neglecting the mass of the prism) : — 

Multiplying both members by the dx^ gives 

W dxd^x _ __ ^^[r* 
7" dt* ~ ~2ia* ' 

where TT is the weight of the mass moved, and g is the acceleration due to 
gravity. The oscillations commence at the extremity of an arc whose length 
is 8j at which point the velocity is zero. The integral of the last equation 
between the limits s and x is 

dx' _ TTGgr* 

dt' ~ 2 WUi' ^ ^' 

A second integral gives 



V '^(^gr^ L 7J0 V 



irWla* 



which is the time of half an oscillation. For a whole oscillation : 



'*=^=W^'^- 



This is essentially the theory of Coulomb^s torsion pendulum. A torsion 
pendulum was used by Cavendish in 1778 to determine the density of the 
earth. (See Royal PTvUosopJiical Transactions: London, VoL 18, p. 888.) He 
found the mean density of the earth by this method to be 5.48 times that of 
water, or according to Hutton's revision, 5.42. 

Reich, by aid of a mirror apparatus, afterwards found it to be 5.43. Bailey 
found by experiments on a larger scale 5.675. Reich repeated his experiments 
and found 5.588. Other methods gave a value somewhat larger than these, 
but the mean result shows that the mean density of the earth is about 5^ times 
that of water. — See Bailey's Experiments, London, 1843. 



1 74. BUPTUBB BIT TOBsiON. — The resistance which a bar 
offers to a twisting force is a torsional shearing resista^icey and 
in regard to rupture, the equation of equilibrium is founded 
upon the following principles : — 

1st. The strain upon any fibre varies directly as its distance 
from the axis of torsion ; and 
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2d. The sum of the moments of resistance of the fibres equals 
the sum of the moments of the twisting forces. 

Let e/= the modulus of torsion, that is, the ultimate resist- 
ance to torsion of a unit of the transverse section which is most 
remote from the axis of torsion. It is the ultimate shearing 
resistance to torsion, but may be used for any shearing strain 
which is less than the ultimate, 

di = the distance of the most remote fibre from the axis of 
torsion, 
y (Pj (f)) =z the equation of the section, 
I^ = the twisting force, and 
a = the lever arm of P. 
Ip = the polar moment of inertia of a section. 
Then pdpdj> = dA = the area of an element of the section ; 
Jpdpdtf> = the shearing strain of the most remote 
element ; and, by the first principle given 
above, 
— pdpd<f> = the shearing strain of any element, which 
^1 is at a unit's distance from the axis of 

torsion, and from the same principles we 
have 
—f?dpd<f> = the shearing strain of any element, and 
^ this, multiplied by the distance of the 

element, p, from the axis, gives 
J 

-=- p^dpdtf} = the moment of resistance to torsion. 
di 

Hence, according to the second principle we have 

For circular sections, we have already found, Eq. (199), 

Ip = i 7rr*. 
For square sections, whose sides are 5, we may find * 



WehsLYeTp^dA = Hx^+yAdA = Jx-dA+Jy^d A, th&tia, thepola 



r ino 



ment equals the sum of the rectangalar moments, the origin being the same 
14 
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175. PRACTiCAi* FORMiri^As. — Equations (199) and (201) 
give for cylindrical pieces, observing that d^ = r, 

Pa = ^irJi^ .-. J= —5^ (202) 

irir 

If cylindrical pieces are twisted off by forces which form a 
couple^ and P, a, and r measured, the value of Jvqaj be found 
from Equation (202). Cauchy found J= i R* which is con- 
sidered sufficiently exact when a proper coefficient of safety is 
used. Calling J= 25,000 pounds for iron, and using about a 
five-fold security ; and J= 8,000 pounds for wood, and using 
about a ten-fold security, and we may use for 

Round iron shafts (wrought 

or cast), diameter = -^ ^Pa 

Square iron shafts (wrought f f203^ 

or cast), side of the square = ^ ^Pa^ 
Square wooden shafts, 

side of the square = ^ \/Pa 

The dimensions given by these formulas are unnecessarily 
large for a steady strain, but shafts are frequently subjected to 
sudden strains, amounting sometimes to a shock, and in these 
cases the results are none too large. 

Practical formulas may also be established on the condition 
that the total angle of torsion shall not exceed a certain amount. 
Making G =^ % E^ and solvhig (200) in reference to r, and we 
have for cylindrical shafts, 



r = \/ 



16 Pal 



and similarly for square shafts. 



=/ 



I Q Pal 
j6« 



in both cases. In this case the orig^ being at the centre of the square, we 
have Cx'^dA^fy'^dA .'.Ip =2j]/'dA -2x tV&^ (see Eq. (51) ). 
"♦ Resume des Leqons^ Na\-ier. Paris, 1856, pp. 193-203, and p. 507. 
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In these expressions P should not be so great as to impair 
the elasticity, — say for a steady strain P should not exceed the 
values given by Equation (203). 

If a° is given in degrees, it is reduced to arc by multiplying 

it by — - so that a = To7t«° ; hence the preceding equations be- 
come : for cylindrical iron shafts, 

r = 3.14// J^i (204) 

and for square iron shafts, 

d= 5.51**/— (205). 



JEfXamples. — 1. A round iron shaft 15 feet long, is acted upon by a weight 
P = 3,000 lbs. applied at the circumference of a wheel which is on the shaft, 
the diameter of the wheel being 2 feet ; what must be the diameter of the 
shaft so that the total angle of torsion shall be 2 degrees ? 

If the shaft is cast-iron B = 16,000,000, and 



^ « no V2000 X 12 X 15 X 12 ^ ^. . ^ 
2r = a.= 6.28.^ 2x16.000,000 -3.69mches. 

2. A round wooden shaft, whose length is 8 feet, is attached to a wheel 
whose diameter is 8 feet. A force of 200 lbs. is applied at the circumference 
of the wheel, what must be the diameter of the shaft so that the total angle 
of torsion shall not exceed 2 degrees ? 



= d=6.28j/- 



o ^ POQ.y 200x4x12x8x12 . ok - u 



1 7Sa. RBSUI^TS OF TTERTSIEIM'S EXPERIMISNTS. — A f CW 

years since M. G. Wertheim presented to the French Academie 
des Sdences an exhaustive paper upon the subject of torsion, 
the substance of which was published in the Annales de Chimie 
et de Physique^ Vol. XXIII., Ist Series, and Vols. XL. and L., 
3d Series. These articles would make a volume by themselves, 
and hence we will content oui*selves at this time with present- 
ing his 
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00NCLU8I0NB. 

When a body of three dimensions is subject to torsion the 
following facts are observed : — 

1st. The torsion angle will consist of two parts, one tempo- 
rary, the other permanent; the latter augments continually, 
though not regularly. 

2d. The temporary displacements augment more and more 
rapidly than the moments of the applied couples, and the in- 
crease of the mean angle, which in hard bodies continues until 
rupture, in soft bodies continues only to the point where the 
body commences to suffer rapid and continuous deformation. 

3d. The temporary angles are not rigorously proportional to 
the length, and, all else being equal, the disproportionality in- 
creases in measure as the bar becomes shorter. 

4th. In all homogeneous bodies, torsion caused a diminution 
of the volume^ which is proportional to the length and square 
of the angle of toreion, and each point of the body, instead of 
describing an arc of a circle, follows the arc of a spiral. The 
condensation of the body increases from the centre to the cir- 
cumference. 

5th. In bodies with three axes of elasticity, the change of 
volume and resistance to torsion are functions of the free axes, 
and the relation between them may be such that the volume 
will augment. 

6th. Circular or turning vibrations of great amplitude are 
difficult to produce, and as small angles of torsion only are 
used, the preceding conclusions apply to this case. 

7th. Eupture produced by torsion usually takes place at the 
middle of the length of the prism ; it commences at the dan- 
gerous points, and operates by slipping in hard bodies and by 
elongating in soft ones. 

8th. With regard to the influence of the figure and absolute 
dimensions of the transverse sections of the bodies, we derive 
the following conclusions : — 

9th. In homogeneous circular cylinders the diminution of the 
volume is equal to the original volume multiplied by the prod- 
uct of the square of the radius, and the angle of torsion for a 
unit of length (the angle being always very small). Further, 
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under torsion the radius of the cyh'nder equals the primitive 
radius multiplied by the sine of the angle of inclination of the 
helicoidal fibres. Tliis last gives a means of calculating the 
diminution of volume. But in reality the twisted cylinder 
takes the form of two frustra of cones joined at the smaller 
bases ; and although this does not sensibly affect the theoretical 
results for long cylinders, yet it deprives our formulas of all 
their value in ordinary practical cases. 
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CHAPTEK IX. 

DISTORTIONS. 
176« ANT CHANGB OF FORM OF A SOI^ID DUB TO 

FOREIGN FORCES IS A DISTORTION. — Several of these have 
been considered, separately and singly, in the preceding chapters, 
such as extension, compression, bending, toi*sion, and transverse 
shearing, but we shall find that in all cases one of these distor- 
tions is accompanied by some other one. In all elastic bodies 
the particles move more or less freely under the action of the 
straining forces. 

The phenomenon of elasticity is nothing more than the 
action of the attractive and repulsive forces of the molecules 
of a body upon each other. When a force is applied to a body, 
its effect is transmitted from particle to particle by the internal 
forces, until it meets and is held in equilibrium by a force 
applied at some other part. 

The Mathematical Theory of Elasticity is considered in three 
parts, the relation of stresses, the relation of strains, and the 
relations of stresses to strains.* We shall here consider only 
such principles as pertain immediately to the problems under 
consideration. 

177. MEASURE OF 81-ippiNG. — If the scctiou Mhe forced 
into the position qfhj the slipping (transverse shearing) of hd 
upon ao^ the amount of the movement per unit of length will 
be measured by the angle haq^ which for small displacements 
will be measured by the tangent of the angle. 

Let g be the tangent of haq = -^ = hq when ab is unity. 

* M. Lamp's Legona sur la Theorie Mathematique de PElasticitS des Corps 
Solides. Paris, 1852. Bemtance des Corps SolideSy par Navier. Troisi^me Edi- 
tion, 1864. 
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The resistance to this shearing will evidently vary as g^ and 
also as the elastic resistance of the material, and if the resist- 
ance be evenly distributed over the transverse section it will 
also vary as this section. 




Fig. 109. 

Let P = the tangential force, that is, the force which acts in 
the plane hd^ 
E^ = the coefficient of transverse elasticity, 
A = the area of the transverse section ; then 

P:= E,Ag (206) 

If ^-^r 1, we have j) = E^g^ which is the intensity of the 
stress. 

When flexure is involved, we shall find that the shearing 
stress is not evenly distributed over the section. It is evenly 
distributed when hd is consecutive to ac^ or when the area is 
small it may be considered uniform. 

Letting fall the perpendicular ch from c upon aq^ and we 
have 

ah __hq _ 

ch^ab^^' 

hence, the transverse slipping in an amorphous body is accom- 
panied by an equal longitudinal one, for we consider that the 
effect is the same as if ah had slipped over cd^ an amount equal 
to ah. 

Produce the diagonal ad and describe an arc fe which shall 
pass through y, having the centre at ^, then will de be the elon- 
gation (or dilation) of the diagonal ad ; and in a similar way we 
may find the contraction of the diagonal cb. 
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If i = the dilation per unit of length, we have 

. __ de 
~" ad 

By similarity of the triangles d<?/*and acd we have 

cd nj* cd df cd 

de ad ad cd ad 

'^^ ^^ Va^~V^ ^ a/T^^ "^ a/TT^ 

a(? OA? 

which is a maximum when cd = ac^ for whi(;h case we have 

i^\g (207) 

or the maximum dilation is one-half the slipping. Similarly, 
the maximum contraction of (d takes place when it is the diag- 
onal of a square. 

We see that if we have two equal stresses in opposite senses, 
one a pull along ad^ and the other a push along cJ, whose di- 
rections make a right angle between them, the resulting distor- 
tion is equivalent to one-half of a simple shear of the same 
intensity on a plane at 45 degrees with either of the others. 

Limit of the Slipping. 

li H^ = the elastic limit of the strain ; 
^ = the coefficient of elasticity ; and 
i' = the elongaiion produced by Ii\ we have 

^ =■'■ -^ = iff ••• ff = -^r. 



178. REI^ATION BISTIFEEN liONGirumNAIi AND, I<AT- 

SRAii STRKSSES. — ^Whcu a body is subjected to a pull there is 
a lateral contraction, as shown in Fig. 116. The relation between 
these stresses, for bodies which are not homogeneous, is com- 
plex, but it is one of the questions which is considered in the 
Mathematical Theory of Elasticity. But for a solid whose 
elasticity is the same in all directions — called an isotropic body 
^the relations are comparatively simple. First consider the 
case in which the straining force acts in any direction. 
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Jjetp = a stres8 acting in any direction due to any cause, 
jp^* = the component of this pressure upon a unit of sec- 
tion resolved normally to a plane which is perpen- 
dicular to X ; 
^yy = the normal component on a 
unit of section which is nor- 
mal to y ; 
jr>^ = similar component in regard 
to S] 
A = the coefficient of direct or lon- 
gitudinal elasticity, which 
expresses the relation be- ^^^- ^^^• 

tween the longitudinal strains and the normal 
stresses ; 
JB = the coefficient of lateral elasticity, which expresses 
the relation between the longitudinal strain (a 
push or pull) and the stresses at right angles to 
the strains. It expresses the resistance to lateral 
contraction, 
SjB, Sy, 8, = the elongations in the directions of the axes x, y 

and z for a unit of length. 
We then have, when the body is perfectly amorphous, or 
isotropic,t 

* This notation was first used by Cauchy and (yoriolf.s in discussions upon 
the Theory of Elasticity. The first sub-letter indicates the normal to the 
plane, and the second one the direction of action in that plane. Thus p xy 
indicates a pressure ui)on a unit of area which is perpendicular to a;, and in a 
direction parallel to y. 

\ Let Aa be an elementary section, 

r = Mm = the distance of any molecule, m to the right of M, 
R = the force exerted by one molecule upon another at the distance and 

in the direction of r, 
n the number of molecules contained in a unit of the body in the vicinity 
of if. 

Take the origin of coordinates at if, x being taken perpendicular to the seC' 

tion Aa, z vertical, and y perpendicular to x z. 

The total action of all the molecules which are distant Mm = r of the mole- 
cules on the right of if upon those at the left, is the same as if the whole mass 
of the cylinder at the left, whose length is r, were concentrated in the section 
at M acting upon the lamina at m ; which is the same as if it were concentrated 
in the point M, and the lamina in the molecule m. We have 
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p^ = AZ^ + B{^^ + S.) 

p^ = AZy + J?(8. + S«) (208) 

p^ = ^S. + B{K + S») 
Suppose that the strain is parallel to a?, then^„=Oand^„=0. 

Aa . a; = the volume of the cylinder, 

n Ao> »x-=. the number of molecules, 

ILn Aa,x = the sum of all the actions parallel to r, between Jfm, 

— X 
Bn Ja ,x- =. the resultant normal to the section. 
r 

If we consider r as variable, and for each new value of r we substitute a 
proper corresponding value of R (which might be called Bi, R^, B3, etc.), we 
shall have a series of corresponding expressions all of which will have the 
same form as that given above, hence we have for all the forces which cross 

the section Ja 

— fl?* 
JaSB- 
r 

in which S applies to all values otnR- from zero to r, when the expression 

does not reduce to an insensible quantity on account of the rapid decrease of 
its value as r increases. The relation between R and r is not known, but we 
may assume that the resistance offered by the elastic forces above those which 
in the natural state are in equilibrium, when disturbed by an extraneous force, 
is proportional to the small increase of distance, dr^ as we found in Chapter I. 
Let Ri be the derivative of i? in respect to 7*, then will the stress on a unit be 

SRidrx, and 
p„ = 8Ridr- 

will be the resolved component of the stress. 
Let 9a:, 9y a^d $« be as given in the text, then 

X 

6x- x=- the projection on r of the x component of the elongation, and 
r 

similarly for y and z ; 
hence, neglecting all differences above the first, we have 

m^ t/^ 2^ 

dr = 9x- +^J +«.- 
r T T 

Pxx = ^x8Ri -4 4- 5y oi?i —^ + Iz 8R1 —J- 



hence 



1^* 



Similarly 



Pjj = dySRi -7 + 8» SRi —f + BxSRi --J- 
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Also the lateral compressions will be the same in the directions 
of y and z^ and hence iy = S^. For this particular case let 
K = ^*ij Sy = S, = ^, and we have 

p^ = Ah + 2Bi2 (20Sa) 

= A^ + Bi^ + Bi, (209) 

By elimination we find 

. _ A + B 

^ A^+ AB- 2J?2^-^ 

. -^B 

^^ A^+ AB^ 2^-^" 

Hence % is negative compared with i^, as it should be, since 
a longitudinal pull produces a lateral compression. 
. The value of i^ when p^^ is unity is called the coefficient of 
direct pliability, and i^ the coefficient of lateral pliability. 

Ueturning to the equations, and we find 

Or, since % is negative, we have for the numerical values of 
A and B when p^^ is unity, and i^ and i^ are both used as posi- 
tive numbei'S ; 



A -TT 



h — h 



% — '^'I'Zg — ^^ 2 



But on account of the isotropic character of the soUd, the expressions 
which are similar wiU have the same value, hence 

SB, Jl = SB, t = SB, i; = 4 (say), 

which reduces the preceding equations to those in the text. 

It is more common in the investigations in molecular mechanics to prove 
at once a relation between A and B, The preceding is a special solution. 
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B = 



h 



To find the relation between A and JB requires a series of 
experiments, or a further consideration of molecular actions. 
Since the solid is isotropic, we shall here assume that the re- 
sistance to a shearing stress is tlie same in all directions, and 
since the lateral movement only takes place by shearing, we 
will here assume that the coefficient of lateral elasticity is the 
same as that for transverse shearing, or torsional shearing, or 
longitudinal shearing. 

Generally let C = the coefficient of transverse elasticity ; 
the particular values of which will be for an isotrope, 

C=Ii = i:,= ^ (see Eq. 206) = G (see Torsion). 

gA 

We have (as shown below), 

H - h 

- Pjol numerically ; 



% + «2 

/. 6^= i(^ - ^). (210) 

To prove this, take the case of two equal stresses acting at 
right angles with each other, in w^hich one is a pull, and the 
other a push ; the former being parallel to «, and the latter 
parallel to yy. Since the body is isotropic, the contraction in 
the direction of z produced by jp^^ will equal the expansion 
caused by^yy, and hence S^, Eq. (208) will be zero, and^^j = 0; 
hence the third of Eq. (208) gives S^. == — Sy, and Eqs. (208) 
become 

:p^^^{A^B)K 

;?yy = ( - J. + B)K = — i>XX 

The intensity of the transverse shearing is, Eq. (206), jp = 
^^g = Cg which for this case is, Eq. (207) 

i>=JPxx(or— />yy) = C.2i=: 2(7S« 

hence J.- ^ =20. 



DI8TORTION8. 221 

Assuming, as above stated, that the lateral elasticity for an 
isotrope is the same as the transverse, and we have 

/. A = dB 
which in the second of Eqs. (209) gives 

H = — i^i ; 

that is, the lateral contraction of an isotropic solid under the 
action of a direct stress is J as much per unit as the longitu- 
dinal extension for the same unit. 

If i ^ the breadth, 
d = the depth, 
I = the length of a prism, 
F= the volume before elongation, 
Fi= " after '' , and 

P = the pulling force. 

Then the elongation is 

pj 
\=-g^(Eq.(l)) 

and ii=z-j- 

We also have 

V = hdl 

.-. Fi = J (1 - i^ d{l^%)l{\+ ^0 
= hdl (1 + ^ — "4 ~" 4) nearly. 

If ig = ^3 exceeds -Jt, the expression becomes negative, or 
there would be a diminution of the volume, which is absurd ; 
hence this may be considered a superior limit of the values of 
^2 and V If ^2 = ^8 = i^n we have 

Fi = hdl (1 + i^\) = bd{l + iX) 

This solution shows, that on the convex side of a bent beam 
there will be a lateral contraction, and on the concave ^ide 
there will be a lateral exj)an8ion. The elongation per unit of 
length for a rectangular section whose breadth is i, and depth 
d, is, Eq. (45), 

2p 
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But it was shown in Ai-ticle 1Y7 that a longitudinal shearing 
is accompanied by an equal transverse shearing. Hence, Eq. 
(213) gives the intensity of the transverse shearing at a point 
whose ordinate is y. 

If XP becomes zero, as it does in the case of a Couple, Eq. 
(213) reduces to zero, or there is no transverse shearing. 

The part / Uydy is the statical moment of aa'mm! in 

Jy 

reference to the neutral axis. 

We see from this that the transverse and longitudinal shear 
ing is zero at the upper and lower sides, and increases towards 
the neutral axis, at which place it is a maximum. We may 
conceive of this condition by supposing that the beam is built 
up of successive layers, each succeeding one being free, but 
adding to the shearing of all the preceding ones between it and 
the neutral axis. Equation (213) is not exact except for rectan- 
gular cross sections, for when the cross section is elliptical or 
otherwise curved, the free surface is at variable distances from 
the neutral axis. 

If mk is normal to ?«/>, and 
tar is parallel to ot^ then 

g = tangent of the angle ^?7^r, the amount of slipping, 
G — coefficient of sliearing elasticity, = ^, for isotropes, and 
Gg = the resistance to shearing per unit, as used above. 

The mean intensity is 

A 

Hence, the ratio of the maximum shearing is to the mean as 



XP 



which depends entiix^ly upon the form of section. 

If the cross sectioBis are rectangular. Equation (214) gives 

SP I SP 

^^« = S^^yo ^^^^^^ (215) 
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which is the maximum intensity of the shearing, and is | of 
the mean. The total shearing is 

If the beam be fixed at one end and loaded at the free end, 
XP = P, and hence the total force which at all points along 
the neutral axis tends to push tlie upper half of the beam along 
the lower half, and which should be resisted by the cohesion 
of the elements, will be per unit of length 



For any portion aa'mm' of the rectangle we have 



SP 



rid 

OTa(g,-g) = ^-^y> (216«) 

that is, in rectangular beams the differetxce between the shearing 
at the neutral axis and any other point above or below itj 
varies as the square of the ordinate. 

The total transverse shearing in the cross section is 




which by reduction gives 5'P, and agrees with Article 93. 

It now appears evident that when there is longitudinal 
shearing, the transverse sections which were originally plane, 
will not remain plane during flexure. 

To FIND THE Equa^tion OF THE CtTRVE aob for Tcctaugular 
beams, 

Erect oe normally to ot at o, and let 
y =z the ordinate os, and 
X = the abscissa ms, 
mr is parallel to ot^ 
mk is normal to mp, and 
g = tangent knir = the slipping. 
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-T- = the inclination of rryp to oe^ = g plus a small inclina- 
^ tion which mn may have in regard to ot^ which is 
produced by the lateral contraction due to the 
longitudinal extension. 
The elongation per unit of length is 

y (Eq.(45)) 
9 

and the contraction for an isotropic solid is i ^, and hence the 
contraction between o and m is 



i 



^ XV- r1 —Vl -J>1 ^E^ 

^p'^y- 8p-^ 8 EI 



The distance 7no will be less than tn by an amount which 
will not differ sensibly from the differential of the preceding 
expression. Differentiating and dividing the result by dx 
gives for the tangent of the inclination 

Hence, for rectangular beams we have 



^ XP 

dy ^^ %EI 



^=%\^-^*y\ 



Integrating, observing that a? = for y = 0, and we find 

3ZP 



X = 



Wb 



\^d \ 4:EI ^d^\ 



Each half of the curve aoh is therefore a parabola of the 
third degree, and of the same order as the curve AB. 
For the ordinate ae^ at the upper surface, make y = \d. 

We here have the peculiar result that the total effect of the 
ongitudinal shearing at the surface is independent of the depth 
and length. 

If (? = |^, wehave 
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a' = f|^r5A-6/] (217«) 

If SP = 0, as in the case of a Couple, x will be zero for all 
values of y, and hence the section will be plane. 

The curve is normal to the neutral axis, or parallel to oe^ 

where -— = 0, or at the point whose ordinate is 
ai/ 

y = 0.52t^, 

or at a short distance above the upper surface. Were there no 
lateral contraction it would cut the upper surface normally. 

The algebraic curve, if continued, will cut the axis of y at 
two points, one at y = 0, and the other at \/\ d^ or at 0.91 d 
nearly. 

Exam^e.—lt 'XP=P= 2,000 lbs., Q = 8,000,000 lbs., h = 1 inch, (? = 12 

inches, required the ordinate ae. 

Ans. ae = ttj^,- inch, nearly. 

It will be seen from the preceding equation, that all the 
transverse sections in prismatic beams which were originally 
parallel, will be of the same form when the beam is loaded at one 
point only ; and that it will be modified at the different points 
of the beam if the value of the shearing stress, SP = Sg varies. 

180. INCREASED DEFI4ECTION DUE TO TRANSVERSE 
SHEARING (OR SlilPPlNG). 

The slope of any element due to the transverse shearing, 
Eq. (213), is 

sp c^ 

ts.ngkmr=ff=-^jjj^ I Uydy, 

%j y 

which must be added to the slope due to bending by flexure. 
The increased deflection for a length I will he 

' h'=.lg 

if g is constant, but if it is variable, 

/*x 
h' I gdx ; or by substituting the preceding value of g^ we 

have 
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5' = 



If the beam is rectangular, the limits are and id ; 

hence the deflection varies directly as the moment of the 
bending forces and inversely as the area of the transverse 
section. 

If the beam is fixed at one end and loaded at the free end, 

Hence the total deflection will be (Eq. (57) ) 



If it be uniformly loaded 






8' = f 



Gld 



If it be supported at its ends and loaded at the middle, 
XFx = \Pl, hence 

and hence the total deflection will be (Eq. (Y3) ) 

^=iS?+*S <^^" 

Prof. W. A. Norton, of New Haven, Ct, detected the exist- 
ence of the last term, involving the deflection due to transverse 
shearing* directly from experiment. He assumed that this 
stress is uniformly distributed over the transverse sections, and 
deduced an equation of the same form as the preceding, the 
only difference being in the value of the coeflicient, G, Al- 
though the stress increases from the outer surfaces to the neu- 
tral axis, as we have seen in Equation (216), yet the resistance to 

* Van NostrancPa Eclectic Engineering Magazine, Vol. 3, p. 70, 1871. 



DISTORTIONS. 231 

deflection of rectangular beams varies according to the sanio 
law, as if it were evenly distributed. 

Prof. Norton's experiments were made upon prismatic white 
pine sticks, and the mean of a large number of cxporiments 
gave 

^=1,427,965 lbs. 

and ~ = 0.0000094 lbs.* 

.-. G = 40,000 lbs., very nearly. 

This is only -^ of the value of K So small a value at first 
caused a doubt as to the applicability of the formula t<^ fibrouB 
beams. But the experiments of ^Chevandier and Wortlieim, 
p. 17, give for white pine the coefficient of elasticity in the 
direction of the radius 97.7 kil. per sq. millimetres, or 135,9.50 
lbs., and in the direction of the tangent to the layers, 4'>,080 
lbs., from which we see that the value given alxne may 1^ 
correct for the material used, and for the position in which it 
was used. 

Prof. Xorton also informed the author that there were (Yif^ 
crepaucies in the experiments which he was not able to Hf'f/mui 
for at the time ; but that, in the light of Chevandier and Wert- 
heim's experiments, he was of the opinion that they were 
mainly due to the position of the layers In the sj^e^rirneiL*, ha 
some miirht have Ijeen horizon taU others verti^;aL and -jtiH olhf:rii 
incline*!, when the exj^eriments were made. l>ti!eari's exj^ri- 
ments. Article 173, jrave for the ^yjefiieient of elA«t:c:tv fr>r 
torsion » perpendicular to the direction of the Hhrt^.^ */ 1 5.472 
lbs. For tibroos bodies there is no •irntle relarl^vu bet^-een 
the coetni::ent5 of elasticirv in the differerit dir&e:i'',ri.-^ fV>r 
cast iron, wroucfht iron and steel it i* jjerien^Lv iL^t^ziifA tr-At 
the e-efncient of shearinj? elaRtfcitv Is 4 tiiat for hjiL^.zrAizisd 
elasticity. 

Equariofi ■ 21S) may be wntten ^ 



[• »f] 






5 

2Jv 
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from which we see that the shorter the beam compared with 
its depth, the greater is the deflection due to transvei-se elas- 
ticity compared with that due to the direct elasticity. In very 
short beams nearly the whole deflection may be due to shear- 
ing, while in long ones it may generally be neglected. 

181* DEFI4ECTION DUE: TO I<ONGITUl>INAl4 Sl^IPPIIfC- 

If the lamina were free to slip upon each other, as we have be- 
fore illustrated by a pile of boards, they would retain their 
original length, and the deflection would be much greater than 
if there were no slipping. If the elements were held together 
by cohesion, but had no longitudinal shearing elasticity, but 
had, as now, a direct longitudinal elasticity and a transverse 
shearing elasticity. Equation (218) would give the deflection 
for rectangular beams supported at their ends and loaded at 
the middle. If the sections remained plane and were forced 
past each other, as in Fig. 26, without bending by flexure, 
then the total deflection would be given by Formula (217i). 
But there is a longitudinal shearing stress at every point where 
there is a transveree shearing, and the elasticity of the material 
permits a corresponding longitudinal shearing strain^ and hence 
there is slipping, and the longitudinal elements iare independent 
of each other to just the extent of the slipping and no more. 
When the longitudinal shearing elasticity is the same as the 
transveree, Equation (217) shows the total effect in a cross sec- 
tion of the shearing in a rectangular beam. 

Join and a, Fig. 212, with a straight line, and conceive that 
the beam turns about <? so as to produce an opening ae at a. 
This would cause a deflection which we call rfS, and by similar 
triangles we have 



■,^ 2a^ 
.-. do = — T-a? 



SP 



SGbd 



[G T ^P 



Altliough this is not the correct expression due to longitudi- 
nal slipping, yet we may safely assume that it is proportional 
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to it. The longitudinal shearing elasticity riiay differ from the 
transverse. If then Gi be the coefficient of longitudinal shear- 
ing elasticity, and r the ratio between the preceding expression 
and the true one, then the expression for the deflection due to 
this cause will be 

vGM 

But the total deflection will be the sum of the expressions which 
result by giving to a? all possible values from a? = to a? = the 
length considered; 



.-. S 



vomJ"^'' 



which for a rectangular beam fixed at one end and loaded at 
the free end, becomes 

. _ JPl_ . 

and if supported at its ends and loaded at the middle, XP =. 
iP, and 

g^ PP 

16rGM 
This added to Equation (218) gives for the total dejtection of a 
rectangular heam which is supported at its ends and loaded at 
the middle^ 

. Pl^ , PI? ^ ZPl 



4:Ebd^ ' 16rGM SGbd 
PI 



UdljEd^^rG, 2GJ 



(219a) 



NOTE. — As these pages are passing through the press, the author has re- 
ceived the following note from Professor Norton, which I am pleased to insert 
in this place, although I do not agree with his theoretical views. The fact, 
however, that his new formula represents the results of his experiments so 
accurately makes it worthy of serious consideration : 

** I find that the entire series of experiments which I have made on the de- 
flection of pine sticks, and iron and steel bars, loaded at the middle and rest- 
ing on supports, are represented with great accuracy by the following formula : 

in which I denotes the length, b the breadth, and d the depth of the rectan- 
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gxHax stick or bar, P the load at its middle, B the coefficient of elasticity, and 

C a constant coefficient. The old formula, J = . ,,. ... involves two laws, 

which it appears from my experiments are very wide of the truth, unless the 
ratio of the length to the depth is large. These laws are, that the deflection is 
directly proportional to the cube of the length, and inversely proportional to 
the cube of the depth. The coefficient of elasticity, E^ as determined with it, 
from any observed deflection, J, is ordinarily much too large. For example, 
it gives me for the wrought-iron bar I have used, as the value of E^ 36,833,- 
000 lbs., and for the steel bar 37,066,000 lbs. 
" The formula which I before obtained is 

This, with certain values of E and (7, represented my experiments with white 
pine sticks much more satisfactorily than the old formula just referred to; 
but the experiments on the deflection of wrought-iron and steel bars have 
shown it to be faulty — whether regarded as an empirical formula, or from 
the theoretical point of view— though it gives results that approximate more 
nearly to the truth than the one in general use. 

" In the new formula the first term represents the portion of the linear de- 
flection resulting directly from the shearing stress, propagated from the mid- 
dle of the bar to either point of support. This I had before conceived to be 
proportional to the length of the bar, but it appears, on careful consideration, 
that it is proportional to the square of the length. This may be seen by 
taking the case of a bar fastened at one end and loaded at the free end, and 
reflecting that when any one material section slips on the next one on the side 
towards the support, it must take down with it in this act all the bar be- 
tween it and the free end, just as if this were an index extending out from the 
point considered. The molecular actions by which this is effected will un- 
doubtedly give rise incidentally to small longitudinal strains, by which the 
relative positions of the molecules of the two contignious sections will be some- 
what disturbed. Accordingly, the linear deflection of the end of the bar, re- 
sulting from the shearing stress taking effect along the whole length of the 
bar, should be proportional to the square of the length. The same conclusion 
will obviously apply to the case of a bar loaded at its middle and resting on 
two supports. The effect of the shearing stress should also be inversely pro- 
portional to the area of the cross section, or bd^ and directly proportional to 

P P l^ 1 

^. We thus obtain, on theoretical grounds, the term C zr- -r- t-^ Now let 
2 ' o 7 2 4 ba 

G = coefficient of ela^ttic resistance to transverse shearing stress, and let m == 
-pc, or G — —» The value of C" for the distance 1 is -rs, or ■». The new term 

becomes, then, ^=, -r-^, for which we may take C -rr, 

oJij bd bd 

2 Pl^ 

** The other term in the formula, viz., differs from the ordinary ex- 

o ^Jijbd 

pression for the deflection due to the longitudinal strains on the fibres, in con- 



until the ordinary expression ^-j^c:^;^ was found to fail, giving values of E far 
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taining the factor -. With regard to this I will only state here that this is 

•J 

the expression for the deflection attendant on the longitudinal strains, which 

I deduced a year or two since, directly from the fundamental conception 

that these strains are the incidental effects of the shearing stress, without 

using the principle of the lever or of moments. I now find it to be verified 

by the results of my experiments. It may be well to add that this expres 

sion was not adopted, in my recent attempt to represent the experiments, 

AEbd' 
too large. 

** For the pine sticks the value of m, as derived from the values of G and E 

by the relation C = --=,, falls between 2 and 4. It varies with the different 

sticks used, with the inclination of the layers to the horizontal. When the 
layers were horizontal, the value of m was 4 ; when they were vertical it was 
2. In one of the sticks the inclination was nearly 45°, and the value of m 
came out 2.98. In the case of another stick the inclination, in one experi- 
ment, was about 25°, and in another G5° ; and the values of m obtained are 
2.18 and 3.55, the average of which is 2,86. The values of E obtained varied 
with the different sticks from 938,000 to 1,093,000 lbs. 

"For the wrought-iron and steel bars (1 in. by i in.) the value of m was a 
little less than 2 when the bar rested edgewise on its supports, and 4 when it 
rested flatwise ; or the same as with pine sticks when their layers were verti- 
cal or horizontal. This is a remarkable result, since it indicates that the bars 
were made up of laminae parallel to the breadth, with separating spaces of 
weaker molecular forces, called into action by vertical displacements. This 
condition of things is no doubt attributable to the operation of rolling, to 
which the bars have been subjected. This, I conceive, from theoretical con- 
siderations, ought to have had the effect to weaken the effective molecular 
ft)rces in the vertical direction, and augment them in the horizontal direction. 
The value of E, for the iron bar, was found to be 25,220,000 lbs., and for the 
steel bar 25,333,000 lbs." 
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at any point of the longitudinal section of a heam. 
Let ABCD be an element, 

p = the pull or push j)er unit of section AD, = — j^y 

Eq. (212). 
2r= the shearing per unit on the surface AJS, 



SP C^^ 
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6SP 

which for rectangular beanis is ,^ [i^ — y^, Eq. (216), 

Z = the transveree shearing per unit on AD, = JT, 

/3 = the variable angle ABD, 

ir= the normal component of the stresses j?^ unit on the 

plane BD, and 
Ss = the shearing stress j?^r unit along BD. 




Fig. 113. 



For the sake of simplicity, consider a rectangular beam, 
which is fixed at one end and loaded with a weightP at the free 
end. Then SP = P, and we have 



JP 



_ l^Pxy 



(220) 



6P 



andX=Z=^3[(i^^-2/^] 
We also have 



(221) 



X,A B = the total shearing on AB^ 
Z,AD = X,AD =z the total shearing on ADj 
jp.AD = the direct pull or push on AD, 
N,BD = the total normal component on BD^ and 
Ss.BD = the total shearing pull or push on BD. 

Resolving the forces normally and parallel to BD, and we 
have 

Ss.BD = AB. Xcos/S - AD, Xsin^S + AD.pco&^ 
N.BD = AB.X^m^ + AD.Xoo^ + BD.j)&iufi 
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But -^^ = cosyS ; and -^-pr = sinyS 

.-. Ss = jr(cos^)8 — siii'^^) +^in^cos^ = Xcos2y8 f 

i^in2/3 (222) 

iT = 2Xsiii^cos/S + ;?sin2/3 = 2Xsin2/3 + ii?(l - 

cos2)9) (223) 

Hence, Sa is a maximum for 

tang2/S = ^. = tang2A (say) (224) 

p 2X 

hence tlie maximum of the shearing force is 

Ss^ = \/{^pfT^ (224a) 

Similarly, for iV^we have for a maximum or minimum 

tang2/S2 = - — (225) 

.*. tang2)8i taiig2^2 = — 1 
or 2/3i = 90° + 2/S2 

.-.A = 45°+ A; 

hence the lines of maximum shearing cut the lines of maximum 

direct stress at angles of 45 degrees. 

2^82 may have two values a and 180° + a .'.fi = ia or 90° + ia 

the upper signs correspond to a minimum and the lower to a 
maximum. 

The maximum value of iTis 

and the minimum value is 

On the compressive side of the beam we have 

Ss = X(co8^^— sin^yS) — ^sinyScos^ 
jr= 2Xsin/3cos)8 — j?sin^)8 
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Discussion. 

On the neutral cmsp = 
/. tang2/Si = and 2A = or 180° /. A = or OO*" 
taiig2/32 = 00 ; 2^^ = 90° or 270° /. /Sg = 45° or 135° 
and Ssrn = Xand iV^ = Xand iV^ = — X 

This shows that the intensity of the shearing stress on the 
neutral axis is a maximum along the axis, and is of the same 
value as at right angles to it and equals X. The equality was 
shown in Art. 177. The maximum direct stress is normal to a 
section which is inclined 135 degrees to the axis, and the mini- 
mum at an angle of 45 degrees. Its value per unit is iV^ = X. 
This may be shown directly, for it is evidently the resultant 
of two rectangular shearing forces each equal to X, and hence 

18 V'2X; but the area is V^ times the horizontal unit ; hence 
the stress per unit will be \/'2X^ |/2 = X, as given above. 

At the outer elements X= 

.-. tang2)9i = oo ; 2)8i = 90° and A = 45° 

tang2/32 = - ; 2/32 = 180° or 0° and A = 90° or 0° 

Ssm = ip 

N^—p and N'o — ^ 

That is, the maximum stress is normal to a section which is 
perpendicular to the neutral axis ; in other words, it is parallel 
to the axis and equals the pulling stress, as it should. The 
minimum value is zero in a direction normal to the surface, 
and the maximum shearing stress is along a section which is 
inclined 45 degrees to the axis, and its intensity is ^p, which 
agrees with Article 177. 

For any point we have from Eqs. (220), (221), (224) and 
(225); 



tang2y9i = 



xy 



W-f 



tang2/3, = - ^\ ^ (226) 

In the last equation take successive values for x (as a? = -J^, 
fZ, |Z, etc.), and for each value substitute values of y (such as 
\ of i^/, I of ie?, etc.), and determine the corresponding values 
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of ^3. Lay off the computed angles at the points whose coordi- 
nates are thus assumed. The lines of maximum direct stress will 
be normal to the lines thus constructed. But since the angles 
for a maximum and minimum differ by 90 degrees, the incli- 
nation of the lines so constructed will correspond in direction 
with (say) the maximum, and tlie normal to it with the mini- 
mum stress. By determining a sufficient number of points a 
network of lines may be drawn, as in Fig. 114, which represent 




Fig. 114. 



the direction of the lines of maximum and minimum stress, 
those concave downwards corresponding to tension, and those 
concave upwards to compression. 

The parts more nearly horizontal correspond to the maxi- 
mum, and the steeper parts to a minimum. They cross the 
neutral axis at angles of 45 degrees, and each other at all 
points at right angles, and the axes of minimum stress cut the 
surfaces at right angles, and the axes of maximum stress are 
parallel to it at the surface. 

In a similar manner lines of maximum shear may be drawn. 

To find the equation of one of these curves, we have (the 
axis of the stress being normal to the elementary section) 

^ = cot/Sg or ^ = tang^2 



dx 
dy 



= tangA= ±2^ + 1/1 + ^^ = -^" or -tj 



^ ^o„,i^ 
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whence, by Equations (220) and (221) 

which is the differential equation of the curve, but I do not 
think that it can but integrated in finite terms. 

Remark. — The analysis by which Poisson and others determined that the 
coefBlcient of lateral contraction is \ that of the longitudinal dilation, both 
per unit, has been criticised by Thomson and Tait. ' (See their Natural Phi- 
lowphy^ 1867, Vol. I., p. 521.) They give the following: — 

Let n = the rigidity^ which according to our notation = G ^= \(A — -B), 

and k = the resistance to dilation = — = -{A + 2B) ; then the linear elon- 

JJ o 

gation, »•, = (o^+ 0^^^"= A'+AB-2B* ^' ""* ** ^"*®" contraction, 

•■' = On - 4) ^ = A^+A-2B'- ^' ^^'"'^ "^ **■* ''^"*" *"' '■' '^^ *■* '°'- 

lowing Eq. (209) in the preceding text. 
We have 

ii B 



», ■" A + 5' 

in which, if the ratio is i, B will be \A, These substituted in Eq. (208a) give 

E=%A = iB{oTiO), 

as before found. That this result is approximately true for iron has been 
shown by the experiments of M. Wertheim.* 

For ordinary glass and crystal he found 2.4 nearly for the ratio. 

But there are some isotropic solids in which this is not the correct ratio, 
such as India rubber and elastic jeUies. In such cases the value of B must be 
determined by experiment. 

I assumed that G — B — O^ because it is approximately true for those soUds 
which are more commonly used by the engineer, and also because it greatly 
simplifies the investigation. 

The problem of the distortion of a prism which is subjected to torsion has 
been thoroughly discussed by St. Venant. He determined the character of the 
sections which originally were plane and normal to the axis of torsion ; also 
determined the correction which should be applied to Coulomb's formula ; 
also compared his results with those of experiment, and deduced conclusions 
of g^eat value to the engineer. This problem alone furnishes sufficient mate- 
rial to fill a volume. 

It was unnecessary to introduce the letter G into the notation on page 220 
and the following, since it is the same as E^ previously used ; but I did so be- 
cause it has been used by other writers, and I desired to show its relation to 
my notation. 



Gomptes Readus^ t. xxviii., p. 126. 
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CHAPTER X. 

EFFECT OF LONG-CONTINUED STRAINS— OF OFT-REPEATED 
STRAINS, AND OF SHOCKS— REMARKS UPON THE CRYSTAL- 
LIZATION OF IRON. 

EFFECT OF LONG- CONTINUED STRAINS. 

1 88. GENKRAii EFFECT. — The values of the coefficients 
of elasticity and the modulii of tenacity, crushing, and of rup- 
ture were determined from strains which were continued for a 
short time — generally only a few minutes — or nntil equilibrium 
was apparently established ; and yet it is well known that if the 
strain is severe, the distortion, whether for extension, compres- 
sion, or bending, will increase for a long time ; and as for rup- 
ture, it always takes time to break a piece, however suddenly 
rupture may be produced. By sudden rupture we only mean 
that it is produced in a very short time. 

The increased elongation due to a prolonged duration of the 
strain beyond a few minutes will aflFect the coefficient of elas- 
ticity but very slightly, for the strains which are used in deter- 
mining it are always comparatively small, and the greater part 
of the effect is produced immediatelv after the stress is applied. 
If the distortion should go on indefinitely under the action of a 
constant load, no matter how slowly, the elasticity, and hence 
the coefficient, would be greatly modified by a very great dura- 
tion of the stress ; and at last rupture would take place. If the 
basis of this reasoning be well founded, we might reasonably 
fear the ultimate stability of all structures, and especially those 
in which there are members subjected to tensiou. But the con- 
tinued stability of structures which have stood for centuries, 
teaches us, practically at leasts that in all cases in which the 
strain is not too severe, equilibrium becomes established between 
the stresses and strains, and in such cases the piece will sustain 

the stress for an indefinitely long time. 
16 
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1 84. HODGKiNsoN's EXPERiifiENTS.- — The results of the 
experiments which are recorded in Article 45, page 52, show 
that in one case the compression increased with the duration of 
the strain for three-fourths of an hour. In the case of exten- 
sion on another bar, as shown in Article VII., page 7, it appears 
that the same weight produced an increased elongation for nine 
hours ; but during the last, or tenth hour, there was no increase 
over that at the end of the ninth hour. 

In both these cases the strain was more than one-half that of 
the ultimate strength. 

1 85. vicAT>s EXPERIMENTS.— M. Yicat took wrought- 
iron wire and subjected it to an uniform stress for thirty-three 
months. The elongations produced by the several weights were 
measured soon after the weights were applied, and total lengths 
determined from time to time during the thirty-three months. 
It was found for all but tlie first wire, as given in the following 
table, that the increased elongations after the first one were 
very nearly proportional to the du?:ation of the stress. (Annates 
de Chemie et Physique^ Vol. 54, 2d series.) 



TABLE 

Of the Besults of M. VicaVs Experiments on Wrought-iron Wire, 



Amount of Strain. 



J. of its ultimate tensile strength. 
•J' of its ultimate tensile strength, 
i of its ultimate tensile strength. 
J. of its ultimate tensile strength. 



O O 0) 



.-2 



g 2 

o « 






.2 « 
§ § 



Increased Elongation after 33 
months. 



No additional increase. 
0.027 of an inch per foot. 
0.040 of an inch per foot. 
0.061 of an inch per foot. 



186. FAiBBAiRN's £XP£RIi«ie:nts. — Fairbaim made ex- 
'periments upon several bars of iron, which were subjected to a 
transverse strain, the results of some of which are recorded in 
the following tables. {See Ctost ami Wrought Iron^ hy Wm, 
fairbaim). The bars were four feet six inches between the 
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supports, and weights were applied at the middle, and permit- 
ted to remain there several years, as indicated by the tables. 
The deflections were noted from time to time, and the results 
were recorded. 



TABLE L 



In which the Weight Applied was 336 pounds. 



Tempebatubs. 



78° 
72" 
61" 
50" 

68" 



ii 



2 



March 11, 1837... 

June 3, 1838 

July 5, iaS9 

June 6, 1840 

November 22, 1841 
AprU19, 1842 

Mean , 



i. 


i^ 


9 s 


c « 


Ls 


I -9 


3^ 


|.s 


S fl 


ss 


'oS 


f^-2 


•3 -C 


o *•> 


O 


» 


1.270 


1.461 


1.316 


1.538 


1.305 


1.533 


1.303 


1.520 


1.306 


1.620 


1.308 


1.620 


1.301 


1.548 






fl'T 

^ s ^ 



Cold-blast, 
0.661 : 1 

Hot-blast, 
0.694: 1 



Previous to taking the observations in Itfovember and April 
the hot-blast bar had been disturbed. 

In regard to this experiment Mr. Fairbairn remarks : — " The 
above experiments sliow a progressive increase in the deflec- 
tions of the cold-blast bar during a period of five years of 0.031 
of an inch, and of 0.087 of the hot-blast bar." The numerical 
results are found by comparing the first deflection with the- 
mean of all the observed deflections. But an examination of 
the table shows that the greatest deflection, which was observed 
in bott cases, was at the second observation, which was about 
a year and a quarter after the weight was applied, and during 
the next two years the deflections decreased 0.015 of an inch 
for the cold blast, and 0.018 of an inch for the hot-blast bar. 
After this the deflections appear to increase for the cold-blast 
bar 0.005 of an inch the next two years. Considering all the 
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particulars of these experiments it does not seem just to con- 
clude that the deflections would have gone on increasing indefi- 
nitely with a continuance of the load. Admitting that the 
small increase of deflections during the last two years are cor- 
rect and not due to errors of observation, we see no reason why 
the deflections would not be as likely to decrease after a time 
as they were after the first year. 

TABLE IL 
In wTdch the Bar was Loaded mth 392 pounds. 



TKMFBBATUBK. 


Date of Observa- 
tion. 


Cold-blafit— clefleo- 
tion in inches. 


Hot-blast^-defleo- 
tion in inches. 


Ratio of load to 
mean breaking 
weight. 


78° 
72° 
61° 
50° 
58° 


March 6, 1837 

June 23, 1838 

July 5, 1839 

June 6, 1840 

November 22, 1841. 
Aprill9, 1842 


1.684 
1.824 

1.824 
1.825 
1.829 
1.828 


1.715 
1.803 
1.798 
1.798 
1.804 
1.812 


For cold-blast, 
0.771 : 1 

For hot-blast, 
0.805 : 1 




1.802 


1.788 











Here we see a general increase in the deflections from year 
to year, but the changes are not entirely regular. The princi- 
pal increase is during the first year. In the cold-blast there 
was a slight decrease of deflection during the last year, and in 
the cold-blast it was less at the third and fourth measurement 
than at the second. 



EFTECrr OF LONO-0 

TABLE IIL 
















t 






ll 


T^...™ 


1 


li 




!!f 




ll 


M 


fi 


ll^- 














Mard.6, I83T 


1.410 






78° 


June 33, 1838 


1.457 


Cold-blaat, 




July 5. I8y9 


1,440 






June 6, 1840 


1.445 






^foverabB^33, 1841. 


1.440 




68° 


ApraiO, 1843 


1.449 












'"si 






1.442 













We find from this table, as from Table I., that the maximum 
deflection was observed about a year and a quarter after the 
weight was applied, and that it decreased during the next two 
yeai-s, after which it slightly increased. The deflections were 
the same at the two last observations. These changes took 
place under the severe strain of more than four-fifths of the 
breaking weight. These experiments indicate that for a steady 
strain which is less than three-fourths of the ultimate strength 
of the bar, the deflection will not increase progressively until 
rupture takes place, but will be confined within small limits. 



187> ROEBLiNG's oBSEBVATioNs. — The old Mouongahcla 
bridge in Pennsylvania, after tliirty yearn of severe service, was 
removed to make place for a new structure. The iron which 
was taken from the old strnctui-e was carefully examined and 
tested by Mi-. Roebling, and found to be in such good condition 
that it was introduced by him into the new bridge.* 

He also found that the iron in another bridge over the AUe- 



• Eoebling''B EejxfTi on the Niagara BaUroad Bridge, 1860, p. 17; Jour. 
FranJc Imt, 1890, VoL LXX., p. 881. 
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ghany River was in good condition after forty-one years of 
service. 

188. OFT-RKPKATE» STRAINS. — Nearly all kinds of struc- 
tures are subjected to greater strains at certain times than at 
others, and some structures, as bridges and certain machines, 
are subject to almost constant changes in the strains. Loads 
are put on and removed, and the operation constantly repeated. 
Tlie following experiments for determining the effect of a load 
which is placed upon a bar and then removed, and the operation 
of which was frequently repeated, were made by Wm. Fair- 
bairn, in 1860."^ The beam was supported at its ends, and the 
weight which produced the strain was raised and lowered by 
means of a crank and pitman, as in Fig. 115. 




The gearing was connected with a water-wheel, which was 
kept in motion day and night, and the number of changes of 
the load were registered by an automatic counter. The beam 
was 20 feet clear span and 16 inches deep. The dimensions of 
the cross section were as follows : 



Top — Plate, 4 x i = 2.00 sq. inches. 

Angle irons, 2x2x3^==.. .2.30 

Bottom— Plate, 4xi= 2.00 

Angle irons, 2 x 2 x ^=.1.40 " 
Web— Plate, 15i xi = 1.90 



u a 

u 



Total 8.60 " 

Weight of beam, 1 cwt. 3 qrs. 3 lbs. 
Probable breaking weight, 9.6 tons. 



u 



* Civ. Eng. and Arch, Jour., Vol XXIII., p. 257, and VoL XXIV., p. ?JJ7. 
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Mrst Experiment — Beam loaded to \ the breaking weight : — • 

Total applied load 5,809 lbs. 

Half the weight of the beam 434 " 

Strain on the bottom flange 4.3 tons per sq. inch. 

Margin of strength by Board of 
Trade 3.4 

TABLE 

Of Vie Bemlts of Experiments made upon a Beam which was Supported at its 
Ends, and a Weig/it repeatedly/ but graduaUy Applied at Hie Middle. 



DATE. 


i 

tlO 

§ 

g 

o* 


Deflection at Centre 
of Beam. 


DATE. 


1 


Deflection at Centre 
of Beam. 


1860, 
March 21 


• • • • • • 

10.540 

15,610 

27,840 

46,100 

57,790 

72,440 

85,960 

97,420 

112,810 

144,350 

165,710 

202,890 

235,811 


0.17 
0.18 
0.16 

* • • • 

0.16 
0.17 
0.17 
0.17 
0.17 
0.17 
0.16 
0.18 
0.17 
0.17 . 


1860. 
April 13 


268,328 
281,210 
321,015 
343,880 
390,430 
408,264 
417,940 
449,280 
468,600 
489,769 
512,181 
536,355 
560,529 
596,790 


17 


22 


14 


0.17 


23 


17 


0.17 


24 


20 

25 


0.17 


26 


0.16 


27 


27 


0.16 


28 


28 


0.16 


29 


May 1 


0.16 


30 


3 

5 


0.16 


31 ... 


0.16 


Arril 2 

4 


7 

9 


0.16 
0.16 


7. 


11 


0.16 


10 


14 


0.16 









At this point, after half a million of changes, the beam did 
not appear to be damaged. At firet it took a permanent set of 
0.01 of an inch, which did not appear to increase afterwards, 
and the mean deflection for the last changes were less tlian for 
the first. For the last seventeen days the deflection was uni- 
form, but for the first seventeen davs it was variable. 

The moving load was now increased to one-third the break- 
ing weight, = 7,406 lbs., with the following results : 
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DATE. 



1860. 
May 14.. 

15.. 

17.. 

ID.. 

22.. 

26.. 

29.. 

31.. 
Jtine 4. . , 



•s 


i 


1 


►-4 


o . 


% 




1 


©M 


c 


!z; 


S 




0.22 


12,623 


0.22 


36,417 


0.22 


53,770 


0.21 


85,820 


0.22 


128,300 


0.22 


161,500 


0.22 


177,000 


0.22 


194,500 


0.21 



DATE. 



1860. 
June 7. . 
9.. 
12.. 
16.. 
21.. 
23.. 
25.. 
26.. 




217,300 
236,460 
264,220 
292,600 
327,000 
a50,000 
375,650 
403,210 



I 

& 

I 



0.21 
0.21 
0.21 
0.22 
0.23 
0.25 
0.23 
0.23 



The beam liad now received 1,000,000 changes of the load, 
but it remained uninjured. Tiie moving load was now in- 
creased to 10,050 lbs. — or one-half the breaking- weight — and it 
broke with 5,175 changes. The beam was then repaired by 
riveting a piece on the lower flange, so that the sectional area 
was the same as before, and the experiment was continued. 
One hundred and fifty-eight changes were made with a load 
equal to one-half the breaking weight ; and the load was then 
rjeduced to two-fifths the breaking weight, and 25,900 changes 
made. Lastly, the load was reduced to one-third the breaking 
weight, with the following results : — 
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DATE. 



Sept. 



1860. 
August 18 . 

16. 

20. 

24. 

25 

31. 
1. 
8. 

15. 

22. 

30. 
October 6 

13. 

20. 

27. 
November 3. 

10. 

17. 

23. 

December 1. 

8. 

15. 



to 



•S'S 

1^ 



25,900 
46,326 
71,000 
101,760 
107,000 
135,260 
140,500 
189.500 
242,860 
277,000 
320,000 
375,000 
429,000 
484,000 
538,000 
577,800 
617,800 
657,500 
712,300 
768,100 
821,970 
875.000 



■g 



§ 

I 

P 



0.18 



0.18 



DATE. 



Dec. 


1860. 
22 




29 


Jan. 


1861. 
9.... 


19 




26 


Feb. 


2 


Majc 

April 


11 


16 


23 


;h2 


9 


13 


23 


30 


[ 6 


13 


20 


27 


May 


4 


11 


June 





c 

CS 

.a 
o 

o 



I 



^ 



929,470 
1,024,500 

1,121,100 
1,278,000 
1,342,800 
1,426,000 
1,485,000 
1,543,000 
1,602,000 
1,661,000 
1,720.000 
1,779,000 
1,829,000 
1,885,000 
1.945,000 
2,000,000 
2,059,000 
2,110,000 
2,165,000 
2,250,000 
2,727.754 






O 

IS 
Qi 

Q 



0.18 







18 
17 



17 



The piece had now received nearly 4,000,000 changes in all, 
but the 2,727,000 changes after it was once broken and re- 
paired did not injure it. The changes were not ver}^ rapid. 
During the first experiment they averaged about 11,000 per 
day, or less than eight per minute, and during the last experi- 
ment the highest rate of change appears to have ])een less than 
eleven per minute, which is very slow compared with the 
strokes of some forge hammers. 

189. STIFFENING UNDER STRAIN. — Tlic experiments re- 
corded in Articles 81, 185, and 186, indicate tliat iron may be- 
come stiffer, if not stronger, under strain. Tliat such is the 
fact has recently been confirmed in a very striking manner by 
the experiments of Professor Thurston (hereafter given), and 
the following experiment, which was made by Commander L. 
W. Beardslee, of the U. S. Navv.* 



* Reported by Prof. Thurston to the Am. Soo. of Civ. Eng., New York, Nov., 
1874. The specimen is preserved in The Stevens' Institute of Technology. 
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The bar was of Phoenix iron, with an eye formed at each 
end. It was pulled apart by a hydraulic machine, and registered 




Fio. 116. 



with weights and levers. It was originally If inches in diame- 
ter, but was drawn down to If of an inch at a^ when it suddenly 
broke in the weld near the eye, with 67,800 pounds. The rest 
of the bar was slightly tapered, but with no marked diminution. 

A new eye was welded on, and the next day it was put in the 
testing machine, when, instead of breaking at a^ it began to 
yield and draw down at S, and finally broke at that point under 
a strain of 88,000 pounds. 

Such are the facta in regard to this remarkable fracture. 
Had the eye not broken, it is quite certain that the bar would 
have broken at a. The particles then were moving (flowing) 
over each other more rapidly than at any other point, and were, 
apparently, on the verge of separation. By being relieved of 
the strain for a day (resting) its strength was greatly increased, 
so that it was stronger at the reduced section on the second day 
than the full section was on the former day. It would appa- 
rently have broken on the first day with a strain somewhat ex- 
ceeding 68,000 pounds, but on the second day it sustained 
88,000 pounds at that point without fracture, which is a very 
large increase in the strength. 

The most that can be said with certainty is, that the particles 
b}^ flowing over each other, and having time to come to rest in 
their new positions, the cohesive force between them was in- 
creased. The contraction necessarily develops heat, and it is 
probable that the heat during the flowing, and the abstraction 
of it afterwards, played an important part in securing the in- 
creased cohesion. 

190. SHOCKS. — In a broad sense, a shock is the impinging 
of one mass against another, whereby the velocity of one or 
both of the masses is suddenly changed. In common language 



EFFECT OF SHOCKS. 251 

it IS a hlow produced by one solid body striking another. In 
the impact of gases, liquids and semi-fluids, shocks are not con- 
sidered. When the motion of a rigid body is gradually changed, 
like the connecting rod, oi- the pitman of an engine, shocks are 
not produced. If a moving mass be brought to rest by a resist- 
ance acting througli a finite space, the shock is much less than 
if it be arrested more suddenly. Thus a forge hammer in 
striking a molten mass of metal produces but little shock, whereas 
the same blow upon cold metal may pi-oduce a severe shock. 
No moving mass can be brought to rest instantaneously^ but 
the more rigid the masses, and the more unyielding the supports 
of the body receiving the blow, the more suddenly will the 
blow be arrested, and the more severe will be the shock. 

The effect of shocks may be greatly modified by the intro- 
duction of springs. Thus, the use of steel, rubber and wooden 
springs in vehicles and machines are familiar examples, and if 
the springs have but little mass, and have suflicient range of 
action, they may very nearly remove the effect which shocks 
would otlierwise produce. 

Oft-continued and long-repeated shocks upon metals are 
quite certain to produce fracture sooner or later. One who is 
unaccustomed to these effects is apt to be surprised at the fail- 
ure of iron or steel after it has sustained a moderate shock for 
a long time, but those who are accustomed to them seek to an- 
ticipate and provide against them. All metals in use have their 
"life." In some cases they are worn out, but in many others 
they break after a time. They can sustain only a certain 
amount of service. All machinery, tools, implements, vehicles, 
etc., have to be renewed. But there is nothing more uniformly 
disastrous to machinery, or which produces results more unex- 
pectedly than shocks. 

The following example is a good illustration of its effects. 

To aid in the handling of large masses of iron while being 
forged, a long bar of iron is sometimes forged to them to serve 
as a handle. This handle is called a " Porter bar," and may be 
used repeatedly for the same purpose. 

At the West Point Foundry a Porter bar, which had been in 
use about twenty years, broke near the middle whilst the ham- 
mer was at work upon the forging which was attached to the 
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other end. The bar was about twenty feet long and twelve 
inches in diameter at the smaller end, and twenty-three inches 
at the end where it was attached to the forging. It was about 
fourteen inches in diameter where it broke. It was slung on a 
chain in the usual manner, and the fracture was between the 
free end and where it was slung, and some two or three feet 
from the latter place. 

The appearance of the fracture was described as highly crys- 
talline and a clean break. The piece broken off probably 
weighed a ton and a half. It would have required a load of 
nearly fourteen tons applied at the end to have broken it if the 
iron was sound. 

This is a remarkable fracture for iron. It is not probable 
that the iron was er^ystaUizedy but that it had that appearcmoe 
on account of the character of the breakage, as will be explained 
hereafter. 

The heavy end, which served as a handle, was caused to 
vibrate under the action of the hammer, and doubtless caused 
excessive strains which started a fracture; and by repeating 
the operation from time to time finally caused rupture. 

The writer is familiar with similar examples in the case of 
steel. Where the steel had been subjected to repeated shocks, 
one end of a bar would drop off while the smith was at work 
upon the other end. 

The fracture in such cases is doubtless a slow process. At 
first a mere crack is started, which increases slowly by the re- 
peated blows, but is unseen by the observer until the piece is so 
much weakened that it fails suddenly at last. 

The effect of a low temperature upon metals when subjected 
to shocks is not fully determined. Wlien subjected to a steady 
tensile strain, numerous experiments prove conclusively that 
iron is stronger at very low temperatures than at ordinary tem- 
peratures. But it is commonly supposed that machinery, tools, 
rails on the railroad, tyres on locomotives, axles under the cars, 
etc., break more easily when cold than when warm. Steel rails 
when they first came into use were supposed to be more liable 
to break when cold than iron ones, but they have now come 
into extensive use, and there are no more breakages than for- 
merly, and probably not as many. 
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Mr. Sandberg, the translator of Styffe's work,* thought it 
probable that iron when subjected to shocks might not give the 
same relative strength at different temperatures that it would 
when subjected to a steady strain. He therefore instituted a 
series of experiments to satisfy himself upon this important 
point, and aid in solving the problem. The following is' an 
abstract of his report : — 

The supports for the rails in the experiments were two large 
granite blocks which rested upon granite rocks in their native 
bed. The rails were supported near their ends on these blocks. 
They were broken by a ball which weighed 9 cwt., which was 
permitted to fall five feet the first blow, and the height increased 
one foot at each succeeding fall, and the deflection measured 
after each impact. A small piece of wrought-iron was placed 
on the top of each rail to receive the blow, so as to concentrate 
its effect. 

The rail was thus broken into two halves, and each part was 
afterward broken at different temperatures. As the experi- 
ments were not made till the latter paii; of the winter, the 
lowest temperature secured was only 10° Fahr. Fourteen rails 
were tested : — Seven of which were from Wales ; five from 
France ; and two from Belgium. From these the experimenter 
drew the following conclusions : — 

1. " That for such iron as is usually employed for rails in the 
three principal rail-making countries (Wales, France, and Bel- 
gium), the breaking strain, as tested hy sudden blows or shocks, 
is considerably influenced by cold ; such iron exhibiting at 10° 
F., only one-third to one-foiirth of the strength which it pos- 
sesses at 84° F. 

2. " That the ductility and flexibility of such iron is also 
much affected by cold, rails broken at 10° F., showing on an 
average a permanent deflection of less than one inch, whilst the 
other halves of the same rails, broken at 84° F., showed less 
than four inches before facture." 

These experiments seem to be conclusive for the iron which 
was tested. 

♦ The Elastidtp, Extermbilitp^ and Tensile Strength of Iron and Sted. By 
Knut Styffe. Translated by Christer P. Sandberg, London. 
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From the oflScial reports of the Verein Deutscher Eisenhalin 
Verwaltungen^ it appears that during the year 1870, on 22 lines 
belonging to the Association, 132 axles of locomotives, tenders, 
and carriages were broken. In comparison with the previous 
year, in wliich the fractures amounted to 163, these figures show 
an improvement. There is a decrease of 19.3 per cent, on the 
service which, considering the extraordinary demands occa- 
sioned by the Franco-German war, and the increase of rolling 
stock in Austria, appeara considerable. The fractures either 
occurred or were reported in the months of 

December, January, February, in 39 cases. 
March to May (inclusive), in 30 " 

June to August, " in 25 " 

September to November " in 38 " 

The influence of the cold season, despite much that has recently 
been said to the contrary, is distinctly marked ; from March 
till August 55 only, and during the other months 77 axles 
broke. The average run of the axles broken in 1870 was as 
follows : — 

Locomotives 11 years 4 months 13 days. 

Tenders. ..13 " 4 " 20 « 

Carriages 11 "11 " 13 « 

Average 12 " 2 " 29 « 

The average mileages of the axles were in the case of 

Locomotives 34,241.7 miles (German). 
Tenders.... 3 1,494.5 " " 

Carriages... 24,040.1 " " 

Average. . . . 27,631.1 " " 

The maximum mileage attained was 69,000 miles. 

But in opposition to this we have the Report of the Massa- 
chusetts Railroad Commissioners for 1874. On page 74 of this 
report are the following conclusions : — " Cold does not make 
iron or steel brittle, or unreliable for mechanical purposes." 
" It is not the rule that the most breakages occur on the coldest 
days." " The introduction of steel, in place of iron rails, has 
caused an almost complete cessation of the breakage of rails." 
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This report, whicli is the latest upon this point, shows that 
there must have been a great improvement in some respects in 
order to secure it. 

These results are in opposition to previously formed ideas in 
regard to the effect of cold. It being the latest report, and 
from a reliable source, we must look for an explanation in the 
improved character of the materials in the rails or in the sub- 
structure. There doubtless remains much to be learned upon 
this subject. It is especially desirable to determine the effect 
of the mipuTities in the metal. It is probable that those ele- 
ments which make iron cold-sheet will cause it to be more 
brittle at low than at moderate temperatures ; and that good 
nietals will resist shocks better at low temperatures than at 
moderate ones. 

The following experiments, by John A. Eoebling,"^ bear upon 
this subject : 

" The samples tested were about one foot long, and were re- 
duced at the centre to exactly three-fourths of an inch square, 
and their ends left larger, were welded to heavy eyes, making 
in all a bar three feet loncy. These were covered with snow 
and ice, and left exposed several days and nights. Early in the 
morning, before the air grew warmer, a sample inclosed in ice 
was put into the testing-machine and at once subjected to a 
strain of 26,000 pounds, the bar being in a vertical position, 
and left free all around. The iron was capable of resisting 
70,000 lbs. to 80,000 lbs. per square inch. A stout mill-hand 
struck the reduced section of the piece, horizontally, as hard as 
he could, with a billet one and a half inches in diameter and 
two feet long. The samples resisted from three to one hun- 
dred and twenty blows. With a tension of 20,000 lbs. some 
good samples resisted 300 l)lows before breaking." 

The finest and best qualit'es of' iron, or those that have the 
highest coefficient elasticity wmII resist vibration best. It is 
generally supposed that good ii*on will resist concussions much 
better than steel. Sir William Armstrong, of England, says : — 
" The conclusion at which I have long since arrived, and which 
I still maintain, is, that although steel has much greater tensile 

* Jour, Frank, Inst.^ voL xl., 3d series, p. 361. 
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other end. The bar was about twenty feet long and twelve 
inches in diameter at tlie smaller end, and twenty-thi*ee inches 
at the end where it was attached to the forging. It was about 
fourteen inches in diameter where it broke. It was slung on a 
chain in the usual manner, and the fracture was between the 
free end and where it was slung, and some two or three feet 
from the latter place. 

The appearance of the fracture was described as highly crys- 
talline and a clean break. The piece broken off probably 
weighed a ton and a half. It would have required a load of 
nearly fourteen tons applied at the end to have broken it if the 
iron was sound. 

This is a remarkable fracture for iron. It is not probable 
that the iron was crystallized^ but that it had that appearcmoe 
on account of the character of the breakage, as will be explained 
hereafter. 

The heavy end, which served as a handle, was caused to 
vibrate under the action of the hammer, and doubtless caused 
excessive strains which started a fracture; and by repeating 
the operation from time to time finally caused rupture. 

The writer is familiar with similar examples in the case of 
steel. Where the steel had been subjected to repeated shocks, 
one end of a bar would drop off while the smith was at work 
upon the other end. 

The fracture in such cases is doubtless a slow process. At 
first a mere crack is started, which increases slowly by the i^e- 
peated blows, but is unseen by the observer until the piece is so 
much weakened that it fails suddenly at last. 

The effect of a low temperature upon metals when subjected 
to shocks is not fully determined. When subjected to a steady 
tensile strain, numerous experiments prove conclusively that 
iron is stronger at very low temperatures than at ordinary tem- 
peratures. But it is commonly supposed that machinery, tools, 
rails on the railroad, tyres on locomotives, axles under the cars, 
etc., break more easily when cold than when warm. Steel rails 
when they first came into use were supposed to be more liable 
to break when cold than iron ones, but they have now come 
into extensive use, and there are no more breakages than for- 
merly, and probably not as many. 
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on account of the long time it takes to heat the mass. Forging 
does not destroy the crystals, and forging iron at too low a 
temperature makes it tender, while steel at too high a tempera- 
ture is brittle. The presence of phosphorus facilitates crystal- 
lization. 

Time, in the process of breaking iron, will often determine 
the character of the fracture. If the fracture is slow, the iron 
will generally appear fibrous ; but if it be quick, it may appear 
more or less crystalline. This result has been frequently no- 
ticed. At Shoeburyness armor-plates were shattered like glass 
under the impact of shot at a velocity of 1,200 feet to 1,600 
feet per second. They were were made of good fibrous iron. 

William Fairbaim says : — ^ " We know that in some cases 
wrought iron subjected to continuous vibration assumes a crys- 
talline structure, and that then the cohesive powers are much 
deteriorated ; but we are ignorant of tlie cjauses of this change." 

The late Kobert Stephenson f stated that in all the cases 
investigated by him of supposed change of texture, he knew 
of no single instance where the reasoning was not defective in 
some important link. 

Mr. Brunei accepted the theory of molecular change, for a 
time, as due to shocks, but afterwards expressed great doubts 
as to its correctness, and thought that the appearance depended 
more upon the manner of breaking the metal than upon any 
molecular change. 

Fairbairn presented his view of the probable cause of the 
internal change when it takes place in his evidence before the 
Comrnissioners appointed to inquire into the application of 
iron to railway structure. He says : — ** As regards ii*on it is 
evident that the application and abstraction of heat operates 
more powerfully in effecting these changes than probably any 
other agency ; and I am inclined to think that we attribute too 
much hifluence to percussion and vibration, and neglect more 
obvious causes which are frequently in operation to produce 
the. change. For example, if we take a bar of iron and heat it 
red hot, and then plunge it into water, it is at once converted 



♦ Cm>. Eng. and Arch, Jour.^ Voi. iii., p. 257. 
t Am. E. TimMj March 6, 1800, Bjoston. 
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strength than wrought iron, it is not as well adapted to resist 
concussive strains." This was written many years since, but 
at the present day many mechanics prefer iron to steel for 
resisting shocks. 

191. cBYSTAiiiiizATioN OF IRON. — It is observed that 
metals which are subjected to oft-repeated and long-continued 
shocks become weak ; and when broken in this way they ap- 
pear to be crystallized, having apparently undergone a change 
of structure. A crystal is a homogeneous inorganic solid, 
bounded by plane surfaces, systematically arranged. The 
quartz crystal is a familiar example. Different substances 
crystallize in forms which are peculiar to themselves. Metals, 
under certain circumstances, crystallize ; and if they are broken 
when in this condition the fracture shows small plane sur- 
faces, which are the faces of the crystals. It is found in all 
cases that crystallized iron is weaker than the same metal in 
its ordinary state. By its ordinary state we mean that wrought 
iron is fibrous, and cast iron and steel are grauular in their 
appearance. 

Iron crystallizes in the cubical system."*^ Wholer, in break- 
ing cast-iron plates readily obtained cubes when the iron had 
long been exposed to a white heat in the brickwork of an iron 
smelting furnace. 

Augustine found cubes in the fractured surface of gun bar- 
rels which had long been in use. 

Percy found on the surface and interior of a bar of iron, 
which had been exposed for a considerable time in a pot of 
glass-making furnace, large skeleton octahedra. (He seems to 
differ from the preceding in regard to the form of crystals.) 

Prof. Miller, of Cambridge, found Bessemer iron to consist 
of an aggregation of cubes. 

Mallet says : — " The plans of crystallization group themselves 
perpendicular to the external surfaces." 

Bar iron will become crystalline if it is exposed for a long 
time to a heat considerably below fusion. Hence we see why 
large masses which are to be forged may become crystalline, 

♦ Osbom*s MetaXlurgy^ pp. 83-86. See Appendix. 
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on account of the long time it takes to heat the mass. Forging 
does not destroy the crystals, and forging iron at too low a 
temperature makes it tender, while steel at too high a tempera- 
ture is brittle. The presence of phosphorus facilitates crystal- 
lization. 

Time, in the process of breaking iron, will often determine 
the character of the fracture. If the fracture is slow, the iron 
will generally appear fibrous ; but if it be quick, it may appear 
more or less crystalline. This result has been frequently no- 
ticed. At Shoeburyness armor-plates were shattered like glass 
under the impact of shot at a velocity of 1,200 feet to 1,600 
feet per second. They were were made of good fibrous iron. 

William Fairbaim says : — ^ " We know that in some cases 
wrought iron subjected to continuous vibration assumes a crys- 
talline structure, and that then the cohesive powers are much 
deteriorated ; but we are ignorant of the causes of this change." 

The late Robert Stephenson f stated that in all the cases 
investigated by him of supposed change of texture, he knew 
of no single instance where the reasoning was not defective in 
some important link. 

Mr. Brunei accepted the theory of molecular change, for a 
time, as due to shocks, but afterwards expressed great doubts 
as to its correctness, and thought that the appearance depended 
more upon the manner of breaking the metal than upon any 
molecular change. 

Fairbaim presented his view of the probable cause of the 
internal change when it takes place in his evidence before the 
Cominissioners appointed to inquire into the application of 
iron to railway structure. He says : — '* As regards iron it is 
evident that the application and abstraction of heat operates 
more powerfully in effecting these changes than probably any 
other agency ; and I am inclined to think that we attribute too 
much infiuence to percussion and vibmtion, and neglect more 
obvious causes which are frequently in operation to produce 
the. change. For example, if we take a bar of iron and heat it 
red hot, and then plunge it into water, it is at once converted 



♦ Cw. Eng, and Arclu Jour.^ Voi. iii., p. 257. 
t Am. B. Times. March 6, 18G0, BjostoBu. 
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into a crystallized instead of a fibrous body ; and by repeating 
this process a few times, any description of malleable iron may 
be changed from a fibrous to a crystalline structure. Vibration, 
when produced by the blows of a hammer or similar causes, 
such as the percussive action upon railway axles, I am willing 
to admit is considerable ; but I am not prepared to accede to 
the almost univei*sal opinion that granulation is produced by 
those causes only. I am inclined to think that the injury done 
to the body is produced by the weight of the blow, and not by 
the vibration caused by it. If we beat a bar with a small ham- 
mer, little or no effect is produced ; but the blows of a heavy 
one, which will shake the piece to the centre, will probably give 
the key to the cause which renders it hrittlsj but probably not 
that which causes crystcdlization. The fact is, in my opinion, 
we cannot change a body composed of a fibrous texture to that 
of a crystalline character by a mechanical process, except only 
in those cases where percussion is carried to the extent of pro- 
ducing considerable increase of temperature. We may, how- 
ever, shorten the fibres by continual bending, and thus render 
the parts brittle, but certainly not change the parts which were 
originally fibrous into crystals. 

• *' For example, take the axle of a car or locomotive engine, 
W'hich, when heavily loaded and moving with a high velocity, 
is severely shocked at every slight inequality of the rails. If, 
under these circumstances, the axle bends — however slightly — 
it is evident that if this bendincr be continued throusrh many 
thousand changes, time only will determine when it will break. 
Could we, however, suppose the axle so infinitely rigid as to 
resist the effects of percussion, it would then follow that the 
internal structure of the iron will not be injured, nor could the 
assumed process of crystallization take place.'' 

The late John A. Eoebling, who designed and constructed 
the Niagara Railway Suspension Bridge, in his report on that 
structure in I860,* says he has given attention to this subject 
for years, and as the result of his observation, study and experi- 
ment, gives as his view that " a molecular change, or so-called 
'granulation or crystallization^ in consequence of vibration or 

* JwjLV. Frank. Inst, VoL xL, 3d series, p. 361. 
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tension, or both combined, has in no instance been satisfactorily 
proved or demonstrated by experiment." " I further insist 
that crystallization in iron or any other metal can never take 
plaice in a cold state. To form crystals at all, the metal must 
be in a highly-heated or nearly molten state." But he states 
that he is witnessing the fact daily that vibration and tension 
combined will greatly afifect the strength of iron without chang- 
ing its fibrous texture. 

In speaking of the rock-drilling engines used in Hoosac 
Tunnel, Mass., which were driven by compressed air, the com- 
mittee says : * — " Gradually they began to fail in strength ; 
the incessant and rapid blows — counted by millions — ^to which 
they are subjected, appearing to granulate or disintegrate por- 
tions of the metals composing them." 

In some recent experiments made in France, interesting in- 
formation has been made known in regard to crystalline struc- 
ture in wrought-iron. The apparatus consisted of a bent axle, 
which was firmly fixed up at the elbow in timber, arid which 
was subjected to toi-sion or twist by means of a cog-wheel con- 
nected at the end of the horizontal part. At each turn the 
angle of torsion was 24 degrees, and a shock was produced each 
time that the bar left one tooth to be raised by the next. Seven 
axles were submitted to the trial. In the first the movement 
lasted one hour, 10,800 revolutions and 32,400 shocks being pro- 
duced ; the axle, 2^ inch diameter, was taken from the machine 
and broken by an hydi*aulic press, but no change in its texture 
had occurred. In the second, a new axle having been tried 
4 hours, sustained 129,000 torsions, and was afterwards broken 
by means of an hydraulic press ; no alteration was perceptible 
to the naked eye, but, tried by a mici-oscope, the fibres appeared 
without adhesion, like a bundle of needles. A third axle was 
subjected during 12 hours to 338,000 torsions, and broken in 
two ; a change in its texture and an increased size in the grain 
of the iron were observed by the naked eye. In the fourth, 
also, the axle was broken in many places after 110 hours and 
2,553,000 torsions. In the fifth, an axle submitted to 23,328,000 
torsions during 720 hours, was completely changed in its texture. 

* Annual Report of the Commissioners on tlie Troy and Chreenfidd Railroad 
and Hoosac Tunnel. House Doc., No. 30, p. 5, Boston, Masa 
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In the sixth, after ten months, during which the axle was sub- 
mitted to 78,735,000 torsions and shocks, fracture produced by 
an hydraulic press showed clearly an absolute transformation, 
the surface of the rupture being scaly, like pewter. The sev- 
enth axle, submitted to 129,304,900 torsions, presented a sur- 
face of rupture like that of the sixth, the crystals were found to 
be . perfectly well-defined, it having lost every appearance of 
wrought iron. — U, S. R. Ji. and Mining Register^ 1872. 

The last experiment looks like a proof of the fact that the 
internal structure of iron may be changed by strains and shocks, 
but in this example millions of them did not produce rupture. 
Much depends upon the severity of the shock. The rapidity 
of the blows also has much to do with its durabilitv, since a 
rapid movement of the particles may develop heat to such an 
extent as to become an important element in the effect produced 
upon the metal. 

These several facts, though apparently somewhat conflicting, 
show quite conclusively, that some metals will crystallize under 
certain conditions ; that under certain conditions they may be 
strained millions of times without being damaged, or at least 
without being broken ; that under certain conditions strains and 
shocks combined 'may produce crystallization ; that shocks when 
severe will weaken metals, and if they are sufficiently numerous, 
will produce rupture. Much evidently remains to be learned 
upon this subject. There is a metal called " Phospho-Bronze," 
which combines in a remarkable degree toughness, rigidity, 
hardness and great elastic resistance, ^vhich, it is said, will not 
crystallize under repeated strains or continued vibration. 

198. THE PBACTicAii <|i^ESTiON is, how shall the life of 
such machines as are necessarily subjected to shocks, be pro- 
longed. The steam forge hammer (Ndsmyth's) has been very 
troublesome on account of its frequent breakages. The auto- 
matic valve arrangement was so troublesome that many preferred 
to work them entirely by hand, but at the present day there ai*e 
many in which this is as durable as any other part of the ma- 
chine. One of the essential features is to take the motion off 
from the hammer or piston-rod by a slope, so that the move- 
ment of the valve and its mechanism will be gi'adual. The 
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piston-rod is liable to break. In some verj beavy liamniera the 
rod 18 keyed to the block and the end, which is square, presses 
against blocks of wood which are put in place for the purpose 
of relieving the shock, but this ouly partially cures the evil, 
since the rod is liable to break at the keyhole. 

A Mr. Webb, of England, proposed the improvement shown 
in Fig. 117. 




il^A^^I 



Iteferring to the figure, it will be seen that the piston-rod, 
which is for the main part of its length 4 in. in diameter, is en- 
larged at the lower end to 6J in. in diameter, and is shaped 
spherically. This spherical portion of the rod is embraced by 
the annealed steel castings, B B, which are secured in their 
place in the hammer-head by tlie cotters. A, and the whole 
thus forms a kind of ball-and-socket joint, which permits the 
hammer head to swivel slightly on the rod without sti-aining 
the latter. Mr. Webb first applied this form of liammer-rod 
fastening to a five-ton Nasmyth hammer with a 4 in, rod. With 
the old mode of attachment, with a cheese end, this hammer 
broke a rod every three or four weeks when working steel, wliile 
a rod with the ball-and-socket joint, whicli was put in in No- 
vember, 1867, has been working ever since, that is, to some 
time in 1869, without giving any trouble. The inventor has 
also applied a rod thus fitted to five-ton Thwaites and Carbutt's 
hammer witli equal s 
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In the sixth, after ten months, during which the axle was sub- 
mitted to 78,735,000 torsions and shocks, fracture produced by 
an hydraulic press showed clearly an absolute transformation, 
the surface of the rupture being scaly, like pewter. The sev- 
enth axle, submitted to 129,304,900 torsions, presented a sur- 
face of rupture like that of the sixth, the crystals were found to 
be . perfectly well-defined, it having lost every appearance of 
wrought iron. — U, S, R. li. and Mining Register, 1872. 

The last experiment looks like a proof of the fact that the 
internal structure of iron may be changed by strains and shocks, 
but in this example millions of them did not produce rupture. 
Much depends upon the severity of the shock. The rapidity 
of the blows also has much to do with its durability, since a 
rapid movement of the particles may develop heat to such an 
extent as to become an important element in the efPect produced 
upon the metal. 

These several facts, though apparently somewhat conflicting, 
show quite conclusively, that some metals will crystallize under 
certain conditions ; that under certain conditions they may be 
strained millions of times without being damaged, or at least 
without being broken ; that under certain conditions strains and 
shocks combined may produce crystallization ; that shocks when 
severe will weaken metals, and if they are sufficiently numerous, 
will produce rupture. Much evidently remains to be learned 
upon this subject. There is a metal called " Phospho-Bronze " 
which combines in a remarkable degree toughness, rigidity, 
hardness and great elastic resistance, •which, it is said, will not 
crystallize under repeated strains or continued vibration. 

198. THE PR ACTIO A I. <|iTESTioN is, how shall the life of 
such machines as are necessarily subjected to shocks, be pro- 
longed. The steam forge hammer (Ndsmyth's) has been very 
troublesome on account of its frequent breakages. The auto- 
matic valve arrangement was so troublesome that many preferred 
to work them entirely by hand, but at the present day there are 
many in which this is as durable as any other part of the ma- 
chine. One of the essential features is to take the motion off 
from the hammer or piston-rod by a slope, so that the move- 
ment of the valve and its mechanism will be gradual. The 
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by actual use. Having detenuiued it, otlier epecimeus of simi- 
lar quality, wlieii used for the same purpose, eliould be cast 
aside before they fail, after having performed nearly the same 
duty. 

193. THCKSTON's BXpeBiffiSKiTs.* — Pfofessor TlmrstoH, 
of the Stevens' Institute of Technology, lias made an entenaive 
series of experiments upon various materials with a machine of 
his own invention, the prominent featui-e of whieli is its auto- 
matic registiy. For the sake of simplicity, compactness, and 
economy, he so constructed the machine as to subject the 





specimens to torsion. It records automatically at every instant 
the moment of the stress, and the total angle of torsion. This 
feature enables one to make experiments rapidly and aceu- 

'. Eng. Society, N. Y., Jbur. oft/u Frunk. 
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rately, and by means of it many qualities may be detected 
which otherwise might escape observation. 

The twisting force is applied at Ej Fig. 119, and the resist- 
ance is offered by a weight D. The arms jff and C turn upon 
independent axes, an enlarged view of one of which is shown 
in Fig. 120. The end Cf swings in the fi'ame, while the other 
end is free. At the free end is a rectangular recess M for 
receiving one end of the specimen, which is usually made of the 
form shown in Fig. 121. The reduced part is one inch long and 
five-eighths of an inch in diameter. The other axis faces this> 
but a short space is left between the free ends at Jf. 




Fig. 131. 

When the specimen is secured in the rectangular recesses, 
the axes are virtually connected by the specimen, so that as a 
force is applied to the arm E^ tending to turn it on its axis, it 
will at the same time tend to tuni the arm B on its axis ; but 
as the weight D is moved from the vertical position it will 
bring a tomve strain on the specimen, and tlie farther it is 
forced out the greater will be the strain. The statical moment 
of the weight D will equal the moment of the torsional stress. 
The relative angular movements of the arms G and S will be 
the measure of the total angle of torsion. It is evident that as 
the specimen yields to the strain, the arm C must travel farther 
than the arm jff, in producing a given strain. 

A guide curve F, of such form that its ordinates are propor- 
tional to the torsional moments, and its abscissas proportional 
to the arcs moved over by the arm B^ is atta<;hed to the frame 
AA\ The other arm C carries a cylinder G^ upon which 
paper is clamped for receiving the record. A pencil is secured* 
to the arm B in such a way that it will be carried around with 
it, but which, at the same time, is free to move outward as it 
is moved along the curve F. 

After the specimen paper and pencil are arranged, the arm 
C is forced around, and arm B is thus forced forward, and the 
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pencil describes a line npon the paper as they move. The 
abscissa of the line will represent the angle of toraion and the 
ordinates the moment of stress. 

The interpretation of the diagrams has been the subject of 
much study. The comparison of the diagrams of a variety of 
materials, and a knowledge of the properties of some of them, 
enables the investigator to draw many general conclusions. 
Those who desire to acquaint themselves with the steps should 
consult the original papers. We can only present the results, 
and for this purpose have selected the diagram of a specimen 
of Swedish iron, marked No. 101, which is an exact copy of the 
diagram made by the machine. After becoming familiar with 
this one, the student will be able to interpret any of those upon 
the accompanying cliait. 

1. The total angle of torsion is marked on the lower horizon- 
tal line. 

2. The ordinates, as 5.r, represent the moments of torsion, 
and hence represent relatively the strain. 

3. The curve from JL to J is convex towards the line of 
abscissas. This shows that the piece had internal strains be- 
fore it was twisted. 

* 4. From atob the line is very nearly straight, and the tan- 
gent of its inclination to the liorizontal is the ratio of the mo- 
ment of torsion to the total angle of torsion (or distortion) 
which took place between a and J. When the line is exactly 
straight, Hooke's law, " ^U tensw sic vis^^ is mathematically 
exact. . Tlie inclination of the line is a measure of the stiffness, 
and is proportional to the coefficient of elasticity. The point J, 
wliere the line begins to curve, corresponds to the limit of elas- 
ticity. When there is no stiaight pai*t, as in many specimens 
of cast-iron and some otlier metals, there is not properly any 
limit of elasticity. 

6. The curve, at 5, shows that the outer particles begin to 
yield, and a set takes place. 

6. The relative depression at <? shows that the structure oi 
the material is not homogeneous. Homogeneous materials 
make a nicely-rounded curve without any depression. This 
simple illustration shows one of the advantages of an automatic 
registry. 
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7. The curve rises more rapidly from g to dy showing that 
the previous strains upon the non-homogeneous solid has finally 
brought into action, or at least into greater action, certain ele- 
ments which before were partially dormant. 

8. From dtoe the curve is very regular, showing that the 
yielding goes on uniformly. 

9. At e the motion of the lever C was reversed until the arm 
J3 returned to a vertical position, and the pencil traced the 
curve ef. A forward movement was then given to the arms, 
and the pencil traced the curve ^. The abscissa jy represents 
the set. The inclination of the curve gf\ as before, represents 
the stiffness at this point. In this, case the stiffness is not 
diminished by the previous strains, and the elastic limit has 
been raised. 

10. The strain being continued, the curve gB maintains the 
same height as before, showing that the strength has not been 
impaired ; but at JS there is a slight depression. At JS the 
arms were fixed in position and the piece was left under strain 
for one day, when the arm C was again moved forward, and 
the line moved suddenly upward to i. 

11. The elevation of the curve Bi was an unexpected dis- 
covery by the experimenter, which was first formally announced 
by him to the American Society of Civil Engineei*8 in Novem- 
ber, 1873. The explanation of this phenomenon is given in his 
own words, as follows : " The phenomenon hert observed is an 
elevation of the limit of elasticity hy a continued strain. The 
cause is probahly a gradiml release ofinter-nal strain^ occurring 
in a somewhat similar manner to that observed previously in 
cast-iron, and less frequently, and generally in a less markecl 
degree, in wrought-iron and other metals, which have beei/ 
worked in large pieces, and in which such strain has been 
more or less reduced by a period of rest.'' 

The piece resisted a much larger strain within the elastic 
limits, after resting twenty-four hours, than it did before ; and 
it evidently required a greater force to rupture it than it would 
if the experiment had continued consecutively on the first day. 
The experimenter, however, concludes that it would probably 
rupture with a less angle of torsion after resting than it would 
have done without resting. We have here a clear proof of the 
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vague inferences which might be drawn from Articles 35, 187, 
and 188. The experiments of Commander Beadsley, which 
were made at a later date, by direct tension, are a striking con- 
firmation of this phenomenon, as given in Article 189. 

12. The curve iC being nearly horizontal shows that the 
resistance remains nearly constant whilst the twisting force is 
active, and the torsional angle is constantly increasing. This 
corresponds to the gradual pulling apart of pliable bodies under 
the action of a nearly constant force, the elongation gradually 
increasing while the section is gradually diminishing, until it 
finally breaks. 

13. At C the strain was maintained constant for another day, 
when we see that another elevation in the elastic limit from O 
to k took place. 

14. From Jc the resistance gradually diminished to 2?, after 
which it gradually increased to £!, At this point a sudden 
movement was given to the lever C, and immediately after the 
movement ceased there was a slight depression in the curve, 
after which the force was gradually applied and the height of the 
curve was gradually restored. The depression in this diagram 
is small compared with those which arose from a similar cause 
in No. 118, as shown on the plate at the points he^ Vc\ and gh. 

This shows that materials will not resist as much to a sudden 
force as they will to one which is applied more gradually. This 
at first appears paradoxical, since it seems to require a larger load 
to break it in a longer time. But in the light of the preceding 
experiments, and those before referred to, it can be easily ex- 
plained. Suppose, for instance, that 20,000 pounds is just 
sufficient to break a piece if applied all at once ; then if 18,000 
be applied, and after a few hours 500 pounds more be added, 
and after another interval 500 pounds more are added, and so 
on, it will be found that the piece will sustain much more than 
20,000 pounds under the process of slow loading. 

It thus appears that the load which is applied when the action 
is rapid, is not a true measure of the strain ; the more rapid the 
action the less being the strain.* 



* This may be aptly illustrated by a dynamical problem. If a chord passes 
over a pulley, and 100 pounds is attached to each end of it, the tension on the ^ 
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This principle has an important bearing upon the effect of 
shocks upon machinery. It shows that they are not only weak- 
ened by shocks, as stated in previous articles, but that the mate- 
rial is inherently weaker. It shows that the resilience^ or its 
resistance to shock, cannot be correctly determined from the 
work of a statical load in producing rupture. 

After the strain passes the point i^', it is not perceptibly di- 
minished until it has been twisted through an angle of 220 
degrees, after which it gradually fails and finally breaks. 

15. The parallelism of the elastic lines shows that the elasti- 
city relnains quite unimpaired up to the point of incipient rup- 
ture, a fact which was observed by some of the earliest experi- 
menters in this field of investigation. 

The principles here stated will enable the student to deter- 
mine the qualities of the several specimens shown on the ac- 
companying Plate. 

16. The fact that the resistance remains so nearly unifonn 
while the torsional angle is increasing so largely, leads one to 
infer that as the outer elements become weakened by being 
ovei'strained, that those near the axis resist more, and there 
appears to be a tendency to cause all the elements to resist the 
same amount; so that at the instant of rupture, in ductile 
bodies, the greater part of the transverse section resists uni- 
formly. It is evident that the law given in the Chapter on 
Torsion, that the resistance varies directly as the distance from 
the axis, is not true after a set has taken place. If the resist- 
ance is uniform, we have, in the case of cylinders, ir7^,J for 
the total resistance, in which e/is the modulus for ultimate 
shearing, which, in the case of wrought-iron, is nearly the same 
as T, the tenacity. The mean arm of this force is f /• ; hence, 

we have 

Pa = ^r^J. 

Equation (202) is Pa = ^7^ J. 

The former is 1 J times the latter. 

chord will be 100 pounds. But if 50 pounds be removed from one end, accel- 
erated motion will at once taJce place, and the tension will no longer be 100 
pounds, but it will be 66|- pounds. This is considerably less than the 100 
pounds, the greater weight. The greater the acceleration the less will be the 
tension compared with the load. 
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But as it is not probable that the strains can be made uni- 
form, the former may be considered the superior limit of the 
strength. 

17. The diagrams on the upper half of the Plate represent 
the strains on several specimens at various temperatures. The 
general conclusion arrived at by tliese experiments was, that 
with pure, well-worked metals, a diminution of temperature 
produces an increase of strength, but when there is an excess 
of impurities this law may be reversed, especially in case of 
shocks. 
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CHAPTER XL 

LIMITS OP SAFE LOADING OP MECHANICAL STRUCTURES. 

194. RISK ANB SAFBTY. — We have now considered the 
breaking-strength of materials nnder a variety of conditions, 
and also the changes produced upon them when the strains are 
within the elastic limits. In a mechanical structure, in which 
a single piece, or a combination of pieces, are required to sus- 
tain a load, it is desirable to know how small the piece, or the 
several pieces, may be made to sustain a given load safely for 
an indefinite time ; or, how much a given combination will sus- 
tain safely. The nature of the problem is such that an exact 
limit cannot be fixed. Materials which closely resemble each 
other do not possess exactly the same strength or stiffness ; and 
the conditions of the loading as to the amount or manner in 
which it is to be applied, may not be exactly complied with. * 
Exactness, then, is not to be sought ; but it is necessary to find 
a limit below which, in reference to the structure, or above 
which, in reference to the load, it is not safe to pass. 

It is evident that to secure an economical use of the material 
on the one hand, and ample security against failure on the 
other, the limit should be as definitely determined as the nature 
of the problem will admit ; but in any case we should incline 
to the side of safety. No doubt should be left as to the stabil- 
ity of the structure. There is no economy in risk in perma- 
nent structures. Risk should be taken only in temporary, or 
experimental, structures ; or where risk cannot, from the nature 
of the case, be avoided. 

195. ABsoLiTTfi moBiTLtrs OF SAF£TY. — In former times, 
one of the principal elements which was used for securing 
safet}' in a structure, was to assume some arbitrary value for 
the resistance of the material, such value being bo small that 
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the material could, in the opinion of the engineer, safely sus- 
tain it. This is a convenient mode, but very unphilosophical, 
although still extensively used. The plan was to determine, as 
nearly as possible, what good materials would sustain for a long 
period, and use that value for all similar materials. But it is 
evident, from what has been said in the preceding pages, that 
some materials will sustain a much larger load than the aver- 
age, while others will not sustain nearly so much €is the aver- 
age. In all such cases the proper value of the modulvs can 
only be determined by direct experiment. In all important 
structures the strength of the material, especially iron and steel, 
should be determined by direct experiment. 

The following values are generally assumed for the modulvA 
of safety. 

Pounds per sqnare inch. 

Wrought-iron, /or temion or compression^ from 10,000 to 12,000 

Cast-iron, for tension^ from 3,000 to 4,000 

Cast-iron, for compression^ from 15,000 to 20,000 

Wood, tension or compression, from 850 to 1,200 

{granite, from 400 to 1,200 
quartz, from 1,200 to 2,000 
sandstone, from 300 to 600 
limestone, from 800 to 1,200 

The practice of French engineers,* in the construction of 
bridges, is to allow 3.8 tons (gross) per inch upon the gross sec- 
tion, both for tension and compression of wrought iron. 

The Commissioners on Railroad Structures, England, estab- 
lished the rule that the maximum tensile strain upon any part 
of a wrought iron bridge should not exceed five tons ^roes) 
per square inch.f 

In most cases the effective section is the section which is sub- 
jected to the strain considered. 

196. FACTOR OF SAFBTY. — The ucxt modc, and one which 

is also largely in use, is to take a fractional part of the ultimate 
strength of the material for the limit of safety. The recipro- 
cal of this fraction is called the factor of safety. It is the ratio 
of the ultimate strength to the computed strain, and hence is 

* Am. R R Times, 1871, p. 6. 

f Civ. Eng, and Arch, Jour.^ Vol. zxiv., p. 827. 
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theyaotor by which the computed strain must be multiplied to 
equal the actual strength of the material, or of the structure. 

Experiments and theory combine to teach that the factor of 
safety should not be taken as small as 2. See articles 19, 1S5, 
186, and 188. 

Beyond this the factor is somewhat arbitrarily assumed, de- 
pending upon the ideas of the engineer. For instance, the fol- 
lowing values were given to the Commissionei-s on Railway 
Structures in England.* 

Messrs. May and Grissel 3 

Mr. Brunei , . . 3 to 5 

Messrs. Rasbrick, Barlow and others 6 

Mr. Ilawkshaw 7 

Mr. Glvn 10 

The following values are also given by others : — 

Factors, 
Bow, for wrought-iron beams 3.5 

Weisbach, for wrought-iron f 3 to 4 

Yicat, for wire suspension bridges more than 4 

r> 1 . J. • 1 • J i steady strain 3 to 4 

liankme, tor wire bridores \ , . . ^ . 

° ( moving load 6 to 8 

-c,. 1 . . V .J ( for posts and braces 5 to 6 

Inik, iron-truss bridges. , < ,. ^ , , , 

° ( tor cast-iron chords 7 

Fairbaim, for cast-iron beams :|: 5 to 

C. Shaler Smith, compression of cast-iron 5 

Raiikine and others, for cast-iron beams 4 to r> 

Mr. Clarke, in Quincy Bridge, lower chord 6 to 7 

Washington A. Roebling, for suspension cables 

Morin, Vicat, Weisbach, Rondelet, Navier, Barlow, and 

many others, say that for a wooden frame it should 

not be less than 10 

For stone, for compression 10 to 15 

From the experiments which are recorded in Article 188, 
Fairbairn deduced the following conclusions in regard to beams 

♦ Civ. Eng, and Arch. Jour. , Vol. xxiv. , p. 327. 
f Weisbach, Mech. and Eng,, Vol. i., p. 201. 
X Fairbaim, Cast and Wrought-iron, p, 58. 
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the material could, in the opinion of the engineer, safely sus- 
tain it. This is a convenient mode, but very unphilosophical, 
although still extensively used. The plan was to determine, as 
nearly as possible, what good materials would sustain for a long 
period, and use that value for all similar materials. But it is 
evident, from what has been said in the preceding pages, that 
some materials will sustain a much larger load than the aver- 
age, while others will not sustain nearly so much as the aver- 
age. In all such cases the proper value of the modulus can 
only be determined by direct experiment. In all important 
structures the strength of the material, especially iron and steel, 
should V>e determined by direct experiment. 

The following values are generally assumed for the modtdics 
of safety. 

Pounds per square inch. 

Wrought-iron, for tension or compression, from 10,000 to 12,000 

Cast-iron, for tension, from 3,000 to 4,000 

Cast-iron, for compression, from 15,000 to 20,000 

Wood, tension or compression, from 850 to 1,200 

{granite, from 400 to 1,200 
quartz, from 1,200 to 2,000 
sandstone, from 300 to 600 
limestone, from 800 to 1,200 

The practice of French engineers,* in the construction of 
bridges, is to allow 3.8 tons (gross) per inch upon the gross sec- 
tion, both for tension and compression of wrought iron. 

The Commissioners on Railroad Structures, England, estab- 
lished the rule that the maximum tensile strain upon any part 
of a wrought iron bridge should not exceed five tons (gross) 
per square inch.f 

In most cases the effective section is the section which is sub- 
jected to the strain considered. 

106. FACTOR OF SAFBTY. — The ucxt modc, and one which 
is also largely in use, is to take a fractional part of the ultimate 
strength of the material for the limit of safety. The recipro- 
cal of this fraction is called the factor of safety. It is the ratio 
of the ultimate strength to the computed strain, and hence is 

* Am. R R Times, 1871, p. 6. 

f Civ. Eng, and Arch, Jour.^ Vol. zxiv., p. 827. 
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shows that the limit of elasticity is rarely passed for strains 
which are less than one-third of the ultimate strength of the 
metal, and hence, according to the views of the engineers given 
in the preceding article, the factors of safety^ which are com- 
monly used in practice, are generally safe. But if the limit of 
elasticity were definitely known it is quite possible that a 
smaller y^o^or of safety might sometimes be used."^ 

This method of determining the limit has been recognized by 
some writers, and the propriety of it has been admitted by many- 
practical men, but the difiiculty of determining the elastic limit 
has generally precluded its use. The experiments which are 
necessary for determining it are necessarily more delicate than 
those for determining the ultimate strength. 

In regard to the margin that should be left for safety, much 
depends upon the character of the loading. If the load is 
simply a dead weight, the margin may be comparatively small ; 
but if the structure is to be subjected to percussive forces or 
shocks, it is evident, as indicated in articles 19 and 193, that 
the margin should be comparatively^ lai'gG, on account of the 
indeterminate effect produced by the force. In the case of 
railroad bridges, for instance, the vertical posts or ties, as the 
case may be, are generally subjected to more sudden strains due 
to a passing load, than the upper and lower chords, and hence 
should be relatively stronger. The same remark applies to the 
inclined ties and braces which form the trussing ; and to any 
parts which are subjected to sevei'c local strains. 

In machines which are subjected to a constant jar while in 
use, it is very dithcult to determine the proper miirgin w^hich 
is consistent with economy and safety. Indeed, in such cases, 
economj' as well as safety generally consists in making them 
excessively strong, as a single breakage may cost much more 
than the extra material necessary to fully insure safety. 

The mechanical execution of a structure should be taken 
into consideration in determining the proper value of the mar- 
gin of safety. If the joints are imperfectly made, excessive 

* James B. Eads, in his Report upon the Illinois and St. Louis Bridge^ for 
1871, states that he tested samples of steel which were to be used in that 
structure, which showed limits of elastic reaction of 70,000 to 93,000 pounds 
per square inch. 
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strains may fall upon certain points, and to insure safety the 
margin should be larger. No workmanship is perfect^ but the 
elasticity of materials is favorable to such imperfections as 
necessarily exist ; for, when only a portion of the surface which 
is intended to resist a strain is brought into action, that por- 
tion is extended or compressed, as the case may be, and thus 
brings into action a still larger surface. 

198. EXAmPLES OF STRAINS TKAT HATB BEKN USED 

IN PRACTICAL CASES. — The margin of safety that has been 
used in various structures may or may not serve as guides 
in designing new structures. If the margin for safety is so 
small that the structure appears to be insecure and gives indi- 
cations of failure, it evidently should not be followed. It 
serves as a warning rather than as a guide. If the margin 
is evidently excessively large, demanding several times the 
amount of material that is necessary for stability, it is not a 
guide. Any engineer or mechanic, without regard to scientific 
skill or economy in the use of materials, may err in this direc- 
tion to any extent. But if the margin appears reasonably safe, 
and the structure has remained stable for a long time, it serves 
as a valuable guide, and one which may safely be followed 
under similar circumstances. Structures of this kind are 
practical cases of the approximate values of the inferior limits 
of the factors of safety. The following are some practical 
examples : — 
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IRON TRUSSED BRIDGES. 



KAMS OF THB BBIDGB. 



Passaic {Lattice) 

Place de rEurope {Lattice) 

Canastota (N. Y. G. R, R.) {Lattice). . . . 

Newark Dyke ( Warren Girder) 

Boyne Viaduct (Lattice) 

Charing Cross (Lattice) 

St. Charles, Mo. ( Whijyple Truss)* 

Louisville, Ky. {Pink Truss) 

Keokuk and Hannibal f 

Quincy Bridge X 

Kansas City Bridge § 

Hannibal Bridge {Quadrangular Truss) |. 



TENSION. 

Tons 
per square inch. 



5ito6 

4 

5 
5 
5 
5 

Pounds 
per squorc) inch. 

12,000 

7,000 to 12,000 

9,251 

10,000 

11,375 

Factor of safety, 5 



COMPBESSION. 

Tons 
per square inch. 



4ito5i 

31 

4 

5 



Pounds 
I>er square inch. 

12,000 
i to I the strength 

8,962 
Factor of safety, 5 

711 
Factor of safety, 5 



WOODEN BRIDGES. 



NAME OF THE BBIDQE. 



lIAXIMnM 8TBAINS. 



Cumberland Valley R. R. Bridge ' 635 pounds per square inch. 

Portage Bridge {N, Y. & E, R. R) i Factor of safety, 20. 



* R R, Gazette, July 8, 1871, p. 169. 

f R R. Gazette, July 15, 1871, p. 178. Pivot span 376 feet 5 inches: longest 
pivot span yet constructed. 

t R&po7't of Chief Engineer Clark, 

% Calculated from the Report of Chief Engineer 0. Ohanute, pp. 106 and 
136. 

I The tensile strength of the material ranged from 55,000 lbs. to 65,000 lbs. 
per square inch.— i2. R. Gazette^ July 15, 1871, p. 169. 



278 



THE SESI8TANCE OF MATERIALS. 



OA8T-IBON ARCHES. * 



XAiaC or THE ABCH. 


SPAN. 

Feet. Inches. 


▼SBSED BINE. 

Feet Inches. 


STRAnf 

PEB HQCASR 

INCH IN TOK8. 


Austerlitz 


186 
152 2 
102 6 
137 9 
197 10 
120 


10 7 
16 1 

11 4 

15 

16 5 
20 


2.78 


Carrousal 


1.46 


St. Denis 


1.37 


Nevers 


1.90 


Rhone 


2.37 


Westminster 


3.00 







STONE ARCHES, t 



NAME or THE ABCH. 


Span in feet. 


Versed sine 
in feet 


Pressnreper 

square inch in 

pounds at the 

key. 


Factor of safety 

at the point of 

greatest 

strain. 


Wellington 


100 
120 
128 
140 
147 
152 
200 


15 
35 
32 
35 
18 
38 
42 


175 
151 
172 
244 
293 
215 
349 


11.3 


Waterloo (9 Arches) . . . 
Neuilly 


20.0 
11.6 


Taaf (Soua Wales). . . 
Tnrin 


8.0 

10.2 


London 


14.0 


Chester 


8.6 







OAST-STEEL ARCH. 



NAME OF THE ABCH. 



Illinois and St. Louis Bridge. 



SPAN. 

Feet 




* Irwin on Iron Bridges and Roofs. 

f Cresy's Encycbpcpdia, 

X Beport of the Engineer, p. 33. 
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SUSPENSION BRIDGES. 



XTAMS OF THE BBIDOS, 



Menai 

Hammersmith. 

Pesth 

Chelsea 

Clifton 

Niagara 

Suspension Aqueduct, Pitts- } 
burgh. Pa. 7 spans each, ) 

Cincinnati Bridge f 

East River 

Highland (proposed) 






d 
m 



580 

422i 

666 

384 

702i 

821 

160 

1,057 

1,600§ 

1,6651" 



Q C bo 

+J •>-< »Q 

a u ^ 
QQ Bfn 



4.21 
5.38 
5.01 
4.36 
2.90 
6-. 70 



9.1 



W gn 



OQ 






8.00 
9.36 
8.11 
8.07 
6.03 
8.40 



11.7 



I 



O 



08 



3.9* 
3.3* 
3.9* 
3 9* 
6.4* 
5.3t 

4.0 

6.2 
6.0 
6.0 



TUBULAR BRIDGES. 





SPAN. 

Feet. 


. FOB WEIGHT OF BBIDOB 
AND LOAD. 


NAME OF THE BBIDGE. 


Tension. 
Tons. 


Compression. 
Tons. 


Conway 


400 

460 

... 


6.85 
3.00 
4.75 


5.03 


Britannia (Central span) 




Penrith (Tubular Girder) 


4.25 







* Tensile strength, 70,000 lbs. per square inch. 

f Teosile strength, 100,000 lbs. per square inch. 

t Report of tJie Chief Engineer^ J. A. Roebling. 

§ Engineefa Report. Suspending ties, factor of safetj, 8. 

I Jour. Frank, Inat.^ vol lxxxvii., p. 165, 



280 



THE BBSISTANOB OF MAFEBIALS. 



STONE FOUNDATIONS. 



Pillars of the Dome of St. Peter's {Borne) 

'' ** St. Paul's (Z^nAw) 

** ** St. Genevieve (Paris) 

Pillars of the Church Toussaint (Angers)* 

Merchants' Shot Tower (Baltimore) 

Lower courses of Britannia Bridge 

Lower courses of the Piers of Neuilly Bridge (Paris) . . . . 
Foundation of St. Charles' Bridge (Missouri) 
Foundations of East River Bridge f 



VAOrOB OV SATBTT. 



16 
14 

7.6 
10 

4.8 
31 

15.8 
12 to 14 
10 to 20 



199. PKOOF I.OAD. — The proof load is a trial load. It 
is intended as a practical test of a structure. 

It generally exceeds the greatest load that it is ever intended 
to put upon the structure when in actual service. 

According to the principles which have been discussed in 
the preceding pages, it is evidently better for the structure, and 
sliould be more satisfactory, to apply a moderate proof load 
for a long time than an excessive one for a short time. 



* Strength of Materials, /. K. Whildin, p. 23. 

f ** Li the stone work the pressures vary from 8 to 26 tons per square foot. 
Stone used is granite, selected samples of which have borne a crushing strain 
of 600 tons per square foot. Some will not bear over 100 tons per square foot. 
The general average is necessarily much less than that of the best speciniens." 
^Statement of the Chief Engineer, Washington A Eoebling, 
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TIMBER AND ITS PRESERVATION. 

(The author is permitted to introduce liei-e an abstract of portions of lectures 
delivered to his classes by Professor R. H. Thurston, of the Steven's Institute 
of Technology, on the above subject.) 

The term timber^ in the trade, is applied to logs cut from trees which are 
above six or eight inches in diameter. 

Before felling, it is called standing timber; when first cut, it is called rovgJi 
timber^ and alter it has been sawn, it is called converted timber^ and is also 
known as dded timber^ joist, plank or boards according to dimensions. 

Wood is either soft wood or hard wood. The first class includes the wood of 
all coniferous trees, as the pines, and of a few others, as, for example, white 
birch. The second class includes the wood of all other timber-producing trees. 

The soft woods generally contain turpentine and pitch, and are usually of 
rapid growth, straight grained, of slight density, quite uniform in texture, and 
comparatively free from knots. They have but little lateral adhesion of fibre, 
and are easily worked. 

The hard woods are denser, heavier and stronger, less easily sawn, split, or 
cut, and are more liable to warp and to crack than are the soft woods. They 
usually excel in durability, and, in some cases, are very tough and elastic. 

Good timber has the following characteristics : — 

The heaviest is usually the strongest and most durable. 

That which has least sap or resin is the best. 

The freshly-cut surfaces are firm and smooth, and the shavings are trans- 
lucent, and should nowhere appear chalky or roughened, that being the first 
indication of decay. 

The annual rings should be closely packed, and the cellular tissue of the 
medullary rays should be hard and dense. 

The tissues should cohere firmly, and, when sawn, there should be no wool- 
like fibre clogging the saw-teeth. 

In general, the darker the color the stronger and more durable the wood. 

Climate and SoU greatly affect the value of. timber. Generally the strong- 
est varieties of wood come from tropical climates, but the best examples of 
any one variety, are usually from the colder portion of the range of country 
in which it abounds. 

Timber of slow growth, in situations protected from violent winds, cut at 
the right time of year, and properly seasoned, is free from cracks and shaketi. 
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Cwp shakes are produced by tbe wrenching of tlie tree by winds, and are 
cracks separating one layer from another. Timber thus injured is sometimes 
called ''*' rolled timber.'' Longitudinal cracks are produced by heavy winds 
also, and by too rapid seasoning ; in the latter case they are called seasoning 
cracks^ in the former, wind shakes. Frost, in cold climates, sometimes pro- 
duces this kind of injury. 

Timber decays in two quite different ways^ the causes of decay being, how- 
ever, the same in both cases, namely, fermentation and putrefaction. 

Dimness is the best preventive of decay of timber used in general construc- 
tion, and wood kept dry has been found to last several centuries. Still, it 
finally becomes brittle and weakened, and may ultimately give way under a 
light load. 

Water seems to act as a preservative, and some kinds of timber, constantly 
immersed in water not in motion, may endure for an indefinite period. The 
first effect of water is to dissolve out soluble matters, leaving the woody fibre 
or lignin uninjured, except, perhaps, very slightly by oxygen in solution in 
the water. This oxygen being exhausted, however, no further action occurs, 
unless a fresh supply of air-laden water displaces that originally in contact 
with the wood. 

Alternation of moisture and dryness induces rapid decay. This takes place 
partly by solution and removal of a portion of the substance at each moisten- 
ing, and partly by the action of oxygen dissolved in the water, a fresh supply 
of dissolved oxygen being furnished at each repetition of the moistening. The 
intermittent process serves to render the oxydation more rapid than it would 
otherwise be. 

Continued dampness in a warm atmosphere is most favorable to fermenta- 
tion, and, consequently, to rapid decay. This putrefaction of woody fibre is 
known as *'rot," among those who use timber. The presence of water is 
necessary, as well as that of air, to the rapid progress of this chemical change, 
although the oxygen which is essential may sometimes be obtained from some 
source other than the atmosphere. 

The products of this decomposition are, as in cases of rapid combustion of 
wood, carbonic acid and water. 

Sap wood is more perishable than heart wood, in consequence of the pres- 
ence of saccharine and other matters having a peculiar tendency to fermenta- 
tion. It is in consequence of this fact that the complete removal of the sap 
by seasoning is necessary. 

Lime, by its tendency to abstract carbon, which, uniting with oxygen, com- 
bines with lime to form the carbonate, hastens the rotting of wood wherever 
it is damp. Dry lime and the carbonate do not have "this effect. 

*' Wet rot'*'' and ** dry rot " are the two forms in which the decay of timber 
exhibits itself. 

Wet rot occurs in any portion of the wood, if damp, and attacks the heart 
wood of standing timber. Dry rot is usually produced by the want of circu- 
lation of air, and by high temperature, where the timber has not been well 
seasoned. 

The most rapidly growing trees are most subject to decay, and those grown 
in sheltered localities are more liable to rot than those in exposed situations. 
Of soft timber, that containing most turpentine is least liable to rot. 
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Wood- work imbedded in damp plaster, and unseasoned timber covered with 
a coating of paint, are subject to dry rot, and are apt to decay early, in con- 
sequence of the confinement of air and moisture within their pores. Anything 
which absorbs moisture and confines it in contact with wood, is likely to ac- 
celerate decay. 

Marine aninutla frequently attack timber immersed in salt water, as the 
bottoms of vessels, piles, etc. 

The Teredo Namlis^ commonly known as the ship- worm, converts the wood 
which it enters into a perfect honey-comb. It enters the wood when very 
small, and there increases in size, and enlarges its chambers correspondingly, 
until it sometimes makes borings an inch in diameter and several feet long. 
Soft woods are very rapidly destroyed by it, and the hardest woods are not 
safe against its attacks. 

The Limnoria Terebrans is a smaller creature than the Teredo, shaped 
somewhat like a wood-louse, and is rather more than an eighth of an inch 
long. It is very destructive, cutting out the wood along the annual rings. 

There are several other marine animals which attack timber, and it is usually 
necessary to protect it when immersed in salt water by sheathing with copper, 
as ships are protected, or otherwise covering it with a coating impenetrable 
by these animals. Some kinds of timber are much less liable to this kind of 
injury than others. The East Indian teak is said never to be attacked by 
either of these creatures, and live oak is comparatively little injured by them. 

PRESERVATION OF TIMBER. 

The causes of decay in timber have already been stated, and the process 
of decay has been described. 

The problem of preserving timber from decay is evidently fully stated 
when it is said that the object to be obtained is the prevention of oxidation. 

Timber which has been thoroughly seasoned by the methods already de- 
scribed, and which is perfectly dry, may be preserved by external applications. 
Under other circumstances, internal application of various solutions must be 
resorted to. 

Paints and Varnishes are used for the protection and preservation of timber 
by external treatment. 

They form a coating upon the surface, which resists the wearing action of 
the weather, and prevents the entrance into the pores of the wood of either 
moisture or corroding gases. 

Should the wood not have been previously well-seasoned, however, paint 
only hastens decay by confining the moisture and hastening the fermentation 
of the putrescible matter remaining in the wood. 

Wood-work exposed to the weather should be repainted at intervals of four 
or five years in our climate. 

The wood- work supporting the floors of bridges, and timber in damp situa- 
tions, as in wheel pits, is sometimes coated with coal tar, prepared for use by 
boilmg, and by the addition of a small quantity of chalk to give it body. 

Boiling linseed oil, pitch and vegetable tar, applied hot, are not unfre- 
quently used as external applications, and are found to be very effective pre- 
servatives. 
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BvJ^liaU of Iron^ in oil, has also been found to make a nsefol paint. 

Charring the surfao« of well-seaRoned timber is found to considerably 
increase its durability, and is frequently adopted for the preservation of thoRe 
portions of fence-posts which are buried in the ground. 

An external application of SiUeate of Sodium has been advised by Abel for 
seasoned timber. It is said to form a hard, and very durable coating upon 
the surface, and to act effectively as a presejrvative against fire as well as 
against decay. 

The solution is laid on with alternate coats of limewash. Two or three 
applications of the silicate of sodium are required to form each coat. 

Sulphates of iron, and of copper, the chloride of mercury, common salt, 
and other solutions, are occasionally used for external washes, but the com- 
mon oil paints, are by far the most usually applied. Their durability is 
increased by sprinkling liberally with sand when circumstances will permit. 
In timber protected by external treatment special care is required to fill all 
cracks. 

The preservation of timber, either seasoned or unseasoned, by saturation 
with antiseptic solutions, has become a matter of such g^reat importance as 
to have attracted much attention. Many processes have been tried and 
recommended, but none are practised in this country, and very few are prac- 
tised at all. 

A few seem to be effective but costly, many are of temporary benefit, and 
others, while seeming to be useful at first, are actually injurious, ultimately 
destroying the timber which they are intended to preserve. 

The external applications above described, are of no value in defending the 
timber against the attacks of wood-boring insects. Sheathing the timber in 
metal, and one or two methods of saturation, are apparently the only reliable 
expedients. 

Of the processes of preservation of wood by saturation, Kyan^s consists in 
the injection of the biehlo}*ide of mercury (corrosive sublimate) ; Burnett used 
the ckhfide of zinc; Boucherie employed the pt/rolignite of iron; Margery the 
sulphate of copper ; Bethell saturated his timber with creosote, or *' dead oil " 
from gas works ; Beer used a solution of borax. 

The metallic salts owe their antiseptic property to the fact that they pro- 
duce coagulation of the albumen, which is the fermentable and perishable 
part of timber. 

The use of metallic salts was proposed nearly a century ago, but the first 
practical applications were made about forty-five years ago. 

" Kyanizing" was suggested by Sir Humphrey Davy, some ten years before 
the process was patented by Sir R. H. Kyan, in England, in 1832. 

The solution used consisted of one pound of the chloride in four gallons of 
water. 

Timber thoroughly impregnated with the salt has g^reat durability, but the 
general adoption of this process is precluded by the cost of materials. A 
hundred pounds of timber absorbed one and a half pounds of corrosive subli- 
mate. Where it is brought in contact with iron, it produces corrosion, and its 
application is thus rendered still less frequently permissible. 

Kyanized timber was used to some extent in Great Britain when first pro- 
posed, and in the United States. Among other constructions of timber thus 
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prepared, may be mentioned the aqueduct of the Alexandria Canal crossing 
the Potomac River at Georgetown. 

^'' Burnettmng'*'* was proposed by Sir Wm. Burnett in 1838, and has been 
quite largely practised for special purpose. 

The chloride of zinc, in the proportion of one pound dissolved in ten pounds 
of water, is forced into the pores of the wood under a pressure of from one 
hundred to one hundred and twenty-five pounds to the square inch. Bur- 
nett^s method was, originaUy, simple immersion in the solution two or three 
weeks. 

An establishment was organized at Lowell, Mass. , in 1856, in which Bumett- 
izing under pressure was practised, and, subsequently, several railroad com- 
panies adopted this method and process, and erected Bumettizing works. 

The cost of preserving timber by this method, including interest on capital 
and all other expenses, ranges from five to seven dollars per thousand feet, 
board measure. 

The process is not, however, believed to afford as perfect protection as the 
more expensive method of Kyanizing. 

The Bethel Process was also patented in England in 1838, and its cheapness 
and effectiveness have given it a considerable commercial success both in 
Europe and the United States. 

It consists in the saturation of the wood with bituminous substances 
obtained by the distillation of coal-tar. Like the metallic salts, these sub- 
stances produce coagulation of the albumen, and thus destroy the tendency 
to fermentation. 

Timber thus prepared is rendered very durable, and the process is compara- 
tively inexpensive. 

Its use has, however, been given up in some instances, after extended trial, 
on the ground that the increase in durability was not sufficient to compensate 
for the expense. 

Each cubic foot of timber, under a pressure of one hundred and fifty pounds 
per square inch, absorbs in twelve hours from eight to twelve pounds of the 
creosote, or dead oil. The smaller amount is the allowance advised for rail- 
road cross-ties. Hard wood absorbs least. 

The strength of timber, preserved by this method, is unimpaired, and it 
requires no painting, fdthough with dry timber a superficial coating of coal- 
tar is sometimes added. 

This process has sp^ial advantages when the timber is exposed to alterna- 
tions of dryness and moisture, and therefore liable to wet-rot. The dead oil 
fills the pores completely, coagulates all albumen, absorbs all oxygen that may 
exist free in the wood, and by its poisonous qualities it acts as a protection 
against the attacks of insects. 

The Seely and Bobbins processes are American modifications of the Bethel 
process. 

The Sedy process consists in subjecting the wood to a temperature between 
212'' and 250° Fahr., in a bath of creosote oil, for a sufficient length of time to 
expel all moisture. When all water is thus expelled, the pores contain only 
steam. The hot oil is then quickly replaced by a bath of cold dead oiL The 
steam in the pores of the wood is thus condensed, and a vacuum is formed, 
into which the oil is forced by atmospheric pressure and by capillary attraction. 
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From six to twelve pounds of creosote oil to the cubic foot of wood is ex- 
I)ended in this process. The amount is dependent upon the use to which the 
wood is to be put. For piles or other timber exposed to the depredations of 
worms, twelve pounds is used. 

An impregnation of ten pounds to the cubic foot costs 25 cents. For piles 
the usual charge is 80 cents per cubic foot. * 

For work in wheel pits and under foundation, at least ten i>ounds per cable 
foot should be used. 

The liobOins process consists in treating wood with coal-tar or oleaginous 
substances in the form of vapor. The wood is placed in an air-tight iron 
chamber, connected with which is a still, or retort, heated by a furnace. 

When heat is applied the vapor of naphtha is generated at a temperature of 
250^ to 300°, the creosote oil vapor at 860' to 400^, and the heavier tar oils at 
500° to 600° Fahr. The wood is thus exposed for from six to twelve hoars. 

By this process it would seem impossible to charge the wood with more 
than a fraction of the amount of carbolic acid, and of other component parts of 
coal-tar, expended in the Seely process. The latter process is decidedly an 
improvement on the process of BetheL 

Even marine insects usually avoid creosoted timber, and wood so prepared is 
therefore used to a considerable extent for submarine work. 

In tropical countries it does not, however, protect entirely against the 
attacks of the white ant. 

The antiseptic element of dead oil is supposed to be its carbolic acid, which 
is estimated by Prof. Letheby at from -J to 6 per ceiit. of the whole. The 
cost of creosoting 1,000 cubic feet, board measure, of oak or of spruce fir, has 
been given as from five to eight dollars. 

Dr. Boucherie patented, in 1839, an ingenious and inexpensive method of 
saturation. This process received much attention, and was practised with 
considerable success. 

The timber, freshly cut, and with its terminal foliage still remaining, was 
set, either vertically or horizontally, with the foot immersed in a vat contain- 
ing the antiseptic solution. 

The circulation continuing in the trunk of the tree, the sap becomes ejected, 
and its place is taken by the preservative solution, which is thus thoroughly 
distributed throughout the fibre. Growing trees were also treated by the in- 
jection of the liquid into their trunks. « 

Where logs, deprived of foliage and branches, were to be saturated, they 
were placed on end, and a waterproof bag, or a tank, containing the solution 
used was mounted above it, the liquid being thus forced downward through 
the stick by hydrostatic pressure, driving the sap before it and out of the 
lower end. 

The antiseptic proposed by Dr. Boucherie was crude pyroUgnite of iron. 
His process of saturation was largely used with other preservatives also, and 
his invention of the saturating process seems to have been more gfenerally ap- 
preciated than his introduction of a cheap antiseptic. Where it can be con- 
veniently applied it is exceedingly efficient. 



♦ 1874. 



APPENDIX. 287 

Numerous and elaborate experiments were tried by Dr. Boncberie, in which 
the action of pyrolignite of iron waa carefully noted. 

He found that one -fiftieth the weight of the green wood was a sufficiently 
large proportion of the antiseptic to ensure preservation. 

The hardness of the wood was stated to be double by the use of the 
pyrolignite. 

Solutions of deliquescent salts were applied by Dr. Boucherie in the way 
described, and were found, in the case of chloride of lime and some others, to 
increase the flexibility of timber. 

He therefore proposed the use of such solutions, with the addition of one- 
fifth their quantity of pyrolig^nite of iron, when it was desired that the wood 
should retain its moisture, and its flexibility and elasticity. The same in- 
ventor proposed, as a cheap substitute for these solutions, the stagnant water 
of salt marshes. 

Such preparation, it was claimed, also prevented the warping and splitting 
of wood, which is a frequent consequence of rapid drying, and yet seasoning 
was said to be expedited by its use. In this case the solutions were weak, 
and the wood could be af t<*rward painted over without difficulty. 

The process was applied by the inventor to the saturation of timber with 
earthy chlorides as a protection against fire. These salts, fusing upon the 
surface of the wood, on the application of heat, rendered it quite incom- 
bustible. 

Wood was dyed with both mineral and vegetable colors by Dr. Boucherie, 
and the application of the usual methods of producing '* fast " colors, by the 
introduction of dye and mordant successively, was thus made practicable. 
Wood was treated with odorous solutions to give them fragrance, and with 
resinous matter to make them waterproof. 

The French Government, after receiving favorable reports from the Com- 
mission of Engineers appointed to examine into the merits of the process, 
finally conferred upon the inventor the Great Gold Medal of Honor. Subse- 
quently a money award was made him, and he surrendered his patent, which 
thus became public property. 

" Beerizing" consists in the saturation of the timber, by any convenient pro- 
cess, with a solution of borax. This is claimed to dissolve the albumen, and 
the solution may be allowed to remain, the borax having antiseptic properties. 
Or it may be washed out, and the wood, being then dried, is stated to become 
more thoroughly seasoned and durable than it can be made by the ordinary 
processes of seasoning. 

Margery's process of saturation with sulphate of copper has been found very 
effective in some instances. 

It was applied, by the Boucherie method, to telegraph poles and to railroad 
cross- ties many years ago in France, with perfect success, as a preservative 
against decay. Major Sankey found it equally efficient in India, more recently, 
as a protective against the attacks of the white ant and of other insects. 

The latter used a solution of one pound of the salt in four gallons of water. 
The timber was steeped in the solution two or two and a half days for each 
inch in thickness. 

A simple coating of boiled linseed oil, thickened with powdered charcoal, has 
been in some cases found a very economical and efficient preservation of timber. 
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From six to twelve pounds of creosote oil to the cubic foot of wood is ex- 
pended in this process. The amount is dependent upon the use to which the 
wood is to be put. For piles or other timber exposed to the depredations of 
worms, twelve pounds is used. 

An impregnation of ten pounds to the cubic foot costs 25 cents. For piles 
the usual charge is 30 cents per cubic foot. * 

For work in wheel pits and under foundation, at least ten pounds per cubic 
foot should be used. 

The RohOirm process consists in treating wood with coal-tar or oleaginous 
substances in the form of vapor. The wood is placed in an air-tight iron 
chamber, connected with which is a still, or retort, heated by a furnace. 

When heat is applied the vapor of naphtha is generated at a temperature of 
250^ to 300", the creosote oil vapor at 360' to 400^, and the heavier tar oils at 
500° to 600' Fahr. The wood is thus exposed for from six to twelve hours. 

By this process it would seem impossible to charge the wood with more 
than a fraction of the amount of carbolic acid, and of other component parts of 
coal-tar, expended in the Seely process. The latter process is decidedly an 
improvement on the process of Bethel 

Even marine insects usually avoid creosoted timber, and wood so prepared is 
therefore used to a considerable extent for submarine work. 

In tropical countries it does not, however, protect entirely against the 
attacks of the white ant. 

The antiseptic element of dead oil is supposed to be its carbolic acid, which 
is estimated by Prof. Letheby at from | to 6 per ceiit. of the whole. The 
cost of creosoting 1,000 cubic feet, board measure, of oak or of spruce fir, has 
been given as from five to eight dollars. 

Dr. Boucherie patented, in 1839, an ingenious and inexpensive method of 
saturation. This process received much attention, and was practised with 
considerable success. 

The timber, freshly cut, and with its terminal foliage still remaining, was 
set, either vertically or horizontally, with the foot immersed in a vat contain- 
ing the antiseptic solution. 

The circulation continuing in the trunk of the tree, the sap becomes ejected, 
and its place is taken by the preservative solution, which is thus thoroughly 
distributed throughout the fibre. Growing trees were also treated by the in- 
jection of the liquid into their trunks. « 

Where logs, deprived of foliage and branches, were to be saturated, they 
were placed on end, and a waterproof bag, or a tank, containing the solution 
used was mounted above it, the liquid being thus forced downward through 
the stick by hydrostatic pressure, driving the sap before it and out of the 
lower end. 

The antiseptic proposed by Dr. Boucherie was crude pyroUgnite of iron. 
His process of saturation was largely used with other preservatives also, and 
his invention of the saturating process seems to have been more generally ap- 
preciated than his introduction of a cheap antiseptic. Where it can be con- 
veniently applied it is exceedingly efficient. 
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MINERAL AND METALLIC PROCESSES. 



NAMC AlTD NXTMBKB. 



Bvmettiied Spruoe. 

Two specimeiM. Noe. 2 and 9. 
(No. S is a piece of railroad tie, 
■aid to have been buried sixteen 
years.) 



A. B. Tripler*! Arsenie Fro- 



One specimen. No. 14. 



The Samneri Proeesi. 

Nos. 8 and 6 (?). 



Buzr or Culdl 



" The Bomettixing process consists in placing the wood in 
large wronght-iron cylinders ; then extracting the air and 8^> 
contained in the pores of the wood by a Tacanm. The solntion 
of chloride of sine is then allowed to mn in, and a p ros s nic of 
from 160 to 160 lbs. per square inch apfdied to force the sine 
into the pores.^* 

Perfect coagulation of albumen and entire indestructibility 
l^ wet or dry rot are claimed. 



Saturation of blocks composing a wooden iwTiinent with 
chloride of arsenic, or arsenic and chloride of todinm, and 
coating them on their upper surface with a resinoos or tany 
waterproof composition. Also, the interposition of an anti- 
septic compound between the blodu and the earth, by either 
soaking the foundation planks or mixing the antiseptic with 
the sand. 



" Injecting into the pores of the wood, first, a solution of 
sulphate of iron, and afterwards a solution of common bnmt 
lime, to render the wood in a high degree impervious to the 
influence of wet and dry rot, and the attacks of worms and other 
inmcts.^ 



Thilmany'i Proceu. 

One specimen. No. 16. 


Saturation with sulphate of copper, followed by muriate of 
barytes, to form insoluble sulphate of barytes in the wood. 


Proeew of Wirt and Hurdle. 

Specimens 18 (a) and 18 (b). 


Charring the wood and covering the whole block with aa- 
phaltum. 


Tait'i ProceM. 

One specimen Raid to have 
'been sent, marked No. 5. Anal- 
ysis, however, places this block 
with No. 8, af* a sample of the 
- SamuePs process. 


** Charging or saturating the pores of the wood with a oon- 
centrated solution of bi-sulphite of lime or baryta, the same 
being rendered soluble by excess of sulphuric acid g^as, under 
pressure or by refrigeration, and being made insoluble as a neu- 
tral sulphate when the pressure or excess of gas is removed.** 


Thomas Taylor*! Process. 

Two q;)ecimens. Nos. 19 & 21. 


Uses a solution of sulphide of calcium in pyroligneous add 
for the impregnation of the wood ; or, uses sulphide of oalciom 
first, and follows it with pyroligneous acid. 

Claims a deposit of pure sulphur through whole block. 


Thompson ft Co.'s Process. 
vArsenio.) 

No. 17. 


No description or explanation of process furnished. 
Claims ** indestructibility ^ and **.non-infl.immahility.** 
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Labobatosy Suboeon-General's Offiob. 



BncABXs. 



Fibre of blocks weak and brittle ; odor grayish. 

Absorptive power greater than that of natural wood. All of the zfno easllj removed by 
acidulated water. Evidences of the partial decomposition of the zinc chloride observed. Uneven 
character of imprecation shown both by microscopic examination and by nneqnal percentage of 
mineral matters removed by acidulated water from centre and near surface. (See Columns 8 and 
4 of Experimental Besnlts.) 



Size of specimen veiy small, yet the impr^n^tion uneven. (See Columns 3 and 4.) Quantities 
of soluble salts very large. No arsenic found, though its use is claimed. The resinous covering 
designed to protect the top of each block is worthlcass for the purpose, for obvious reasons, chiefly 
its brittleness. 

Absorptive power high. 



Absorptive power too high for representation on the chart. Wood brittle and readily splintered. 
Impregnation very unequaL The water used for Experiment No. 1 (absorptive), was filled with 
threads of fungi after standing forty-eight hour^ showing that it is doubtful if even dry rot can 
be prevented by this process. 



Saturation very uneven. Absorptive power high. 

Block contains soluble salts of copper removable by washing. 



Process inapplicable to unseasoned timber. The asphalt covering melts and flows at 00® to 
70** F. When cold and brittle, the wear of the pavement will remove it, leaving each block as a 
porous cup for the reception of water which cannot drain through it. Process not considered 
worth particular investigation. 



It is doubtful if any specimen was received. No. 5 resembles the **ironized** blocks. If 
daimed as a sample of the Tait in^xKss, the same memoranda are made upon it as upon No. 8. 



The chdms of this process are not substantiated. 

No sulphur nncombined found in any part of blocks submitted. 

About nine-tenths the whole bulk of each block possessed every "pmpeartj of seasoned white 
pine untreated by any method whatever. 
, Between three and four per cent, sulphate of lime found in superficial portions. 



An arsenic prooess. Absorption power high. Specimen is oottonwood. 
Saturation extremely uneven. Solubility of saline ingredients oomplets. 
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CREOSOTE OIL AND RESIN PROCESS. 

Laboeatort Subgeon-Geneeal's OPFrCE. 
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APPENDIX II. 



(The fiumlfers of the articles correspond with those in the text.) 
19. To integrate -^-^ = P j- x\ multiply both members by (to, and the 

first member becomes — jr7s~* ^^^ (to = e, then d^x = dz^ and the expression 

zdz 
becomes -=-^. t being the independent variable, dt is constant, and hence the 

integral is ^^ = ^^. The other redactions are evident. 

The resilience (or spring of the bar) is the work of olongating it to the limit 
of proof strain. Equation (7) of the text g^ves 

EK^^ _ EK PH* _ P^ 

^~ 2i "21' E'jK*"EK*' ^ ' 

pt 
P-i- KiB the stress on a unit of surface. The quantity — ^g , is called the 

modulus of resilience. 

22. The strength of metals is referred to the original section, but before 
rupture takes place the section is considerably reduced. See the table in Ar- 
ticle 85, and the example in Fig. 116. In some cases it may be reduced to ]■ 
of its original section before it ruptures. 

32. At the bottom of p. 40 there is a remark which, in the light of more 
recent experiments, is probably incorrect. The probable effect of the tension 
was to relieve the iron of internal strains, and by leaving it for a time without 
strain, and permitting it to cool, all the elements may <K>me to a condition 
of maximum resistance. 

96. The moment of inertia of a surface is the sum of all the products ob- 
tained by multiplying each elementaiy area by the square of its distance from 
an axis. 

The moment of inertia of a volume is defined in a similar way. Similarly 
for a weight, or for a mass. 
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MOMENT OF INEBTIA OF A 8UBFACB. 

Let / = the moment of inertia about an axis ; 
dA = the elementaiy area ; and 
^ = an ordinate from the axis to the element. 
Then 

I^JfdA 

If the axes are rectangular dA = dydx^ 

JE!nifnpl0.— Beqniied the moment of inertia of a rectangle when the axil 
ooinddee with one end. 
Uere 



(1) 



"•/o «/o 







Fig. 123. 



FOBMULA OF BEDUCTIOK. 



Let /o = the moment of inertia about an axis through the centre ; 
/ = the moment about a parallel axis ; 
D =r the distance between the axes (Fig. 836) ; and 
Pq = the ordinate from the axis through the centre to an element. 

Then I=:Jy*dA =f(:yo - I>Y dA ^Jy\ dA '- CkDy^dA^^B^dA 

= Jo + B^A, 
fat 2D jyodA = since the axis passes through the centre. (See foot note, 

p. 88.) 

That is, the moment of inertia about any axis equaJs ihe moment adout a par- 
aUel axis Vtrough the centre, plus the area of the section mvUipUed by the sqiiars 
of the distances between the axes. 

From the preceding equation we haye 

Io = I-AD* (3) 

Example. — ^Beqnired the moment of inertia of a rectangle about an axis through the centre and 
parallel to one end. 
Here ^ = M; D^ = \<Py and /= ^bdfl as fomid above ; hence 

as given in Eq. (51) of the text. 

If the moment axis is perpendicular to the surface, we let 

p = the yariable distance of any element from the axis ; 
= the yariable angle; 
dA = pdfl>dp (see Fig. 78) ; and 
Jp = the polar moment of inertia. 



.•.ip=fp* 



dA 
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(4) 



in which ly is the moment about y and /^the moment about x, 11 lx= ly^ 
we have 

Ip =2ia^ 

The polar moment of inertia of a circle is Eq. (199) of the text, 

Ip = iTrr* = 21x 

r.Ix^l^r* (5) 

which is the moment about a diameter, as given in Eq. (52). 

To FIND THE BELATION BETWEEN THE MOMENTS OF INBBTIA AB0X7T 
DIFFEBENT AXIS HAYING THE SAME OBIGIN. 




Fig. 124. 

Let X and y be rectangular axes, 

Xx and ^1, also rectangular, having the same origin ; 
a = the angle between x and Xi ; 

Jx — the moment of inertia about the axis x^ similarly for 
/y, /a;, and 7yi ; 

B = josydA ; and 

Bi =jXiyidA, 

For the transformation of coordinates, we have 

Xi = X COB a — y ana 
yi =xema + ycosa 

«i + y? = «* + y*. 



Also 



Hence, 



dA = dxdy = dxidyi. 



Ixi = I yldA=z Ix cos* a + /y sin* a — 2^ oos a sin a 



Jj^i = ia; sin* a + Ip cos* a + 2B cos a sin a 
^, = (i^ — ^1/) cos a sin a + ^ (cos* a — sin* a) 



^ ....(«) 



which is Eui Ut/tropie fnnctiau ; wnce the ram ot the raouiHtti ralatiTeIr to k 
pail of rectangular axes eqnale the Ham of the moments relatiTel; to any other 
two reotangnlaT axes hsTiiiK the some orlgiti ; or, in other words, the earn of 
the momenta ot inertia relatiTelj to a pair of leccangolai axes is conatant. 

From the Snt of (0) we have by dlffetentiation and placing e^oal to loro 
for a TnaTimff TW or minimum, 



■^~' = (£; — Jy) ooB B dn a — £ (ooa* o - 
Similarly, 

^ = - (J* - /, ) ooa a dn a + S (COS* 
.-. B, = 0. 
Ftom the first ox second of tbcM we have 



Bin* a) = 
- do* a) = 



-4 " 

It may be shown by the ordinary tests that when & , is a maxinilini, that 
Ip , will be a minimiim, and the reverse; hence there m alwayt a pair ofree- 
angular axa in referenee to one of le/iich the moment of inertia it greater tAon 
for any other axi», ai^for the other it i» bu. 

These ore called prinoipal axes. y 

Thus, in CB«e ot a rectangle, if the axes are parallel to 
the udes and paas through the centre, we find 



=//:: 






hence se and y ai 



Fio. 185. 



e the maximum and minimi 
the maximum, and iS'I* '<^ ^'■ 
meat oF inertia for all axes passing throagh the origin. In 
asimilar way we Sad that if the origin be at any other point 
the axes most be parallel to the sides for msximura and tnin 

The preceding anolyxiB gives the position of the axes t<M:maximnm and min- 
imum momenta, when the moments are known in reference to a pair of reo- 
tangnlar axes. But if the axes for maximnm and mjiiiwinm moments are 
known as 1^ and Ij, , then £ = ; and oaUing these Ix and I,, ', and Eqs. (6) 
become 

J^, = 7^' cos* a 



4i = 



B, =(7x'-7-„')oo»as:i 
le of a square where the axes pass throngh the centre !»' ' 
.-./:,, = J^'{cos'a + Bin*a) = 7a' 



hence the moment of inertia of a square is the same about all axes 



Appfflrmx 



fifl7 



tlirongli its centre, and = ■^*. The same is true for all regular polygons, 
and hence for the circle. 

Example. — To find the moment of inertm Of a Tedangle in rsfoMiidb to ton axis whidh lam-^ 
clined at an angle a to one side, 

We have I, ' = -j»^*, ly* = -^h^d 

.*. 7,1 = ^^hd (cP cos* a + &» sin" a) ) 

/,j =^^{cPehx^a + 6> cos" o) f ^^^ 

The latter value is the one given in Article 146. 

The moment of inertia of a regular polygon may be found by dividing it 
into equal triangles, having their vertices at the centre, their bases being 
sides of the polygon, and find the moments of each in reference to an axis pass- 
ing through their centre, and parallel to the main axis, which passes through 
the centre of the polygon, then reducing all of them in reference to the main 
axis. If R be the radius of the circumscribed circle, and r the radius of the 
inscribed circle, it may be found for any regular polygon, that 



/=-iM(i2- +2r«) 

For the cirde B^r 

. .•.7=i7rr*, 
bs before found. 



(8) 



For the square r = Jft, i? = V2b* = b i/2, and A 
as before found. 



=j', 



96. The value of p (the radius of curvature) given in the latter part of this 
article, is taken directly from the Differential Calculus, but it may be easily 
found geometrically as follows : — 



/ 



/ 




Fig. 126. 

From two consecutive points erect normals, and where they meet at will 
be the centre of the osculatory circle, and the normals will be sensibly equal, 
and will be the radius of curvature p. Let d^ be the angle between the nor* 
mals ; ds = the arc = pd(p. 

.\d^ = —. 
P 

The coordinates of a in reference to b will be dm and dy. At b erect a per* 
pendiOolar be to Ob^ and the angle €bbo will equal d^. 
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Take the differential of this and we haye 

d*y __ di _ d^ 

dm "" cos* % "" dsB* 

d8* 



- ,. d*pdx d$ 
^ da* p 



P 

_ <to» _ (dx* + dy*) ^ 
•'•^■" tf*y(te"" d'ydx 

d*v 
99. For the integral of the expfression -^ see Article 19 of this Appendix. 

114. Equations (180) and (181) are particnlar cases of the more g^eneral 
form 

g+^| + Py=if=/(.) (1) • 

which may be integrated by La Grangers method of variation of parameters. 
(See Price's Infinitesimal Calotdu8, 1st Ed., Vol. II., pp. 479 to 481.) 
First let X = 0, then 

S.A%.B, = (2) 

Let p = ei"^ in which m is constant and e the base of the Naperian cfystem 
of logarithms ; then 

^ ^mernxB^dpi^mU"^ (3) 

dx dx' 

which in Eq. (2) becomes 

m* + Am+ B=0 (4) 

which is an equation of condition. 
Solving g^ves 

m = iA± ^iA*-B=a and b (say) (5) 

where a and b are the roots of Eq. (4). Hence the partial values of the first 
differential coefficient are 



(|) = «^and(f)=J^&. 



In order that these should satisfy Eq. (1), a and b must be functions of a;. 
Integrating each and introducing Ui and u^y which are functions of x instead 
of arbitrary constants, and we have 

(y) = Ui^ and (y) = U^^ 
.•.y= tTiflOB ^ jj^^ ^^j 
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It now remaina to find Ui and U%, Differentiate Eq. (6) and we find 

^= Uy a^ + U,h^ + ^^-^ + ^^ (7) 

But such a relation may be established between ^i and Ut as that the som 
of the last two terms shall be zero, or 

^^^+^^* = (i (8) 

dx dx 

which is a second equation of condition. Hence Eq. (7) becomes 

^= U,ae^ + U^h^ (9) 

Differentiate again : — 

Substitute Equations (6), (9), and (10) in (1) and we have 

U, ia^ + aA+B) ^ + U^ {b^ + hA-^B) ^ +a^^ + J^^ = X 

dx dx 

But the first equation of condition, Eq. (4), reduces the first two terms to zero. 

dUi . , ,, dUi .-- 
dx dx 

which, combined with Eq. (8), eliminating dUi, and then dU'2i a^^ '^^ ^^ 

^2= 0^- ^-^ Pxe-^ dx, 
which substituted in Eq. (6) gives 

y= Ci&^-hOi^ + r / Xe-axax — -—^ / Xc^dx..{ll) 

€k — oj a — oj 

By comparing Eq. (130) of Article 114 with Eq. (1) above gives 

^ = 0; 2?= -j*andZ=-p«aj; 

hence Eq. (4) gives 

m^±qr.a=.-\-q and J = — gr ; 

which reduces Eq. (11) to 

„ ^ p*eO^ /• n*e-^ /• 

y = (7i«9» + Gfte-^ — — ^ / xe-VB dx + ^--g — / x€ff^ dx. 



To integrate fxe-^ dx first differentiate iw-fl* , 
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.*. d(aw-«*) = — gajr-«* Ab + ir^Pf dte, 
from which we find 

9 Q 
or I X4MPS dx = — I e-^ dx I d{ase-9^ 

The integral of / e-^ dx is e-9x and the last term is the integral of 

the differential of a quantity, hence 

/I 1 1 

q* q q* ^ ^ ' 

Similarly the last term becomes — ^-^ (1 — qx) ; and hence the former sab- 

tracted from the latter gives -^x, 

Q 

I 

The following special solution, which is more simple for this case, is com- 
municated by Prof. S. W. Bobinson, of the Industrial University of IllinoiB. 
To integrate 

^'^^q'y^pfx 



dx* 
Differentiate twice and 



dx*"^ dx^' 



Put -r-? = wand differentiate twice and -=-^ •= -r-s = Q* -^ 
dar dx* dx* ^ dx* 



, d*u , _ dud*u 



or 



/ 



^ + 4/"' + ^ 



or«8« = ^ 
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or Ci^d^ — « = a/u*^+ — , square, an<l(7i«d*«». -2C7,6(F u +u* = t**4- ^ 

V q* q* 



.*. u = 



3 3(7,g* 



2 



2q* 20 iq* q^ 



which is the same as in text by putting 



Equation (131) g^ves 

-4 = 0; B = q* .' , m = ±q |/— 1.'. a = q j/^and b = — q |/^anel 
X = p^ {I- X). 

Make J — y — — y\ which in Eq. (11) a^oye gives 

But we have (Chauveij^et^B Trigonometry^ p. 128, Eq. (432) ), 



e^ V—^ = cos qx + y—T sin ^a? 
e-^ i/— 1 = cos g« — |/--1 sin g«. 



Make Ci + (7, = ^i and ((7i + Ct) |/^ = -Bi and we find 

^ — y = -4i cos ^ + 2^1 sin gaj — -^ (i — a;). 

Let A I = Aemq B 
Bi = A cos q B 

.'. J ^ y=iABmq{x + B) —^ {l — x). 

115. Suppose that the column is fixed at the lower end and has a weight 
P at the upper end. Take the origin at the lowest end, and let J be the de- 
viation of the upper end from a. vertical. Then 






i^/^ = P(J-y). 



The complete injbogial gives 

« = J H- ^ co« y-^ x + Bm \ ^ »» 
in which A and B are the oonstants of integration. 



302 



APPENDIX. 



|f = for <0 = and ^ = Ofor « = 

ax 

.*. ul= — ^andjff=0 



P = JtOT 






in whioh n is an integer. 



Ifn = 
P = 



The general equation of the cnrve is 



n*JSI 

4/* 



2n + l 



y = jyl- ooB ^ wxj 





Fig. 127. 



Fio. 12a 



If n = 2, the curve is represented by Fig. 128. 

A solution was giyen by Prof. Bankine in the Civ. Eng, and Arch. J<mr. 
for 1863, p. 65, by which the deflection may be computed. 

146, See Article 97 of Appendix. 

To find the inclination so as to gfive a minimum strengfth, make the first 
differential coeficient of Eq. (172) equal zero. This gives 

= (e?» - 2J«(«) sin't'cos •*+ (2J(f* - ft») sin •' cos' •* + W« sm* »*- ft'cf cos» i 

But sin' •' = sin » (1 — cos* i) and cos* » = oos •' (1 — sin* »") which will re- 
duce the preceding equation to 

{d^ - h^d) sin' » cos t' + (hd* »') sm ^ cos W + »<I* shi ^ - d'c? oob ^ = 0. 



In this substitute sin »' = Vl •— cos' i and reduce, and we obtain 
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f- (Mt - 58)f -((?»-. J«d)«] cob8 »• + [(bd^ - 5»)« - 2 (W» - J«) M* - 2 
C^^'rf - (f') (b^ - ft«(Q] cos ♦ » + [2 (bd* - ft^) W* - ft*d* - (2d*d - rf«)«J 
oos«» = - ft»(i* (1) 

Discnssum of Equation (1). 

1. Let d =z nb\ then we have 

{n^ — w*— »* + 1) 008^ i — (2;i«— 7 n* + 4 /i* + 1) cos* i + (n** — 5 »* 4- 

6 n*) COB* » = n* ; 

hence the angle depends only upon the ratio of the sides. 

2. Let n=zl. 

This reduces to cos* •* = -J. 

.-. cos t = + Vi. .'. i = 45'' or 185^ 
These values give 

75%* 
i— ^ = 4 iJd» X 0.70710 +, for the strength of the beam. 

Hb = d and i = 90°, we find J i2&^ for the strength of the beam. 

Hence the strength of a square beam with its side vertical, is to the strength 
of the same beam with its diagonal vertical as 1 to 0.70710. But if the con- 
dition be that the beam shall in both cases be completely severed, then the 
latter fraction must be multiplied by 1.09125 +, as shown in Article 149. 
Then the ratio becomes as 1 to 0.77162 +. 

3. Let 71 = 2 and cos* t = y. 
Then the equation becomes 

p^-Hp* +-Ay=if (274). 

To make the second term disappear, make y = z + H, and it becomes 

8 31102 

«* z == 

45=* 45» 

This solved gives z = 0.70112 

.'. y = 0.94556 + = cos* •* 
.-. cost = ± 0.9723 4- 
.-. *= 13° 30' or 166" 30' 



making d = 2b, and we have for the strength of the beam 

when i - 13"' 30' 
" i= O*' 
*« * = 90 



\o 



\W)^ X 0.8295 + 
IRb^ 



It is probable that in the inclined position the angle would fracture before 
the beam is loaded to its ultimate strength, but the investigation for determin- 
ing it would be tedious and unprofitable. Whether this be the case or not, we 
Bee that the beam is not weakest when it rests on its broad side. 

It appears that the side of the beam may be so inclined as to have the same 
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strength as when it rests on its broad side^ and tiie angle of inclination which 
will fulfil this condition, may be found by making Eq. (1) equal ^Jib^d, 
This done, cos » eliminated, and a reduction made, gives ; 

(d* - b*) '8in=* » - 2 {d* - ft») bd sin« i + (3d«(?* - b*) am i = 2J»(f. 

ltd = nb, we have 

(n* - ly 6m^ i-2 {n* - 1) » sin* •*.+ (8»«'- 1) am •* = 2n. 

If n- = 2 we have 

4 11 4 

sm' » — Q *•"* * + o" ''"^ * = o" 

O V V 

which solved gives i = 34*' 23'. 

1 419. The moment of inertia of the trapezoid DEAB in reference to an ha^ 
passing through C (Fig. 77) and pivrallel to /</, equals the moment of inertia 
of the triangle ABQ^ less that of GI)E about the same axis ; or ^ bd'^—^tno*. 

According to the formula of reduction^ the moment of the trapezoid in 
reference to the axis IJ^ equals the moment g^ven above, less tiie area of the 
trapezoid multiplied by the square of the distance CH; or 

\{J>d^-'VW'^)'-\{]b-\-v) (di +wy 

To find d^, we have the statical moment of ABDE equal to the statical 
moment of ABC^ less that of CDE. Take the origin of moments at C7, and 
we have 

ABED X {w-\-d,)-ABGx \d-DGEy. \w 

or, ^{b+v) (tfl4-d,)=^*— it^*. 

We also have 

d 



whence by elimination and reduction we find the expressions in the text. 

150. To integrate r^ sin' tidj-dr substitute i (1 — cos* f) for sin* ^, which 
gives 

ffr' (1 - cos %f) drd} = ir*^ - -Jr* sm 2^. 

151. It a = semi' transverse axis 

b = semi-conjugate axis 
The equation of the ellipse is 

a*y* + d««* = o«d« 
b- 



.•.y'=^(&*-«')^ 



which, by applying formula (B)^ p. 285 of Courtenay^s Cdhulus^ becomes 



c— tI -Ta;(a*— aj*r + tc a aj(a*— a? ) '+ ^a* I =\ I 



%b 
3 



which for the limits a; = and a; =: a becomes ^ab^» 
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A a 




b 

Fig. 129. 



153. The origin being at the vertex, x horizontal, 
the equation for the curve is of the form x^ = 2/py ; or 

for the point -5,^5* = 2prf . * . 2p = t^ > ^ence the equa- 

tion is aj* = ~ y . • . y = tt ^* » hence by substituting 
the value of /and integrating we have 




^d^ 



I =r I jy^dydx =\ ly^dx. The part \y^dx is the moment of dhj but 



we 



want the part Ac, which is within the parabola ; hence the limits for y are 
d = ac and y = aJi] and for x ; ^b and — ^6, 




y'^dydx = i 
as before. 



/ ((?« - y'*) (foj = 4 / (d^^^^x^\dx=^d^ 



? 6^3 - I dc? X ( ; 



hd' 



To find the moment in reference to the axis passing through the centre and 
parallel to the base, we may use the formula of reduction and obtain 

160. a. Expand and we have 

dxjydx — 6 Ixydx = iJRy^ 

Consider x as the independent variable, and differentiate twice, observing 
that the differential of dx will be zero, and the differential of the integral is 
the original quantity, and we obtain 

dxjydx = -Q^^ (y*), aiid 

dx' " B^ 

Let y^ z= z ,', y z=z zi and d^(y^) -— d-z, which, substituted in the preceding, 

gives 

d^z _ 6cJ 

dx^-'B' ' 
' Multiply by dz and integrate, and we have 

. .d^=B'^'-^^^ ... 
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dz 
But 3- =Ofory = Oora;= 0.'. d = 0. 
ax 

Hence 

of which the integral is 

42* = 4yi = \ / --« + Ci 

Buty = Ofora; = 0.*. (7, = 0, 

__ d , 

If — is not zero for y = 0, it can be integrated only by Elb'ptic Functions. 

b. By two differentiations we obtain 



1st, Sdx judx = -TT- du. 

The first integial is 

du* 6-5 , ^ 

^ = :^" +^' 

The curve will be an asymptote to the axis of a?, and hence will be of infi- 
nite length. If at the origin u = 1 for a? = 0, the value of C may be deter- 
mined. Similarly if t- = a at the origin C may be determined. 

c. By expanding we obtain 

fix.jy'^dx — djy^xdx = ii?y'. 
The first differential is 

idxfy^dx = ^Bd (y«). 

The second differential coefficient is 

dHy'^) 4(J 



* «2 



dx^ ~ M^ ' 

Xiet y^ =z and the integration may be performed as in the preceding oases ; 
the constants of integration beiug considered zero. 



807 

199. DiffercBtute KquarioB (SISV consderin; Cas c wwiwrt, and ve 1miT» 

This expresBiofii has been genenlized. Consider ff^ as tbe amount of tnn»> 

Terse sheazing per nnit in the direction of C, and G ' the co^Bcient for the 

same. Then we hare 

dg dg Xi» 

Bef ening ^' and g to the co-ordinate axis, and S = ^f - ** T = ;^ 
and we hare 

On page 316 it is remarked that £q. (213) is not generally exact. ConeetTO 
that the transverse section is an ellipse. Conceive also that it is divided into 
several vertical strips. If the longitudinal shearing increases from the sur- 
face to the neutral axis, then will there be a greater shearing strain cm those 
strips near the middle than on the outer ones. Hence the tranverse sections 
will not be cvlindncal (having for base a curve whose £q. is i.«17<t> ^, but ther 
will be warped or generally distorted. This is a refinement, however, which 
it is not necessary to consider in practice. 

On the compressed side of the beam, the quantity ^-.^^ ^p. 3^> should be 
subtracted from g in frnding the equation of the curve. 

190. Crtstalltzatton. — Several illustrations of apparently unmistak* 
able crystallization have recently been brought to the attention of the author. 

In the process of forging a large shaft for a sea-going steamer, the steam 
hammer was at work upon one end, as in the case of the * ' porter bar ** already 
referred to in the text, and while the mass >vas gradually being reduced in 
size, a piece of the opposite end broke off at a point where it was 16 inches in 
diameter. The fracture was partly granular and (tartly crystalline. One 
crystal was unmistakably cubic, and its facets were nearly a half -inch square. 

At the Washington Navy Yard, recently, the large testing machine, which 
was constructed for a strain of 300 tons, broke down under a pull of 100 tcms. 
The rod which was broken had been in use 3o years, and. during that period, 
had been subjected to many heavy strains and violent shocks. Xot long be- 
fore it was broken it had been subjected to a tension of 288,000 pounds. It 
was 5 inches in diameter, and was originally supposed to have had a resistance 
of about 1,000,000 pounds. The fracture presents a granular structure, with 
here and there laminae composed of crystals. Some of these crystals are large 
and well defined. The laminae or strata preserves their characteristic pecu- 
liarities, whether of granulation or of crystallization, lying parallel to the axis 
and extending from the point of original fracture to a section about a foot 
distant where the bar was broken a second time by a steam hammer. It is 
thus shown to be the fact that when such true crystallisation does occur, it 
pervades a considerable extent, if not the whole of the piece. It thus differs 
from the granular structure which distinguishes the surfaces of a fracture 
suddenly produced, and which is so generally confounded with real orystallii- 
ation. 
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The above instance is given by Prof. Thurston, who also describes the fol- 
lowing case. A pupil of the Stevens' Institute of Technology, employed in 
the instrument makers' workshop, in annealing a number of steel hammers, 
left them exposed to the high temperature of the furnace about twel-ve hours. 
When finishing one of them, a careless blow broke it, and the fractured sur- 
face was found to have a distinctly crystalline character. 

In this example, however, the facets were all pentagonal and were usually 
very perfectly formed. 

** These illustrations,'' our informant remarks, " are conclusive of the ques- 
tion whether iron may crystallize. When imperfect cubic crystals are devel- 
oped, it is easy to mistake them, but the formation of pentagonal dodecahe- 
dra, in large numbers and in perfectly accurate forms, may be considered 
unmistakable evidence of the fact that iron may crystallize in the cubic or a 
modified system. This may apparently take place either by very long contin- 
ued jarring, or under the action of high temperature, by either mechanical 
or physical tremor long continued. But no evidence is given here that a sin- 
gle suddenly applied force producing fracture can cause such a systematic and 
complete rearrangement of molecules. The granular fracture produced by 
sudden breaking, and the crystalline structure produced as above during long 
periods of time, are as distinct in nature as they are in their causes. . 

" But simple tremor, uhere no seU of particles are separated so far as to ex- 
ceed the elastic range^ and to pass beyond the limit of elasticity, does not seem 
to produce this effect, however. 

" In fact, some of the most striking illustrations of the improvement in the 
quality of wrought-iron with time have occurred where severe jarring and 
tremor was common. As one example, the first wrought-iron T-rails ever 
made were laid down on the Camden and Amboy Railroad in 1832. They 
were then brittle and of decidedly poor quality. In later years these old rails 
have been taken up and found to be of excellent quality ; and when there has 
arisen a necessity for a supply of unusually good iron, a lot of these rails has 
sometimes been taken up and sent to the rolling mill to be made into bar 
iron. 

" Here the metal has been subjected for many years to the strains and 
tremor accompanying the passage of trains without apparent tendency to crys- 
tallization, and with evident improvement in its quality. The fact is stated 
by gentlemen upon whom perfect reliance may be placed. The improvement 
noticed is supposed to be due to a surface oxidation of the injurious elements 
originally present in the iron, and to that tendency to uniform diffusion which 
gradually supplies new portions from the interior, until the metal, by this grad- 
ual removal of those elements, becomes, after many years, comparatively pure. 
Such a process of diffusion occurs, in the inverse direction, when carbon is 
intreduced into steel by the cementation process. Many illustrations of this 
improvement of metal with age are familiar to every mechanic. . Boiler- 
makers find chisels and drift- pins which are taken from boilers where they 
may have been left montlis previously, almost invariably of excellent quality ; 
other mechanic's find that tools long lost and again found rusty from exposure 
to the weather, are apparently of better quality than before ; farmers leave 
their new scythe blades out of doors from one season to another with a result- 
ing benefit which is not all imaginary." 
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TABLE 



Of the Mechanical Properties of the Materials of Construction. 



Note. — The capitals affixed to the numbers in this table refer to the following authorities :— 

B. Tiarlow. Report of the Commissioners of 
the Navy, etc. 

Be. 13evan. 

Bn. Buchanan. 

Br. Belidor, Arch. Hydr. 

Bni. BruneL 

C. Couch. 
CL Clark. 

D. Darcel, Annales for 1858. 

D. W. Daniell and Wheatstone. Report on 
the stone for the Houses of Parliament. 

E. Eada. 

F. Fairbaim. 

G. Grant. 

H. Hodj?kinson. Report to the British Asso- 
ciation of Science, etc. 

Ha. Haswell. Eng. and Mech. Focket-Book, 
1869. 

J. Journal of Franklin Institute, voL XIX., 
p. 451. 

K. Kirwan. 



Ki. 


Kirkeldy. 




La. 


Lam4. 




M. 


Mischembroeck. 


Introd. adPhiLNat.L 


Ma. 


Mallet. 




Mi. 


Mitis. 




Mt. 


Mushet. 




Pa. 


Colonel Pasley. 




R. 


Roudelet. KArt de B&tir, IV. 


Ro. 


Roebling. 




Re. 


Rennie. Phila. 


Trans., etc. 


S. 


Styffe. On Iron and SteeU 


T. 


Thompson. 




Te. 


Telford. 




Tr. 


Tredgold. Essay on the Strength of Cast 


Iron. 






W. 


Watson. 




Wa. 


Major Wade. 




Wn 


. Wilkinson. 





* Calculated from the exi)erimenta of Fair- 
1 bairn and Hodgkiuson. 



Names of Matebials. 


Weight of one 
cubic ft. in lbs. 
5 


Tenacity per sq. 
inch in lbs. 
T. 


Crushing Force 
per square inch 
in lbs. 

0. 


Modulus of 
Rupture. 
R. 


Coefficient of 
Elasticity. 


Metals. 

Antimony — 

Carft 


281.25 

613.87 

.525.00 
534.00 

537.93 
549.06 
560.00 


1,066 M. 
3,250 M. 

17,968 Re. 


• 

10,304 Re. 






Bismuth 




Brass — 

Cast 


9,170,000 
14,230,000 


Wire-drawn 




Copper — 

Cast 

Sheet 


19,072 
32,184 
61.228 
48,000 


29,272 Re. 


48,340 T. 

88.556 H. 
87,503 H. 

86,980 P.* 
42,687 F.« 


Wire-drawn 




In Bolts 




Iron. 

Coat Iron, 

Old Park 




18,014,400 T. 
17 270 500 H.* 


Carron, No. 2 — 

Cold Blast 


441.62 
440.37 

443.87 
441.00 


16,683 H. 
13,505 H. 

14,200 H. 
17,775 H. 


106,375 H. 
108,540 H. 

115,442 H. 
133,440 H. 


Hot Blast 


16,085,000 H.* 

16,246,966 P. 
17,878,100 F. 


Carron, No. 3 — 

Cold Blast 


Hot Blast 
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The above instance is given by Prof. Thurston, who also describes the fol- 
lowing case. A pupil of the Stevens' Institute of Technolo^, employed in 
the instrument makers' workshop, in annealing a number of steel hammers, 
left them exposed to the high temperature of the furnace about tweWe hoiurs. 
When finishing one of them, a careless blow broke it, and the fractured sur- 
face was found to have a distinctly crystalline character. 

In this example, however, the facets were all pentagonal and were usually 
very perfectly formed. 

" These illustrations,'' our informant remarks, " are conclusive of the ques- 
tion whether iron may crystallize. When imperfect cubic crystals are devel- 
oped, it is easy to mistake them, but the formation of pentagonal dodecahe- 
dra, in large numbers and in perfectly accurate forms, may be considered 
unmistakable evidence of the fact that iron may crystallize in the cubic or a 
modified system. This may apparently take place either by very long contin- 
ued jarring, or under the action of high temperature, by either mechanical 
or physical tremor long continued. But no evidence is given here that a sin- 
gle suddenly applied force producing fracture can cause such a systematic and 
complete rearrangement of molecules. The granular fracture produced by 
sudden breaking, and the crystalline structure produced as above during long 
periods of time, are as distinct in nature as they are in their causes. 

*' But simple tremor, tchere no sets of particles are separated so far a^ to ex- 
ceed the elastic range^ and to pass beyond the limit of elasticity, does not seem 
to produce this effect, however. 

' ' In fact, some of the most stiiking illustrations of the improvement in the 
quality of wrought-iron with time have occurred where severe jarring and 
tremor was common. As one example, the first wrought-iron T-rails ever 
made were laid down on the Camden and Amboy Railroad in 1832. They 
were then brittle and of decidedly poor quality. In later years these old rails 
have been taken up and found to be of excellent quality ; and when there has 
arisen a necessity for a supply of unusually good iron, a lot of these rails has 
sometimes been taken up and sent to the rolling mill to be made into bar 
iron. 

" Here the metal has been subjected for many years to the strains and 
tremor accompanying the passage of trains without apparent tendency to crys- 
tallization, and with evident improvement in its quality. The fact is stated 
by gentlemen upon whom perfect reliance may be placed. The improvement 
noticed is supposed to be due to a surface oxidation of the injurious elements 
originally present in the iron, and to that tendency to uniform diffusion which 
gradually supplies new portions from the interior, until the metal, by this grad- 
ual removal of those elements, becomes, after many years, comparatively pure. 
Such a process of diffusion occurs, in the inverse direction, when carbon is 
intreduced into steel by the cementation process. Many illustrations of this 
improvement of metal with age are familiar to every mechanic. . Boiler- 
makers find chisels and drift- pins which are taken from boilers where they 
may have been left montlis previously, almost invariably of excellent quality ; 
other mechanics find that tools long lost and again found rusty from exposure 
to the weather, are apparently of better quality than before ; farmers leave 
their new scythe blades out of doors from one season to another with a result- 
ing benefit which is not all imaginary." 
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TABLE.— Continued, 



KaMES of MATEBlAliS. 



Wrotight Iron, 
Boiled in sheets and cut cross- 



's) 
o 



^1 



" .•o 

.a 
to.2 



wise 

Cnt lengthwise 

In chains, oval links, iron }4 
in. diam 

Wire, American 

Lake Superior and Iron 
Mountain Charcoal Bloom. 

Missouri Iron, bar 

Tennessee, bar, 21 exp 

Salisbury, Ct., 40 exp 

Centre Co., Pa.. 15 exp 

Phillipsburgh Wire, Pa. 

I 0.3^3.3 in., 13 exp. . . 

Diam.K O.IJK) in., 5 exp.. . . 

I 0.156 in., 5 exp.... 

Mean of 188 rolled bars 

Hean of 167 platea length- 
wise 

Hean of 160 plates crosswise. 

Low Moor, bars 



7 



Bwedish, forged 

Hammered Bessemer Iron, 
from Hiigbo 

Low Moor Boiled Puddled 
Iron 

Boiled Iron, Swedish, char- 
coal heath 



Lead, cast, English. 
Lead Wire 



Silver, standard, 

Tin, cast 

Zinc 



717.46 
705.12 

644.50 

456.68 

439.26 



40,320 ML 
31,360 Mi. 

48,160 Br. 
73,600 Ha. 

90,000 Ha. 
47,909 J. 
52,U<.)9 J. 
68,009 J. 
68,400 J. 

84,186 J. 
73,888 J. 
89,162 J. 
67,557 Ki. 

50,737 Ki. 
46,171 Ki. 
60,364 Ki. 
I 41,000 Ki. 
50,000 Ki. 



9 n 



so 



:P^ 



S5 



•S3 
OH 



66,000 S. 

1,824 Be. 
2,581 M. 

40,902 M. 

6,322 M. 



Stone— Natubal and Abti- 

' FICIAL. 

Oranites, 



Aberdeen, blue 

Cornish 

Killincy, very felspathic. 
Mount SorreU, granite. . . 



Sandatones, 

Caithness Pavement 

Dundee Sandstone 

Derby Grit, a red, friable 

Sandstone 

Do. from another quarry. . 

Limeatonet, 

Limestone, Magnesian (Graf- 
ton, IlL) 



164 
166 



166 



168 

148 
166 



■ 



5 
8 

o 

8 

8 



82,820,000 S. 
31,976,000 S. 
27,000,000 S. 



10,914 Be. 
6,?.56 Be. 
10,780 Wn. 
12.286 F. 



6,493 Bn. 
6,630 Be. 

8,142 Be. 
4,345 Be. 



17.000 E. 



4,008,000 Tr. 
13,080,000 Tr. 



Same as Wt 
Iron. £. 
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TABLE.— Continued, 



Names or Hatebials. 



Idmettonea, 

Limestone, compact 

Limestone Kerrj', Listowel 

Quarry, Eng. . .' 

Challc..... 



Other Stones, 

Alabaster (Oriental), white . . 

Marble, statuary 

Do. white Italian, veined . 
Do. block Galloway 

Portland Stone (Oolite) 

Valentia, Kerry (slate stone). 

Green Stone, from Giant's 
Causeway 

Quartz Rock, Holyhead 
(across Inmination) 

Quartz Hock (parallel to lami- 
nation) 

Gravel 

Green Moor 



ia 



^ 2 



162 



170 



ArtiflcicU Stone, 



Brick, red 

Brick, pale red 

Brick, common 

Bire Brick, Stourbridge 

Brick, Stock 

Bricks set in cement (bricks 
not very hard) 

Brick MuBorury, common. .... 



185 
lfi8 
151 



130 
158 



1S5.5 
130.31 



Cement, Portland, with sand. 

Cement, Portland, with no 
sand 



Cement, Portland. 

Chalk 

Glass, Plate 



Mortar 



TiMBEB. 



Acacia, English. 

Alder 

Apple Tree 

. , J Ordinary state. 

•^'^ •) Very dry 

Baj' Tree 

Bean, Tonquin. 



B-Mw^; 



116.81 
153.81 

107 



47.87 
50.00 
49.56 
43.12 
55.81 
51 87 
67.51 
53.87 
45.12 



hi 



280 
300 



j 92 to 
1284D. 

j 427 to 

1711 



9,420 



60 



16,000 Be. 
14,186 aM. 
19,500 Be. 

p 17,207 B. 

12,896 



15.7»4 B. 
17,b5U B. 



I 



9 



7,713 Re. 

18,043 Wn. 
501 Re. 



3.216 Re. 
9,(»1 Re. 
9.219 Re. 
3,792 Re. 
10,943 Wn. 

17,220 Wn. 

25,500 Ma. 

14,000 Ma. 

2,010 Re. 



808 Re. 

5(52 Re. 

j 800 to 

I 4,000 Ha. 

1,717 Re. 

2,177 Ha. 

521 CL 
j 500 to 
\ 800 Ha. 



1,000 to 
6,900 G. 

334 Re. 



j 120 to 
] 240 Ha. 



6,859 H. 

8,683 H. 
9,868 H. 
7,158 H. 



7,7a3 H. I 
9,863 H. f 



n 



pp; 






1,062 
2,664 






25,200,000 T. 



11,202 B. 



!• 12,156 B. 

20,886 B. 
9,886 B. 



1,152,000 B. 

1,644,800 B. 

2,601,600 B. 
1,853,000 B. 
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TABLE.— Continued, 



Names of Matxbialb. 



TiMBEB. 



Birch, common 

Birch, American 

Box, drv' 

Bullet Tree (Berbice).. 

Cajie 

Cedar, Canadian 

Cr.ib Tree 

Deal— 

Christinna Middle. 
Korway Spnicc... 

Uijf^lish 

K«l 

White 

Elder 

Elm, seasoned 

Fir- 
New Enr'land 



nigiu 

Hazel , 

L-mco W(io<l , 

Larch — 

Green 

Dry , 

Lij?nuiii-vitn; 

Mahf)gui)y. Spanish , 

Mnplt;, Norway 

Oak— 



Enj^lish. 



Cana-lian 



Dantzic. 

Adriatic 

Atri(;an Middle... 

Pear lYie 

Piiic — 

Pitch 

lied 

American Yellow. 



Phim Tn»e. 



Pop'ar 

Teak, dry.. 

Walnut 

Willow, dry. 



be .2 



49.50 

40.60 
fiO.OO 
64.31 
26.00 
6<).81 
47.80 

43.62 
21.25 
29.37 



43.43 
30.76 

34.56 

47.06 

63.75 
63. b? 

32.62 
85.00 
76.26 
60.00 
49.56 

68.37 

64.50 

47.24 
62.06 
60.7r» 
41.31 

41.25 
41.06 

28.81 

49.06 

23.93 

41.06 
41.93 
24.37 



hi 
••J _ 



15,000 
'i9,S9'l B. 



6,aOO Be. 
11,400 Be. 



12,400 

17,600 

7.000 



in.230 
13.489 M. 



( 11.549 to 
■< l-i.K57 P.. 

18.000 Be. 

24,(>% 

10.220 B. 
8.1«}0 B. 
11,M)0 M. 
16,500 
10.584 

17,300 M. 

10,253 
12,780 



7,818 M. 



11,351 

7,200 

15.000 B. 
8,130 M. 
14,000 Be. 



P 

9 



J 4.533 H. ) 

1 6,41K H. j 

11,66:^ H. 

10,299 H. 



6,674 H. 
6,4iK) H. 



5.748 H. 

6,741 H. 

8.467 H. 

10,;^31 H. 



6,748 to 
6.586 II. 



3.201 H. 
6,568 H. 

8,198 H. 



(4,684 to 
"1 9.509 H. 
J 4,2:^1 to 
"1 9,509 H. 



7,518 H. 



6,375 H. 

5,445 H. 
J 3,657 to 
"1 9,::ri7 H. 
J 3,107 t > 
1 5.124 H. 
12.101 H. 

6,6:S5 H. 



o 



•IS 

•gs- 



10,920 B. 
9,624 B. 

16,636 B. 



9,804 B. 



6,078 B. 

6.612 B. 
6.648 B. 
7,572 B. 



4,992 B. 
6,894 B. 



10,a32 B. 

10,5% B. 

8,742 B. 

8,298 B. 

13,566 B. 

9,792 
8,946 B. 



14,722 B. 



II 



1,562,400 B. 
1,257,600 B. 

2,610,600 B. 



1,672,000 B. 



699,840 B. 

2,191.200 B. 
1,328.800 
869,<X)0 B. 



897,600 B. 
1,062,800 B. 



1,461,200 B. 

2,148,800 B. 

1,191,200 B. 

974,400 B. 

2,28;i,200 B. 



1,225,600 B. 
1,840,000 B. 
J,60r,000 Tr. 



2,414.400 B. 
306,000 



GNG(Ni^''«»« 



TA 406.WI78 
A 




3 6105 030 412 352 
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